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PREFACE 


Tue story of Greek mathematics is the tale of one of 
the most stupendous achievements in the history of 
human thought. It is my hope that these selections, 
which furnish a reasonably complete picture of the 
rise of Greek mathematics from earliest days, will be 
found useful alike by classical scholars, desiring easy 
access to a most characteristic aspect of the Greek 
genius, and by mathematicians, anxious to learn some- 
thing about the origins of their science. In these 
days of specialization the excellent custom which 
formerly prevailed at Oxford and Cambridge whereby 
men took honours both in classics and in mathematics 
has gone by the board. It is now rare to find a 
classical scholar with even an elementary knowledge 
of mathematics, and the mathematician’s knowledge 
of Greek is usually confined to the letters of the 
alphabet. By presenting the main Greek sources side 
by side with an English translation, reasonably anno- 
tated, I trust I have done something to bridge the gap. 
For the classical scholar Greek mathematics is a 
brilliant after-glow which lightened the sky long after 
the sun of Hellas had set. Greek mathematics sprang 
from the same impulse as Greek philosophy, but 
Greek philosophy reached its maturity in the fourth 
century before Christ, the century of Plato and 
Aristotle, and thereafter never spoke with like con- 
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viction until the voice of Plato became reincarnate in 
the schools of Egypt. Yet such was the vitality of 
Hellenic thought that the autumn flowering of Greek 
philosophy in Aristotle was only the spring of Greek 
mathematics. It was Euclid, following hard on the 
heels of Aristotle in point of time, but teaching in 
distant Alexandria, who first transformed mathe- 
matics from a number of uncoordinated and loosely- 
proved theorems into an articulated and_ surely- 
grounded science; and in the succeeding hundred 
years Archimedes and Apollonius raised mathematics 
to heights not surpassed till the sixteenth century of 
the Christian era. 

To the mathematician his Greek predecessors are 
deserving of study in that they laid the foundations 
on which all subsequent mathematical science is 
based. Names still in everyday use testify to this 
origin—Euclidean geometry, Pythagoras’s theorem, 
Archimedes’ axiom, the quadratrix of Hippias or 
Dinostratus, the cissoid of Diocles, the conchoid of 
Nicomedes. I cannot help feeling that mathe- 
maticians will welcome the opportunity of learning 
the reasons for these names, and that the extracts 
which follow will enable them to do so more easily 
than is now possible. In perusing these extracts they 
will doubtless be impressed by three features. The 
first is the rigour with which the great Greek geo- 
meters demonstrated what they set out to prove. 
This is most noticeable in their treatment of the 
indefinitely small, a subject whose pitfalls had been 
pointed out by Zeno in four arguments of remarkable 
acuteness. Archimedes, for example, carries out 
operations equivalent to the integral calculus, but he 
refuses to posit the existence of infinitesimal quanti- 
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ties, and avoids logical errors which infected the 
calculus until quite recent times. The second feature 
of Greek mathematics which will impress the modern 
student is the dominating position of geometry. 
Early in the present century there was a 
powerful movement for the “ arithmetization’”’ of 
all mathematics. Among the Greeks there was a 
similar impulse towards the “ geometrization ”’ of 
all mathematics. Magnitudes were from earliest 
times represented by straight lines, and the Pytha- 
goreans developed a geometrical algebra performing 
operations equivalent to the solution of equations of 
the second degree. Later Archimedes evaluated by 
purely geometrical means the area of a variety of 
surfaces, and Apollonius developed his awe-inspiring 
geometrical theory of the conic sections. The third 
feature which cannot fail to impress a modern mathe- 
matician is the perfection of form in the work of the 
great Greek geometers. This perfection of form, 
which is another expression of the same genius that 
gave us the Parthenon and the plays of Sophocles, is 
found equally in the proof of individual propositions 
and in the ordering of those separate propositions 
into books; it reaches its height, perhaps, in the 
Elements of Euclid. 

In making the selections which follow I have drawn 
not only on the ancient mathematicians but on many 
other writers who can throw light on the history of 
Greek mathematics. Thanks largely to the labours 
of a band of Continental scholars, admirable standard 
texts of most Greek mathematical works now exist, 
and I have followed these texts, indicating only the 
more important variants and emendations. In the 
selection of the passages, in their arrangement and at 
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innumerable points in the translation and notes I owe 
an irredeemable debt of gratitude to the works of 
Sir Thomas Heath, who has been good enough, in 
addition, to answer a number of queries on specific 
points. These works, covering almost every aspect 
of Greek mathematics and astronomy, are some- 
thing of which English scholarship may justly feel 
proud. His History of Greek Mathematics is un- 
excelled in any language. Yet there may still be 
room for a work which will give the chief sources in 
the original Greek together with a translation and 
sufficient notes. 

Ina strictly logical arrangement the passages would, 
no doubt, be grouped wholly by subjects or by 
persons. But such an arrangement would not be 
satisfactory. I imagine that the average reader 
would like to see, for example, all the passages on 
the squaring of the circle together, but would also 
like to see the varied discoveries of Archimedes in 
a single section. The arrangement here adopted is 
a compromise for which I must ask the reader’s 
indulgence where he might himself have made a 
different grouping. The contributions of the Greeks 
to arithmetic, geometry, trigonometry, mensuration 
and algebra are noticed as fully as possible, but 
astronomy and music, though included by the Greeks 
under the name mathematics, have had to be almost 
wholly excluded. 

I am greatly indebted to Messrs. R. and R. Clark 
for the skill and care shown in the difficult task of 
making this book. 


I. T. 


AveELrui, Loxpon 
April 1939 
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VOL. I B 


I. INTRODUCTORY 


(a) Matuematics anp 17s Divisrons 
(i.) Origin of the Name 
Anatolius ap. Her. Def., ed. Heiberg 160. 8-162. 2 
"Ex trav ’AvaroAlov . . 


“Amo tivos 8é pal 6 
mo Tivos dé pabypatixn wvoudco 15, 

“Ol pev adxod rob Tlepurdrov pdoxovres pnto- 
pikis pev Kal mointiKhs cupmdons Te THS Snuddous 
povoixys SvvacGal tiva cuvelvar Kal ut) pabdvra, 
7a dé KaAovpeva idiws pabjpata obdéva eis Eldnow 
AapPave ju odyi mpdrepov ev pabhoer yevdopevov 
rovTwy, dia ToiTo pabyuarikyy Kadeiobat THY TEpt 
rovTwy Gewpiay breAduBavov. Oécbar S€é A€yovrat 
TO THs palypatichs svoya iSvatrepov emt porns 
yewperpias Kal dpbpnrurfis ol amo Tob Mvda- 
yopou: TO yap maAat xwpis exarépa Toure Qvoua- 
Cero, Kowdv d€ oddev Fv dudotv dvopa.’ 





2 Anatolius was bishop of Laodicea about a.p. 280. In 
a letter by Michael Psellus he is said to have written a concise 
treatise on the Egyptian method of reckoning. 

> i.e. singing or playing, as opposed to the mathematical 
study of musical intervals. 

¢ The word péOnue, from pabetv, means in the first place 

* that which is learnt.” In Plato it is used in the general 
sense for any subject of study or instruction, but with a tend- 
ency to restrict it to the studies now called mathematics. By 
the time of Aristotle this restriction had become established. 
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I. INTRODUCTORY 
(a) Matuematics anp irs Divisions 
{i.) Origin of the Name 


Anatolius, cited by Heron, Definitions, ed. Heiberg 
160. 8-162. 2 


From the works of Anatolius? ... 


“* Why is mathematics so named ? 

“The Peripatctics say that rhetoric and poetry 
and the whole of popular music can be understood 
without any course of instruction, but no one can 
acquire knowledge of the subjects called by the 
special name mathematics unless he has first gone 
through a course of instruction in them; and for 
this reason the study of these subjects was called 
muthematics.© The Pythagoreans are said to have 
given the special name mathematics only to geometry 
and arithmetic ; previously each had been called by 
its separate name, and there was no name common 
to both.” 4 


4 The esoteric members of the Pythagorean school, who 
had learnt the Pythagorean theory of knowledge in its 
entirety, are said to have been called mathematicians (ja0y- 
parixoi), whereas the exoteric members, who mereiv knew 
the Pythagorean rules of conduct, were called hearers (dxov- 
opartxol), See Iamblichus, De Vita Pythag. 18. 81, ed. 
Deubner 46. 24 ff. 
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ii.) The Pythagorean Quadrivium 
yinag 


Archytas ap. Porphyr. in Ptol. llarm., ed, Wallis, Opera 
Math. iii. 236. 40-237. 1; Diels, Vors. i>, 431. 26-482. 8 


TlapaxeicOw 8€ kat viv ra “Apxtra tod Mv6a- 
yopeiov, od pddiora Kal yrijowa A€yerar evar Ta 
avyypaupara: Adyer S€ ev 7H Tlept palnuarixijs 
edOs evapydpevos Tod Adyou rade. 

“ Kadds prot Soxobdvte tot mepi ra pabrjpara 
Stayvwpevar, Kal oddev AToTov dpOds adrovs, ofa 
évtt, Tepl éxdoTwv gpoveew: mepi yap Tas TeV 
ddwv ddavos Kadds Svayvovtes eedAov Kal srepi 
Tay Kata pépos, old evti, KadAds opeicbar. epi 
re 81) Tas THY dotpwv TaxvTaros Kal émitoddy Kal 
Svoiwy mapédwKav apiv cad Sidyvwow Kai mepi 
yaperpias Kal dapOpdv Kat ofpaipixds Kal ody 
HKoTa mEepl pwods. Taira yap ta pabrjpara 
Soxobrre Huey adeAded.” 





* Archytas lived in the first half of the fourth century B.c. 
at Taras (Tarentum) in Magna Graecia. He is said to have 
dissuaded Dionysius from putting Plato to death. For seven 
years he commanded the forces of his city-state, though the 
law forbade anyone to hold the post normally for more than 
one year, and he was never defeated. He is said to have 
been the first to write on mechanics, and to have invented a 
mechanical dove which would fly. For such of his mathe- 


matical discoveries as have survived, see pp- 112-115, 130-133, 
284-289, 


INTRODUCTORY 


(ii.) The Pythagorean Quadrivium 


Archytas, cited by Porphyry in his Commentary on Ptolemy’s 
Harmonies, ed. Wallis, Opera Mathematica iii, 236, 40- 
937.1; Diels, Vors. i°. 431. 26-432. 8 


Let us now cite the words of Archytas ¢ the Pytha- 
gorean, whose writings are said to be mainly au- 
thentic. In his book On Mathematics right at the 
beginning of the argument he writes thus : 

“ The mathematicians seem to me to have arrived 
at true knowledge, and it is not surprising that they 
rightly conceive the nature of each individual thing ; 
for, having reached true knowledge about the nature 
of the universe as a whole, they were bound to see in 
its true light the nature of the parts as well. Thus 
they have handed down to us clear knowledge about 
the speed of the stars, and their risings and settings, 
and about geometry, arithmetic and sphaeric, and, 
not least, about music; for these studies appear to 
be sisters.” ® 


> Sphaeric is clearly identical with astronomy, and is 
aptly defined by Heath, H.G.3f, i. 11 as “ the geometry of 
the sphere considered solely with reference to the problem 
of accounting for the motions of the heavenly bodies.” The 
same quadrivium is attributed to the Pythagoreans by Nico- 
machus, Theon of Smyrna and Proclus, but in the order 
arithmetic, music, geometry and sphaeric. The logic of this 
order is that arithmetic and music are concerned with number 
(zoadv), arithmetic with number in itself and music with 
number in relation to sounds ; while geometry and sphaeric 
are concerned with magnitude (anAixov), geometry with 
magnitude at rest, sphaeric with magnitude in motion. 


GREEK MATHEMATICS 
(iii.) Plato’s Scheme 


Plat. Rep. vii. 525 s—530 p 
(a) Logistic and Arithmetic 


a 4 
"AMa poy AoyioTiKH Te Kat apiIunriKy TeEpt 
apiOuov maoa. 
Kai pada. 
~ , , > . xX > ‘4 
Tatra dé ye daiverat aywya mpos adAjbaav. 
‘Yreppuds pev obv. 
8) ~ ” ¢ 4 6 a nn Ww . 
v Cnrotpev dpa, ws éorxe, pabnudrwr ay ein 
ToAcuK®@ ev yap dia Tas Ta€ets dvayKatoy pabeiv 
~ ~ , 
tatra, dirooddy Sé Sid TO THs ovoias anréov 
elvat yevéoews eEavaddvri, } undémote AoproTiK@ 
yevéoOa. ... 
, * ” > ¢ ” ” RY , 
Ti obv otet, & TAavewr, ef tis epoito adrovs: 
a> ? \ 7 Ea 6 ~ 8 Xr , a 
Q Cavpdoro, rept aoiwy apiOuay diaréyecbe, 
aA ~ wW 
év ols ro €v olov duets aftoiré éorw, icov re 
ixacrov may mavti Kal ovdé€ opixpov diadgépor, 
jLoptov Te éxov ev €auT®@ ovdév;”’ ri dv oler adtous 
dtoKpivaca ; 
~” ” v \ , ’ a 
Totro éywye, ort mepl TovTwy Aéyovaw dv Sia- 
vonOivat pdvov éyywpel, dAAws 8° obdapds peta- 
xerpileobas Suvarov. .. . 
Tie dé; 7dde Adon emeckéfw, ws ot te doer 





* The passage is taken from the section dealing with the 
education of the Guardians. The speakers in the dialogue 
are Socrates and Glaucon. It is made clear in Rep. 537 B-p 
that the Guardians would receive their chief mathematical 
training between the ages of twenty and thirty, after two or 
three years spent in the study of musie and gymnastic and 
as a preliminary to five years’ study of dialectic. Plato’s 
scheme, it will be noticed, is virtually identical with the 
Pythagorean quadrivium except for the addition of stereo- 
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(iii.) Plato’s Scheme 
Plato, Republic vii. 525 4-530 p * 
(a) Logistic and Arithmetic 


Now logistic and arithmetic treat of the whole of 
number. 

Yes. 

And, apparently, they lead us towards truth. 

They do, indeed. 

It would appear, therefore, that they must be 
among the studies we seek ; for the soldier finds it 
necessary to learn them in order to draw up his 
troops, and the philosopher because he is bound to 
rise out of Becoming and cling to Being on pain of 
never becoming a reasoner. . . 

Now what would you expect, Glaucon, if someone 
were to ask them: “ My good people, what kind of 
numbers are you discussing? What are these num- 
bers such as you describe, every unit being equal, 
each to each, without the smallest difference, and 
containing within itself no part?” What answer 
would you expect them to make ? 

I should expect them to say that the numbers they 
discuss are capable of being conceived only in thought, 
and can be dealt with in no other way... . 

Again ; have you ever noticed that those who are 
metry; and the addition is more formal than real since 
stereometrical problems were certainly investigated by the 
Pythagoreans—not least by Archytas—as part of geometry. 
Plato also distinguishes logistic from arithmetic (for which 
see the extract given below on pp. 16-19), and speaks of 
harmonics (dppovia) not music (povoixy), thus avoiding 
confusion with popular music (76 8yuddes povarkdr). 

® There is a play on the Greek word, which could mean 
either “‘ reasoner ” or “ calculator.” 
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, y > aA 
AoytoriKol eis mdvTa TA pabhjpata ws Eros Etzely 
3 Cal rd hd a n es , 
dfeis fdvovrar, of te Bpadeis, av’ ev Tov’T@ maL- 
¥ na x , ” be TAA ? r 
Sev0Gow Kai yupvdowvrar, Kav pndev dAdo adedn- 
Oaow, spws eis ye 1d d&€¥TEpor adrot atrav 
> f 
yiyveoOar mdvres émdiddacw ; 
uw ww a 
Eorw, é6y, ottTw. 
X - ¢ ee oa - / f 
Kal pv, ds eyd@par, & ye peilw advov mapéxet 
~ u e , \ 
pavOdvovTe Kat pedeTa@vTt, odK av padiws ovdé 
TOAAG av evpois Ws TObTO. 
Od yap ody. 
¢ > ‘ / 
Tldvrwv 51 evera trovtwv odk aderéov To pdOnua, 
3 Kd € ” 4 Ca f > > lol 
GAN of dprotos Tas ddoets TawdevTéor ev adTa@. 


Ldpdne, 7 8 ds. 
(B) Geometry 


lod \ / + a ec oA “~ 4 
Tofro pev rotvuv, elrov, ev jyiv Keicbw: dev- 
tepov dé 7d exdpevov TovTov oKepapeda apd TL 
, a 
Tmpoonkes Hiv. 
‘ ~ n , ” / 
To wotov; 7 yewperplav, edn, rA€yers; 
Adro toto, fv 8 éyw. 
Lf vA wv ‘ A ‘ > ~ f. 
Ooov peév, é¢n, mpds Ta TodepiKa adrod Teive. 
dHAov STi mpoonKer. . . . 
7A’ Bis én > A \ ‘ ~ \ 
obv 5H, «lmov, mpos pev Ta ToLadTa Kal 
Bpaxd te dv e€apkot yewpertpias re Kat Aopopav 
poptov: To b€ ToAD adrijs Kal Twoppwrépw mpotov 
oxotretabar Sef et tt mpos €kelvo Tevet, m™pos TO 
Tovey KaTiwWetvy paov tTHv Tob ayabod iddav. ... 
od totvuy TobTd ye, Hv 8 eyw, aydioPyricovow 
¢ ~ ° id 
qty door Kal opiKpa yewpeTplas EpTrepot, OTe 
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by nature apt at calculation are—not to make a short 
matter long—naturally sharp at all studies, and that 
the slower-witted, if they be trained and exercised 
in this discipline, even supposing they derive no 
other advantage from it, at any rate all progress so 
far as to become sharper than they were before ? 

Yes, that is true, he said. 

And I am of opinion, also, that you would not easily 
find many sciences which give the learner and the 
student greater trouble than this. 

No, indeed. 

For all these reasons, then, this study must not be 
rejected, but all the finest spirits must be educated 
in it. 

I agree, he said. 


(B) Geometry 


Then let us consider this, I said, as one point settled. 
In the second place let us examine whether the 
science bordering on arithmetic concerns us. 

What is that? Do you mean geometry? he said. 

Exactly, I replied. 

So far as it bears on military matters, he said, it 
obviously concerns us. 

But for these purposes, I observ ed, a trifling know- 
ledge of geometry and ésleulations would “suffice ; ; 
what we have to consider is whether a more thorough 
and advanced study of the subject tends to facilitate 
contemplation of the Idea of the Good... . Well, 
even those who are only slightly conversant with 
geometry will not dispute us in saying that this 


@ Plato’s final reason may strike contemporary educa- 
tionists as somewhat odd. 
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airy 7 emornun mv rovvartiov eye Tois ev auTh 
Adyots Acyouevors bd THv peraxerpilopevwy. 

Was; én. 

Aéyovat pev mov ) pada. yehoiws re kal dvayratos: 
os. yap mparrovres Te Kal mpafews evera, TavTas 
Tous Adyous Trovoupevor A€yovow Terpayevilew TE 
Kal Tapareivey Kat mpoorievar Kal mdvra ovrw 


pbeyydpevor, ro 8 éort mov wav 7d pdbnua 
yrwoews Evera emiTnSevdpevov. . » « 


(vy) Stereometry 

Ti 8€; Tptrov OGpev dotpovopiav; 7) od Sdoxel; 

*Epot your, € en. an 

Novd7 yap odK épbas To ffs eAdBopev TH 
yewmperpia. 

Tla@s AaBdvres; &dn. 

Mera émizedov, nv 3° eyed, ev Trepipopa dv 7d 
oTepeov AaBovres, mpiv aro Kal’ aro AaBeiv- 
ophds Se Exel éffjs peta Sevrépay ably Tpirny 

Aap Bavery. éort dé ov TotTo Tepi THY TOY KUBwr 
avénv Kat To Babous peréxov. 

“Eott ydp, édn: aGAda tatrad ye, & La«pares 

ydp, &bn Ye pares, 
doKet obra nophobar. 

Arta yap, 7, oo ey, Ta airia: ott Te oddepia 
mods evripes avra exer, aobevais {nretras xarera 
évra, emordtov Te Sé€ovTat ot Cyrotvres, avev ov 
otK dv evpotev, dv mp@rov pev yeveoBar xaderdv, 





@ Tt is useful to know that these terms, which are regularly 
found in Euclid, were already in tec hnical use in Plato’ s day. 
> Lit. ‘inerease of cubes,” where the word “ increase 
is the same as that translated above by “ dimension.” 
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science holds a position the very opposite from that 
implied in the language of those who practise it. 

How so ? he asked. 

They speak, I gather, in an exceedingly ridiculous 
and poverty-stricken way. For they fashion all their 
arguments as though they were engaged in business 
and had some practical end in view, speaking of 
squaring and producing and adding? and so on, 
whereas in reality, I fancy, the study is pursued 
wholly for the sake of knowledge. . . . 


(y) Stereometry 

Again ; shall we put astronomy third, or do you 
think otherwise ? 

That suits me, he said. . . . 

We were wrong just now in what we took as the 
study next in order after geometry. 

What did we take ? he asked. 

After dealing with plane surfaces, I replied, we 
proceeded to consider solids in motion before con- 
sidering solids in themselves ; the correct procedure, 
after the second dimension, is to consider the third 
dimension. This brings us, I believe, to cubical 
increase ° and to figures partaking of depth. 

Yes, he replied ; but these subjects, Socrates, do 
not appear to have been yet investigated. 

The reasons, I said, are twofold. In the first 
place, no state holds them in honour and so, being 
difficult, they are investigated only in desultory 
manner. In the second place, the investigators lack 
a director, and without such a person they will make 
no discoveries. Now to find such a person is a diffi- 


There is probably a playful reference to the problem of 
doubling the cube, for which see infra, pp. 256-309. 
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éreita Kal yevopévov, ws viv exer, odK dv TeiPovTo 
of mepi Taba CyryntiKol peyadodpovotpevor. ei b€ 
mors 6An ovvemoTatol evTipws dyovsa advra, 
obroi te av TeiBowTo Kal auvexOs Te av Kal év- 
roves Cytovpeva expavy yévorto day Exe émret Kal 
vov b7o Tov TOAAGY atipaldopeva Kat KoAoudpeva, 
imo S€ Tav CytovyvTwy Adyov odK eydvTwy Kal” drt 
XpHoya, Suws mpos dravra tabra Bia bd yapitos 
avédverat, Kai odév Gavpaorov attra davfvat. 

Kai pev 5%, dy, Td ye emixape Kat diadepdvtws 
éyet. GAAd por cadeorepov eimé A vuvd2) EXeyes. 
THY ev yap Tov Tob éemiméSov mpayparelay yew- 
pretptav ériBets. 

Nai, jv S eye. 

Kira y’, ébn, To ev mp@rov aotpovoulay pera 
ravTnv, voTepov 5° avexwproas. 

Lnevdwv yap, epyv, taxd mdvra diekeAOeiv wada- 
Aov Bpadive: <Efs yap obcav tiv Bdbovs adéyns 
peBodov, ote TH Cyrrjcer yedoiws exer, tepBas 
abi pera yewpeTpiay dotpovopiay édeyov, dopay 
ovoav Babous. 

’Opbads, &bn, A€yets. 





@ These words (cs viv éyer) can be taken either with what 
goes before or with what comes after. In the former case 
Plato (or Socrates) will be referring to a distinguished con- 
temporary (such as Eudoxus or rchytas) who had already 
made discoveries in solid geometry. 

» This passage has been thought to have some bearing on 
the question whether the Socrates of the dialogue is meant 
to be the Socrates of history or not. The condition of stereo- 
metry, as described in the dialogue, certainly does not fit 
12 
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cult task, and even supposing one appeared on the 
scene, as matters now stand,? those who are investi- 
gating these problems, being swollen with pride, 
would pay no heed to him. But if a whole state were 
to honour this study and constitute itself the director 
thereof, they would pay heed, and the subject, being 
continuously and earnestly investigated, would be 
brought to light. For even now, neglected and cur- 
tailed as it is, not only by the many but even by 
professed students, who can suggest no use for it, 
nevertheless in the face of all these obstacles it 
makes progress on account of its elegance, and it 
would not be astonishing if it were fully unravelled. 

It is certainly an exceedingly fascinating subject, 
he said. But pray tell me more clearly what you 
were saying just now. I think you defined geometry 
as the investigation of plane surfaces. 

Yes, I said. 

Then, he observed, you first placed astronomy 
after it, but later drew back. 

The more I hasten to cover the ground, I said, the 
more slowly I travel; the study of solid bodies comes 
next in order, but because of the absurd way in 
which it is investigated I passed it over and spoke 
of astronomy, which involves the motion of solid 
bodies, as next after geometry. 

You are quite right, he said.” 


Plato’s generation, when Archytas and Eudoxus were making 
brilliant discoveries in solid geometry ; but, even during the 
lifetime of Socrates, Democritus and Hippocrates had made 
notable contributions to the same science. This passage 
cannot help, therefore, towards the solution of that problem. 
All that Plato meant, it would appear, was that stereometry 
had not heen made a fornial element in the curriculum but 
was treated a» part of geometry. 
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(8) Astronomy 


Téraprov row, fv 8 eyo, TOGpev pdbnua 
dotpovopiavy, ws bmapxyovons Tis viv mapadetmo- 
uerns, edv adriy mods petin. . . . Tadra pev 7a 
év 7@ otpavG mouxidApata, émeirep é€v dpaTt@ 
memoixiArar, KdAMoTa pev Hyeicbar Kal axpipe- 
oraTa T&VY ToLovTWY exe, TOY d€ adnOwav TOAD 
évdeiv, Gs 76 dv Tadxos Kai % odca BpaduTis ev TO 
GAnPwh apiu@ Kat maou tots aAnOéor oxrpact 
dopds te mpos adAAndra déperar kai ra evdvra dépet, 
6 87 Adyw pev Kai Biavoia Annrd, dpe. 8 od: 7 
ov ole; 

Ovdapas ye, épy. 

Odkodv, elzov, 7H mepl tov odpavdy motKiAta 
mapadelypact xpnotéov Tis mpos exeiva pabijcews 
évexa, Opolws worep av el tis evrdyou b7rd 
Aadddov 4 twos dAAov Snuovpyod 7 ypadéws 
diadepdvTws yeypappévois Kai éxterrovnpevors bia- 
ypdppacw. .. . mpoBAjpacw dpa, jv 8 eyw, 
Xpwpevor wWoTrep yewpeTpiay ovrw Kal doTpovopiay 
péripev, Ta 8 ev 7H otpava@ edaopev, ef wéAdAopev 
ovTws aorpovopias peraAapyBavovres yprayov Td 
dice. Ppdvysov ev TH Puy €€ axpyorov sou}- 


Gew. . « . 





9 ‘There seems little doubt that in this passage Plato wished 
astronomy to be regarded as the pure science of bodies in 
motion, of which the heavenly bodies could at best afford 
only one example. Burnet has made desperate efforts to 
save Plato from himself. According to his contention, Plato 
meant that astronomy should deal with the true, as opposed 
to the apparent, motions of the heavenly bodies ; it is tempt- 
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(8) Astronomy 


Let us then put astronomy as the fourth study, 
regarding that now passed over as waiting only until 
some state shall take it up... . Those broideries 
yonder in the heaven, forasmuch as they are broidered 
on a visible ground, are rightly held to be the most 
beautiful and perfect of visible things, but they are 
nevertheless far inferior to those that are true, far 
inferior to those revolutions which absolute speed 
and absolute slowness, in true number and in all true 
forms, accomplish relatively to each other, carrying 
their contents with them—which can indeed be 
grasped by reason and intelligence, but not by sight. 
Or do you think otherwise ? 

No, indeed, he replied. 

Therefore, I said, we should use the broideries 
round the heaven as examples to help the study of 
those true objects, just as we might use, if we met 
with them, diagrams surpassingly well drawn and 
elaborated by Daedalus or any other artist. ... 
Hence, J said, we shall approach astronomy, as we 
do geometry, by means of problems, but we shall 
leave the starry heavens alone, if we wish to obtain a 
real grasp of astronomy, and by that means to make 
useful, instead of useless, the natural intelligence of 
the soul. . . .2 


ing but difficult to reconcile this with the decisive language 
of the text. Fortunately Plato’s own pupils in the Academy, 
notably Eudoxus and Heraclides of Pontus, adopted a dif- 
ferent attitude, using mathematics to account for the actual 
motion of the heavenly bodies ; and Plato himself does not 
appear to have held consistently to the belief here expressed, 
for he is said to have put to his pupils the question by what 
combination of uniform circular revolutions the apparent 
movements of the heavenly bodies can be explained. 
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(e) Harmonics 


Kwduveter, édnv, ws mpos aotpovopiay éupara 
TEemnyev, OS Tpos evappovioy fopav wra Tayhvat, 
Kal atrat GAAjAwy ddeAdai twes ai emorqua 
elvat, ws ot re Wuaydpeot dact kal queis, & 
DAatcwv, ovpywpodpev. 


(iv.) Logistic 
Schol. in Plat. Charm. 165 & 


Aoytatixh éort Oewpia ra&v dpiOunray, odxyt Sé 
Tov apiOuav petayepioTiKy, od TOV dvTws apLOuov 
AapBdvovaa, add droriepevn 7O pev ev ws 
povdda, 7d S€ apiunrov ws apibudov, ofov ta tpia 
Tpidda elvar Kat Ta déxa Sexada: ef” Sv emdye 
Ta Kara apiOpunrixiy Oewpipata. Hewpel odv rodTo 
pev 70 KAndev da’ “Apyyndous Boeukdv mpdBAnua, 
totro S€ pyAitas Kat diadiras apiuods, Tods ev 
emt piaddy, rods dé emt trois Kal ém’ ddAwv S€ 
yevav Ta. TAHOn Tv aicOytrav cwudtwv oKoTobca, 
@s mept Tehetwy arrodaiverar. vAn Sé adris mdvra 
74 apibunrda pépn S€ adriis af ‘EAAnvcal Kal 
Atyurriaxal kadovpevar pébodou év mrodAamAacia- 





* See the fragment from Archytas, supra, pp. 4-5. 

» Socrates proceeds to censure the Pythagoreans for com- 
mitting the same error as the astronomers: they investigate 
the numerical ratios subsisting between audible concords, 
but do not apply themselves to problems, in order to examine 
what numbers are consonant and what not, and to find out 
the reason for the difference (émcxozeiv tives otpduvor dprOuoi 
Kal tives ov, kat &d ri éxdrepou). 

* In the cattle-problem Archimedes sets himself to find 
the number of bulls and cows of each of four colours. The 
problem, stripped of its trimmungs, is to find eight unknown 
16 
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(e) Harmonies 


It would appear, I said, that just as our eves were 
intended for astronomy, so our ears were intended 
for harmonious movements, and that these are in a 
manner sister sciences,” as the Pythagoreans assert 
and as we, Glaucon, agree.” 


(iv.) Logistic 
Scholium to Plato’s Charmides 165 © 


Logistic is the science that treats of numbered 
objects, not of numbers ; it does not consider number 
in the true sense, but it works with 1 as unit and the 
numbered object as number, e.g., it regards 3 as a 
triad and 10 as a decad. and applies the theorems of 
arithmetic to such cases. It is, then, logistic which 
treats on the one hand the problem called by Archi- 
medes the cattle-problem,® and on the other hand 
melite and phialite numbers, the latter appertaining 
to bowls, the former to flocks?; in other types of 
problem too it has regard to the number of sensible 
bodies, treating them as absolute. Its subject- 
matter is everything that is numbered ; its branches 
include the so-called Greek and Fgyptian methods 
in multiplications and divisions, as well as the addi- 


quantities connected by seven simple equations and subject 
to two other conditions. It involves the solution of a 
“ Pellian ’? equation in numbers of fantastic size, and it is 
unlikely that Archimedes completed the solution. See vol. ii. 
pp. 202 ff. ; T. L. Heath, The Works of Archimedes, pp. 319- 
326, and for a complete discussion, .A. Amthor, Ze/tschrift 
fir Math. u. Physik (Hist.-litt. Abtheilung), xxv. (1880), pp. 
153-171, supplementing an article by B. Krumbiegel (pp. 121- 
136) on the authenticity of the problem. 
4 He should probably have said ‘“‘ apples”. 
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cal ~ ¢ ~ ft 
opois Kal pepiopois, Kal al Tay poplwy ovyKeda- 
Aawwaes Kai Staipéces, als ixvever Ta KaTa THY 
ia ? ra ~ 7 lol \ A 
vAnv eudwArcvdpeva TH mpoBAnuatwy TH TEpt TodS 
z i 

Tptywvous Kat moAvywvous mpaypyateia.  Tédos 
dé atrijs TO KowwviKev ev Biw Kal xpioysov év 

a 3 .7 Cal 7 ~ te ~ € 
cvpPodaiows, ef Kai Soxet mepi TV aicOyTav ws 


tereiwy anodaivecba. 


(v.) Later Classification 


Anatolius ap. Her..Def., ed. Heiberg 164. 9-18 


oe TI 4 , ~ 
doa pépn pabnpaticys ; 
oe TH \ , x ia < / 
Fs wev Tyuwrtépas Kai mpwtyns ddAooxEpeoTEpa 
4 an 
Hépn Svo, apiOuntiKy Kal yewperpia, THs Sé mepi 
A - \ > A a ca 
Ta aicOnra aoxoroupérns €&, AoyioTiKH, yewdat- 
aia, oiTiKh, KavoviKn, BNXaViKy, GoTpovoptKn. 
o 
Ore ovTE TO TaKTiKOY KaAoUpevov obTE TO apxLTE- 
KTovuKov ovTe TO Snuddes ovorKdey 7 TO TeEpl Tas 
, 2\\p 291 1, oe , ’ 
ddcets, GAN’ obd€ Td dpwrdpuws Kadovpevoy unya- 
vikdv, ws olovrai tiwes, pépn pabnparixijs eiot, 
mpoidvtos 5é tod Adyou cadas re Kai eppebddws 
deiEopev.” 





@ i.e., that which deals with non-sensible objects. 

> Geminus, according to Proclus in Euel. i. (ed. Friedlein 
38. 8-12), gives the same classification, only in the order 
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tion and splitting up of fractions, whereby it ex- 
plores the secrets lurking in the subject-matter of 
the problems by means of the theory of triangular 
and polygonal numbers. Its aim is to provide a 
common ground in the relations of life and to be use- 
ful in making contracts, but it appears to regard 
sensible objects as though they were absolute. 


(v.) Later Classification 


Anatolius, cited by Heron, Definitions, ed. Heiberg 
164. 9-18 


“* How many branches of mathematics are there ? 

“There are two main branches of the prime and 
more honourable type of mathematics,? arithmetic 
and geometry ; and there are six branches of that 
type of mathematics concerned with sensible objects, 
logistic, geodesy, optics, canonic, mechanics and 
astronomy.” That the so-called study of tactics and 
architecture and popular music and the study of 
[lunar] phases,* or even the mechanics so called 
homonymously,? are not branches of mathematics, 
as some think, we shall show clearly and methodically 
as the argument proceeds.” 


arithmetic, geometry, mechanics, astronomy, optics, geo- 
desy, canonic, logistic. Geodesy means the practical 
measurement of surfaces and volumes; canonic is the 
theory of musical intervals ; logistic is the art of calculation, 
as opposed to arithmetic, by which is meant what we should 
call the theory of numbers. Geminus proceeds to give an 
elaborate analysis of the various branches. 

¢ According to Heiberg, this means “ das Kalenderwesen.” 

4 Heiberg interprets this as ‘‘ die praktische Mechanik, 
die sich im Namen von der theoretischen nicht unter- 


scheidet.” 
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(6) Maruematics IN Greek Epucation 
Jambl. De Vita Pythag. 18. 89, ed. Deubner 52. 8-11 


A€yovar 5€é ot Tvéaydpecon e€evnvéxdar yew- 
petpiav ovtws. damoBadreiv twa tiv ovciay Tév 
IIvéayopeitwy: ws 5€ todro Arvynoe, SoOFvat adT@ 
ypnpatioacbar dd yewpetpias. exadrciro b€ 7 
yewpetpia mpos UHvbaydpou foropia. 


Plat. Leg. vii. 817 e-820 D 


A@HNAIOS =ENOS. "Ext 87 Toivuy tots édev- 
bépos éotw tpia pabypara, Aoywopol peéev Kal Ta, 
wept apiOpods €v pdOnua, perpytixy dé pjKous 
Kal emuédov Kal Badbous ws Ev ad devrepor, TpiTov 
dé THs Ta&v dotpwy mepiddou Tpds GAANAa ws 
mépuxev tropevecbar. Taira b€ ovuravta ody ws 
axpiBeias éyopeva Set Stamrovety tods modAovs adAd 
twas dAtyous—ods Sé, mpoidvres emi rH Tédre 
dpdoopev ovTw yap mpémov av eln—r@ mAjOer dé, 
doa avtav avayKaia Kal mws dpOdtara A€yerat 
py) eriaracbat prev Tots ToAAois aicxypdr, de” aKpt- 
Betas 5é Cnrety mavta ove pdad.ov ovre TO TapaTay 
duvatov. . . 

Tooade roivey éxdotwv xpn davar pavbavew 
deiy Tovs eAevb€pous, doa Kal mdptrorus ev Alyvatw 
matdwy OxAos apa ypdupac pavidver. mpa@tov 
pev yap mepi Aoyopods atexvOs macow e€nupypeva 
palypara pera maids Te Kal WOovas parldvew, 





@ Plato is thought to have redeemed this promise towards 
the end of the Laws, where he describes the composition of 
the Nocturnal Council, whose members are required to have 
considerable knowledge of mathematics. 

> The Greek word is derived from the same root as the 
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(6) Maruematics 1x Greek Epucation 


Tamblichus, On the Pythagorean Life 18. 89, ed. Deubner 
52, 8-11 
The Pythagoreans say that geometry was divulged 
in this manner. A certain Pythagorean lost his 
fortune ; and when this befell him, he was permitted 
to make money from geometry. But geometry was 
called by Pythagoras “ inquiry.” 


Plato, Laws vii. 817 1-820 p 


ATHENIAN StTRiNcGER. Then there are, of course, 
still three subjects for the freeborn to study. Cal- 
culations and the theory of numbers form one subject : 
the measurement of length and surface and depth 
make a second ; and the third is the true relation of 
the movement of the stars one to another. ‘To pursue 
all these studies thoroughly and with accuracy is a 
task not for the masses but for a select few—who 
these should be we shall say later towards the end 
of our argument, where it would be appropriate *— 
for the multitude it will be proper to learn so much 
of these studies as is necessary and so much as it can 
rightly be described a disgrace for the masses not to 
know, even though it would be hard, or altogether 
impossible, to pursue with precision all of those 
studies... . 

Well then, the freeborn ought to learn as much of 
these things as a vast multitude of boys in Egypt 
learn along with their letters. First there should be 
calculations of a simple type devised for boys, which 
they should learn with amusement? and pleasure, 


Greek word for “‘ boy,” and Plato is playing on the two 
words. 
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va i x ‘ a X , 
piAwy Té Twwv Stavopat Kai areddvwy mAcioow 
Roe Weal e org 
dua Kat éAdtroow dpporrévrwy dpiOuadv trav adb- 
~ ~ ~ f A 
Tov, Kal muKTa@v Kai takaoT@y efedpetas Te Kal 
~ PA 
ovArjEews ev péper Kal edeéfs Kal ws mepdKact 
, 4 ‘ ‘ / c oe 
ylyvecOar. Kal 67 Kal mailovres, piddas dpa 
Xpuaod Kai yaAKxod Kai dpyvpov kal TowovTwY TWaV 
i's 
ddAwy Kepavvivres, ot Sé Kal GAas Tws diadsddvTes, 
Onep elmov, eis mratdidy éevapportovTes Tas TaV 
avayKaiwy apiuadv xpices, wpedobat Tods pav- 
n~ 7 
Odvovras «is Te Tas THY oTpaToTédwy TdéeLs Kal 
4 , A 
adywyas Kal oTpareias Kai eis olkovopias ad, Kat 
TavTWS XpnoywTepous advTovs adtots Kai éypnyo- 
potas pa@Arov tovs avOpwrous amepydlovrat: pera 
~ ? aA 
d€ taGra ey tais peTpyocow, doa exer pyjKn Kal 
td ‘ .7 ~ ~ 
mAdTn Kat Baby, wept dravra Taira évotody twa 
‘ > ~ 
gvoe. yeroiay te Kal alcypav dyvoravy ev rots 
> ~ 4 
avipurots maaw, TavTns amadAdrovow. 
tA 4A _, a 4 i4 
KAEINIAZ. Today 87 Kat tiva Adyets ravrnv; 
ao. °Q pire Krewia, ravrdmaci ye pv Kat abros 
axovaas oe moTe TO TeEpt TabTa Huadv mafos 
> ta A mi £ ~ > > - 
eGavpaca, Kat &o0f pot todro odKk avOpwmuwov 
LAAG ¢€ ~ > ~ , > £ 
adda tnvav twov elvar wGdov Opeppdtwv, Royvv- 
Onv te ody tmép euavtod pdvov, aAdAa Kal brrép 
i - ~ € ta 
aravrwy Tav “EAjvev. 





* Heath (H.G.M. i. 20 n. 1) first satisfactorily explained 
the construction of this sentence. 


> The Athenian Stranger, generally taken to mean Plato 
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such as distributions of apples and crowns wherein 
the same numbers are divided among more or fewer, 
or distributions of the competitors in boxing and 
wrestling matches by the method of byes and draw- 
ings, or by taking them in consecutive order, or in 
any of the usual ways. Again, the boys should play 
with bowls containing gold, bronze, silver and the 
like mixed together, or the bowls may be distributed 
as wholes. For, as I was saying, to incorporate in 
the pupils’ play the elementary applications of 
arithmetic will be of advantage to them later in the 
disposition of armies, in marches and in campaigns, 
as well as in household management, and will make 
them altogether more useful to themselves and more 
awake. After these things there should be measure- 
ments of objects having length, breadth and depth, 
whereby they would free themselves from that 
ridiculous and shameful ignorance on all these topics 
which is the natural condition of all men. 

Crernias. And in what, pray, does this ignorance 
consist ? 

ATHENIAN Strancer. My dear Cleinias, when I 
heard, somewhat belatedly, of our condition in this 
matter,? I also was astonished; such ignorance 
seemed to me worthy, not of human beings, but of 
swinish creatures, and I felt ashamed, not for myself 
alone, but for all the Greeks. 


himself, proceeds to explain at length that he is referring to 
the problem of incommensurability. The Greek (dxovcas 
éyé wore) could mean that he had only lately heard either 
of incommensurability itself or of the prevalent Greek ignor- 
ance about incommensurability. A. E. Taylor comments 
that in view of references to incommensurability in quite 
early dialogues it seems better to take the words in the 
latter sense. 
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KA. Tod wépi; Aéy? Ste Kat Ons @ Eve. 

Ao. Adcyw 87- padov Sé dépwrav ca dei€w. 
Kal por optkpov GmoKpival’ ‘yuyvwWoKets Tov 
LAKOS 5 

KA. Te poy; 

ao. Ti dé; awAdtos; 

KA. [dytws. 

> \ A oe ” 2 , \ , 
.°H «al taira éri bv” eordv, Kal tpitov 
rovtwv Babos; 
Ilds yap ov; 

Ao. Ap’ obv od Sdoxet cow Tabra clvar mdvra 
peTpyTa mpos aAAnXa; 

ka. Nad. 

Ao, Mixés te olpat mpos LijKos, Kat mdr os 
mpos mAdtos, Kat Bdbos waatdtrws duvarov elvar 
petpely dvoer. 

KA. Ldddpa ye. 

ao. Ei & gore pyre obddpa pyre apépa duvara 
aa, dAAa Ta pev, TA OE 17}, Od Se TaVTA RYH, THs 
oles pds Tabra StaketoGau ; 

KA. Afjdov é7t patrws. 

_ Ae. Ti 8 ad pikes Te Kat mAadTos mpds Bados, 

) wAatos Te Kal pAjKos mpos didn Aa ; dp’ od 
faved TrEpt TatTa ovTws “Eddngves mdvres, 
os duvatd €or. petpeicbar mpds dAAnAa dpads 
te 

flavrdmace pev otv. 

ao. ki 8 éorw ad pndapas pndauy dwvard, 
mavres 8, omep elmrov, “EAA nes diavootpcba ws 
Suvard, pay ovK dfvov bnép wavTwv aioyurbévra 
etrreiv mpos avrous: 7Q BeArvaroe TOV “Eden, 


ev éxeivwv Toor éoTw av epapev aloypov peev 
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Cieix. Why? Please explain, sir, what you are 
saying. 

Atu. I will indeed do so; or rather I will make it 
plain to you by asking questions. Pray, answer me 
one little thing ; you know what is meant by line ? 

Cerin. Of course. 

Atu. And again by surface ? 

Cierny. Certainly. 

Aru. And you know that these are two distinct 
things, and that volume is a third distinct from them ? 

Ciery. Even so. 

Atu. Now does not it appear to you that they are 
all commensurable one with another ? 

Crern. Yes. 

Aru. I mean. that line is in its nature measurable 
by line, and surface by surface, and similarly with 
volume. 

Crew. Most assuredly. 

Atu. But suppose this cannot be said of some of 
them, neither with more assurance nor with less, but 
is in some cases true, in others not, and suppose you 
think it true in all cases ; what you do think of your 
state of mind in this matter ? 

Ciern. Clearly, that it is unsatisfactory. 

Avi. Again, what of the relations of line and sur- 
face to volume, or of surface and line one to another ; 
do not all we Greeks imagine that they are com- 
mensurable in some way or other ? 

Cietn. We do indeed. 

Atu. Then if this is absolutely impossible, though 
all we Greeks, as I was saying, imagine it possible, 
are we not bound to blush for “them all as we say to 
them, “ Worthy Greeks, this is one of the things of 
which we said that ignorance is a disgrace and that 
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yeyovévas TO py errictacba, ro 8 erioracba 
tavayKkaia oddev mdvy Kaddv;” 

KA. Il@s 8° ov; 

ao. Kat apos rovrous ye adda éorw rtodrwr 
ovyyerh, év ols ad Tod\Ad auapriwara éxeivwy 
ddeAda Hpiv eyyiyverar THY auapTnudtwr. 

KA. [lota 57; 

ao. Ta t&v petpnTav re Kal apyétpwv mpos 
GdAnra Fre dvoer yéyovev’ tabra yap 87) oKo- 
mobvra dwayyyvwoKew davayKkaioy 7) TavTaTacw 
> n , , > , 27 
civat datrov, mpoBddAovra te GAAjAoIs aet, dia- 
TpiBiy THs meTrEetas TOAD yapteotépay mpecBuTav 
diatpiBovra, pidovixety ev tais tovrwy afta 
oxonais. 

KA. “lows: Eouxey yotv 4 te merreia Kal radra 
GAnAwy Ta pabhpata ov mdymodv Kexywpicbat. 


Isoc. Panathenaicus 26-28, 238 B-p 


Tijs pev odv madeias ris t1d TeV Tpoydven 
Katadepbeians toaodtov déw Katadpoveiv, ware 
kat THY éf Hud Katactabcicay érawd, Aéyw Sé 





* Plato is probably censuring a belief that if two squares 
are commensurable, their sides are also commensurable ; 
and if two cubes are commensurable, their surfaces and sides 
are also commensurable. The discovery that this is not 
necessarily so would arise in such problems as that pro- 
pounded in eno 82 s—85 8 (doubling of a square) and in 
the duplication of the cube (see infra, pp. 256-309). The 
only difficulty is that commensurability is not always im- 
possible (uydapas pndapy Suvara). A belief that areas and 
volumes can be expressed in linear measure would meet this 
stipulation, but it seems too elementary to call for elaborate 
refutation by Plato, 
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to know such necessary matters is no great achieve- 
ment’ ?4 

CeIn. Certainly. 

Aru. In addition to these, there are other related 
points, which often give rise to errors akin to those 
lately mentioned. 

Crier. What kind of errors do you mean ? 

Arty. The real nature of commensurables and in- 
commensurables towards one another.? A man must 
be able to distinguish them on examination, or must 
be a very poor creature. We should continually put 
such problems to each other—it would be a much 
more elegant occupation for old people than 
draughts—and give our love of victory an outlet in 
pastimes worthy of us. 

CLern. Perhaps so; it would seem that draughts 
and these studies are not so widely separated. 


Isocrates, Panegyric of Athens 26-28, 238 B-p ° 


So far from despising the education handed down 
by our ancestors, I even approve that established in 


» According to A. E. Taylor, this means that ‘“‘ behind the 
more special problems of the commensurability of specific 
areas and volumes there lies the problem of constructing a 
general ‘theory of incommensurables.’” He calls in the 
evidence of Epinomis, 990 s—991 8, for which see infra, 
pp. 400-405. For further references to the problem see 
infra, pp. 110-111, 214-215. 

¢ Isocrates began this last of his orations in his ninety- 
fourth year and it was published in his ninety-eighth. He 
expresses similar sentiments about mathematics in _tntidosis 
$$ 261-268; see also Nenophon, J/emorabdilia iv. 7. 2 ff. 
Heath’s dry comment (H.G.M, i. 22) is: “ It would appear 
therefore that, notwithstanding the influence of Plato, the 
attitude of cultivated people in general towards mathematics 
was not different in Plato’s time from what it is to-day.” 
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THY TE yewupLer play Kal Thy aoTpodoyiay Kat ods 
Svaddyous TOUS eptaTucovs Kadovjevous, ols of pep 
vewrTepor paddrov yaipovor tod déovros, Ta dé 
mpeaputéepwy ovdeis oT, daTis av dvextovs abTovs 
civae PHoecev. 

"AM? Guws eya Tots wWppnpévots emi Tatra 
mapakeAevouat Trovelv Kal mpoceyetv TOV voiy amact 
Toutots, A€ywr, ws ef Kat pyndev dAdo SvvaTat Ta 
pabjpatra Taira toveiv ayadv, add’ obv dmortperet 
ye Tovs vewTépouvs TOAGY aAAOY apapTrnuatwr. 
Tois pev otvy tHAcKoUTaLs oddémoT’ av cdpeOFvat 
vopilw diatpiBas ddedAywrépas TovTwy oddé paGA- 

ov mperrovoas: Tois dé mpeoBurépois Kal Tots ets 
dvdpas dedoxipaopévors obKere pnt TAS pedéras 
ravras apporrew. Ope yap eviovs T&v emt tots 
pabjpace TOUTOLS OUTWS darn epeBurjreveov WorTe Kal 
Tous dMous diddonev, our’ evicalpers tats ém- 
OTHwats ais éxouat Xpwperovs, év Te Tais dAAas 
mpayparetaes Tails mept Tov Biov dgpoveatépous 
ovras TOV pabyntav: dKv@ yap eimeiv Tv oikerSv. 


(c) Practica, CaLcuLaTion 
(i.) Enumeration by Fingers 
Aristot. Prob. xv. 3, 910 b 23-911 a 1 


Awa ri mdvres avOpwrot, Kat BdpBapor Kad 
"EAAnves, eis Ta Séxa Karaplyobat, Kat ovK eis 
aAXov ap pdv, ofov B, 7, 5, é, elra wdAw émava- 
dumdotow, €&v mevre, dvo mévte, WoTep evdexa, 
de8eKa ; .. 2% Ott mdvres Umijpoay dvPpavrot 
éxovres déka SaxTUAous; ofov obv ynpous éxovres 
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our own times—I mean geometry, astronomy, and 
the so-called eristic dialogues, in which our young 
men delight more than they ought, though there is 
not one of the older men who would pronounce them 
tolerable. 

Nevertheless I urge those who are inclined to these 
disciplines to work hard and apply their mind to all 
of them, saying that even if these studies can do no 
other good, they at least keep the young out of many 
other things that are harmful. Indeed, for those 
who are at this age J maintain that no more helpful 
or fitting occupations can be found; but for those 
who are older and those admitted to man’s estate 
I assert that these disciplines are no longer suitable. 
For I notice that some of those who have become so 
versed in these studies as to teach others fail to use 
opportunely the sciences they know, while in the 
other activities of life they are more unpractical than 
their pupils—I shrink from saying than their servants. 


(c) Practica, CaLcuLaTIONn 


(i.) Enumeration by Fingers 
Aristotle, Problems xv. 3, 910 b 23-911 al 


Why do all men, both barbarians and Greeks, count 
up to ten and not up to any other number, such as 
2, 3, 4 or 5, whence they would start again, saying, 
for example, one plus five, two plus five, Just as they 
say one plus ten, two plus ten?* .. . Is it that all 
men were born with ten fingers? Having the 


@ The Greek words for 11 and 12 mean literally one-ten, 
two-ten. 
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~ ~ ~ . A ” 
700 oikeiov apiOpo0t, TovTw TH TAABe Kai TA Ada 
apiOpotow. 


Nicolas Rhabdas, ed. Tannery, .Votices et extraits des manu- 
serits de la Bibliothégue Nationale, vol. xxxii. pt. 1, 
pp. 146-152 


“Exdaois Tob SaxrvdAKot pérpov 


"Ev 8€ tals xepot Kabd£ers Tovs apiOpods odtws- 
Kal ev pev TH Aaa, ddeirets Get TOUS povad&iKovs 
Kat dexadixovs Kparetv apiOuots, ev dé TH Sebi 
Tous ékaTovTadiKovs Kal xiAlovradiKovs, Tods 5é 
éréxewa, ToUTwY xapaTTew ev TUL: od yap exets 
dmws KabléEas ev tais yxepoi. 

Lvoredopevov Fob mpwrov Kat puxpob daxrvrov, 
Tod pvwros KaAdoupevov, Tav dé Tecodpwv exteTa- 
pévwv Kal torapévwy dpbiwv, Katéxes ev pev TH 
dpiotep& xetpt povdda pilav, ev 5é TH Seid yAtov- 
Tada piav. 

Kal adAw ovoted\opévov Kai tovtTov Kal rob 
per’ adbtov Sevrépov SaxtvAov, Tob Tapapécov Kal 
emBpdtov Kadovupévov, Tav Sé€ Aowmdy tpidv ws 
ednuev ArAwpéevwv, Kpareis ev pev TH edwvtew 
dvo, ev 5é TH Seba Suoyidia. 

Tod 8 abd tpirov avared\Aopevov, 7rot Tod oda- 
kéAov Kal pécov, Keevwr Kal TOV éTépwr Svo, TOV 





* The word meurdlew (“to five’’), used by Homer 
(Od. iv. 412) in the sense “ to count,’ would appear to be a 
relic of a quinary system of reckoning. The Greek yeép, 
like the Latin manus, is used to denote “ a number ” of men, 
e.g., Herodotus vii. 157, viii. 140 ; Thucydides iii. 96. 

> Nicolas Artavasdas of Smyrna, called Rhabdas, lived 
in the fourteenth century a.p. He is the author of two letters 
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equivalent of pebbles to the number of their own 
fingers, they came to use this number for counting 
everything else as well.? 


Nicolas Rhabdas,® ed. Tannery, sVotices et extraits des manu- 
scrits de la Bibliothéque Nationale, vol. xxxii. pt. 1, 
pp. 146-152 


Exposition of finger-notation ° 


This is how numbers are represented on the hands: 
The left hand is always used for the units and tens, 
and the right hand for the hundreds and thousands, 
while beyond that some form of characters must be 
used, for the hands are not sufficient. 

Closing the first finger—the little one, called 
myope—and keeping the other four stretched out 
straight, you have on the left hand 1 and on the right 
hand 1000.4 

Again, closing this finger together with that next 
after it—the second, called next the middle and epi- 
bate—and keeping the remaining three fingers open, 
as we said, you have on the left hand 2 and on the 
right hand 2000. 

Once more, closing the third finger—called spha- 
kelos and middle—and keeping the other two as 


edited by Tannery, of which the second can be dated to the 
year 1341 by a calculation of Easter. He edited the arith- 
metical manual of the monk Maximus Planudes. 

¢ A similar system is explained by the Venerable Bede, 
De tempor um ratione, ¢. i., De computo vel loquela digi- 
torum.” He implies that St. Jerome (0b. a.p. 420) was also 
acquainted with the system. 

@ In the Greek the numerals are sometimes written in full, 
sometimes in the alphabetic notation, for which see infra, 
p. 43. 
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8€ Aourdéy Svo exTerapevwr, Tod Ayavod AEdyw Kal 
Tob avrixeipos, ciciv dmep Kpateis ev pev TH Ang, 
y, ev 8 TH Seka, vy. 

Tladw svoteMopevwy t&v dv0, Tob pécov Kat 
Tapapécou, Hyouv Tot Sevrépou Kal Tpirov, Kat TOV 
Aw ovrwy e&qrAwpéevwyv, Tob avrixeipos Aéyw, 
Tod Nyavod Kat Tod pvwros, cioly arep Kparteis ev 
pev TH Aad, 5, év dé TH deEtG, 0. 

IldéAw rod tpirov, Tob Kal écov, avvectaApévov, 
kal T&v owTadv Tecodpwv exrerapevwv, Snrodow 
direp Kparets (ev prev TH ALG)! E, ev Se TH Sera, (€. 

Tod émBdrov mddAw, tot Kal Seurépov, avv- 
eoTaduevov Kal Tv Aout (recodpwvy’ yrrwpevwy, 
Kparteis ev pev TH edwvipm 5, ev dé TH Erépa |S. 

Tot ptwros rahw, Tob Kal mpwtov, éxrerapévov 
Kat TH maAdun mpooavovtos, tav S€ dowry 
iotapevwy dpbiws, eialy dep Karéxes, £, ev Se 
7h dAdn, ,f. 

Tod devrépov médw, Tob Kal mapapécov, duolws 
exterapevov Kat KAivovtos axpis 08 TH Kuddw 
teAciws mpoceyyian, tHv 8€ Aowndv tpidv, Tob 
tptrov, Tob retdptov Kal rod méumnrov, ws ™po- 
eipnrat ioTapevwv dpliwv, 7d yevdpevov oyfpa 
ev pev TH Aad Sydot 7, ev 8€ TH Seka 7. 

Odrws obv Kat rob tpitrou yevopevov, Kepévwy 
Kat r@v ddAwv dvo, Tob Tpwarov Kat devtépou, KATO 
TO aro oxfpa, &v pev TH aprotepa SyAodow 6, ev 
d€ tH aAAn 6. 

Tladw roi avrixerpos FAwpevov, odxt 8° bmep- 

1 


: &.. . Aug add. Morel. 


Tecodpwy add. Tannery. 
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before, with the remaining two held out straight— 
I mean the forefinger“ and thumb®—you have on the 
left hand 3 and on the right hand 3000. 

Again, closing the two fingers called middle and 
next the middle, that is, the second and third, and 
keeping the others open—I mean the thumb and fore- 
finger and that called myope, you have on the left 
hand 4 and on the right hand 4000. 

Again, closing the third finger—the middle—and 
keeping the remaining four straight, the fingers will 
represent on the left hand 5 and on the right hand 
5000, 

Closing, again, the epibate finger—the second— 
and keeping the remaining four open, you have on 
the left hand 6 and on the other 6000. 

Again, by extending the finger called myope—the 
first—so as to touch the palm, and keeping the 
others stretched out straight, you have 7 and on 
the other hand 7000. 

If the second finger—that called neat the middle— 
is extended in a similar manner and bent until it 
nearly touches the hollow of the hand, while the re- 
maining three fingers—the third, fourth and fifth— 
are stretched out straight as aforesaid, the resulting 
figure will represent on the left hand 8 and on the 
right hand 8000. 

If the third finger also is bent in this manner, the 
other two—the first and second—remaining as before, 
the fingers will represent on the left hand 9 and on 
the other 9000. 

Again, if the thumb is kept open, not raised verti- 


* The Greek word means literally the “‘ licking ” finger. 
* The Greek word means literally “ that which is opposite ”” 
sc. the four fingers. 
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‘ ~ a 

atpopévov, GAAG mAayiws mws, Kal tod Ayavod 
~ a 3 ? ‘A 

trroxAwopevov axpts dv T@ Tob avTixerpos mpoTepw 
; wn 

dpOpw avpméon, ews av yévyTas olypatos oxjpa, 

~ ~ ~ ~ ¢ f \ + 

trav Sé Aownav tpidv dvoids yrAwpéevwv Kat pH} 

rd > > * , LAAG td ¥ 

xwprlopevwr am’ addAjAwyv, adda cuvnppevwr, 70 
~ ~ 7 a , 

Tolodrov év pev TH evwvipw yxeipl onuaiver déka, 


év b€ TH Seba p. 


(ii.) The Abacus 
Herod. ii. 36. 4 

Tpdppara ypadovar Kai Aoyilovrar ydovor “HA- 
Anves pev amo Ta&v apiotep@v emt Ta Sebia de- 
\ tal > v4 Nes’ om \ ~ ~ > \ 
povtes THY xetpa, Aiydrriot 8 amd TOv Sekvdv emi 
Ta aptorepa: Kal Trovedvres Tatra adrot pév dace 

emt deEva movdew, "EAAnvas 5é én’ apiorepa. 





* It is perhaps unnecessary to follow this trifle to its end. 
Rhabdas proceeds to show how the tens from 20 to 90, and 
the hundreds from 200 to 900, can be represented in similar 
manner. Details are given in Heath, H.G.M. ii. 552. 

I have not found it possible to give a satisfactory rendering 
of Rhabdas’s names for the fingers. Possibly pvws should 
be translated spur (though this seems a more natural name 
for the thumb than the first finger) and émBdrns rider; 
opdxedos (addxedAdos in the Mss.) can mean spasms or con- 
vulsions, and Mr. Colin Roberts tentatively suggests (to my 
mind convincingly) that the middle finger is so called because 
it is Joined with the thumb in cracking the fingers. 

> The only ancient abaci which have been preserved and 
can definitely be identified as such are Roman. It is dis- 
puted whether the famous Salaminian table, discovered by 
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cally but somewhat aslant, and the forefinger is bent 
until it touches the first joint of the thumb, so that 
they resemble the letter 7, while the remaining three 
fingers are kept open in their natural position and 
not separated from each other but kept together, the 
tigure so formed will signify on the left hand 10 and 
on the right hand 100.% 


(ii.) The Abacus ® 
Herodotus ii. 36. 4 


In writing and in reckoning with pebbles the 
Greeks move the hand from left to right, but the 
Egyptians from right to left®; in so doing they main- 
tain that they move the hand to the right, and that 
it is the Greeks who move to the left. 


Rangabé and described by him in 1846 (Rerue archéologique 
iij.), is an abacus or a game-board ; the table now lies in the 
Epigraphical Museum at Athens and is described and illus- 
trated by Kubitschek (IWiener numismatische Zeitschrift, 
xxxi, 1899, pp. 393-398, with Plate xxiv.), Nagl (dbhand- 
lungen zur Geschichte der Mathematik, ix., 1899, plate after 
p. 357) and Heath, H.G..M. i. 49-51. The essence of the 
Greek abacus, like the Roman, was an arrangement of the 
columns to denote different denominations, ¢.7., in the case 
of the decimal system units, tens, hundreds, and thousands. 
The number of units in each denomination was shown by 
pebbles. When the pebbles collected in one column became 
sufficient to form one or more units of the next highest 
denomination, they were withdrawn and the proper number 
of pebbles substituted in the higher column. 
¢ This implies that the columns were vertical. 
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Diog. Laert. i. 59 


mw . A A ~ f PS) La 
Edeye 8€ Tods mapa tots Tupavvas Svvapevous 
, > - , wn 24 ‘sa 
mapamtAnaious elvar tals yndois Tats emt tHv do- 
~ > 4 ‘ 4 , 
ylopav. Kal yap éxeivwy éexdaTnv more pev TAciw 
\ sy id ‘ 4 A FA 
onpaivewy, mote 5é WrTwW: Kal ToUTWwWY TOds TUpdy- 
vous moTé pev exacTov péeyav ayew Kal Aapmpov, 
more dé aTipov. 


Polyb. Histor. v. 26. 13 


"O , - e , a +4 ~ 
vTws yap elow odToL TapamAjotor Tats ent Tov 
> Pe / > ~ a % A | ~ 
aBaxiwy ido: exeivai Te yap Kata THY Too 

te , ww ~ A rg 
ynpilovros BovAnow apt xaAKxotv Kai mapavtixa 
tdAavrov icxvovow, ot Te mepi Tas avdAas Kara 7d 
to6 Baowkws vetpa pakdpior kal mapa mddas 
eXcewot yivovrat, 
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Diogenes Laertius i. 59 


He [Solon] used to say that men who surrounded 
tyrants were like the pebbles used in calculations ; 
for just as each pebble stood now for more, now for 
less, so the tyrants would treat each of their courtiers 
now as great and famous, now as of no account. 


Polybius, History v. 26. 13 


These men are really like the pebbles on reckoning- 
boards. For the pebbles, according to the will of 
the reckoner, have the value now of an eighth of an 
obol, and the next moment of a talent*; while 
courtiers, at the nod of the king, are now happy, and 
the next moment lying piteously at his feet. 


9 In the Salaminian table (see supra, p. 34 n. 6) the ex- 
treme denominations on one side are actually the talent and 
the yaAxois (4 obol). 
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Il. ARITHMETICAL NOTATION AND THE 
CHIEF ARITHMETICAL OPERATIONS 


(a) Encuisn Nores anp Exampies 


From earliest times the Greeks followed the decimal 
system of enumeration. At first, no doubt, the 
words for the different numbers were written out 
in full, and many inscriptions bear witness to this 
practice. But the development of trade and of 
mathematical interests would soon have caused the 
Greeks to search for some more convenient symbolic 
method of representing numbers. The first system 
of symbols devised for this purpose is sometimes 
known as the Attic system, owing to the prevalence 
of the signs in Attic inscriptions. In it | represents 
the unit, and may be repeated up to four times. 
There are only five other distinct symbols, each being 
the first letter of the word representing a number. 
They are 


(the first letter of révre) = 5 
A (6éxa) = 10 
H (€xaror) = 100 
X (xiAcoe) = 1000 
M (ptproc) = 10000 


Like |, each of these signs may be repeated up to 
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four times. Four other symbols are formed by com- 
pounding two of the simple signs. 


N(P and A)= 50 
fA ([? and H)= 500 
PR (f and X)= 5000 
pf (7 and M)=50000 


By combinations of these signs it is possible to repre- 
sent any number from 1 to 50000. For example, 


RXHHHAAT™I II! = 6329. 


Notwithstanding the opinion of Cantor,* there is 
very little to be said for this cumbrous notation. A 
second system devised by the Greeks made use of the 
letters of the alphabet, with three added letters, as 
numerals. It is not certain when this system came 
into use,” but it had completely superseded the older 
system long before the time of the writers with whom 
we shall be concerned, and for the purposes of this 
book it is the only system which need be noticed. In 
it an alphabet of 27 letters is used: the first nine 
letters represent the units from 1 to 9, the second 
nine represent the tens from 10 to 90, and the third 
nine represent the hundreds from 100 to 900. To 
show that a numeral is indicated, a horizontal stroke 


* Vorlesungen wher Geschichte der Mathematik, i3, p. 129. 
® For a full consideration of the date given by Larfeld (end 
of eighth century z.c.) and that given by Keil (550-425 B.c.), 
see Lieath, 1.G.M, i. 33-S-4. 
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is generally placed above the letter in cursive writing, 
as in the following scheme # 


= 7=10 =100 
= k =20 = 200 
= A =30 = 300 


I 
fol 
oO 

ll 
> 
2 
oO 





i] 
I 
= 


I 
oz) 
o 


Di Sta me Ore TA 
lt 
OO WO WO Or f oo TO 


i] 


AYA Oren Sl 
ll 
(op) 
ooo°o 
ad SreSreer Grey 41 Qid 
Il 
WAG 
on) 
So 


=90 


The horizontal stroke is often omitted for con- 
venience in printed texts. 

In this system there are three letters ¢ (Stigma, a 
form of the digamma), ¢ or 9 (Koppa) and % (Sampi) 
which had been taken over by the Greeks from the 
Phoenician alphabet but had dropped out of literary 
use. As there is no record of this alphabet of 27 
letters in this order being in use at any time, it seems 
to have been deliberately framed by someone for the 
purposes of mathematics.’ Though more concise 
than the Attic system, it suffers from the disad- 
vantage of giving no indication of place-value; the 
connexion between é, 7 and ¢, for example, does not 
leap to the eye as in the Arabic notation 5, 50, 500. 


¢ In some texts the method of indicating that a letter 
stands for a numeral is an accent placed above the letter and 
to the right, in the following manner: 
a’ =1, ’ =10, p’ =100. 
A double accent is used to indicate submultiples, e.g., 


y”’ =, a” =n ws shave 
> Gow, -4 Short History of Greek Mathematics, pp. 45-46. 
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Opinions differ greatly on the facility with which it 
could be used, but the balance of opinion is in favour 
of the view that it was an obstacle to the develop- 
ment of arithmetic by the Greeks. 

By combination of these letters, it is possible to 
represent any number from 1 to 999. Thus pyy=153. 
For the thousands from 1000 to 9600 the letters « to @ 
are used again with a distinguishing mark, generally 
a stroke subscribed to the letter a little to the left, 
in addition to the horizontal stroke above the letter. 


Thus ,4=1000, ,B=2000, . . . ,8=9000. 


For tens of thousands the sign M is used, generally 
with the number of myriads written above it. 


a 8 
Thus M= 10000, M=20000, and so on (Kutocius), 


Another method is to use the sign M or M for the 
myriad and to put the number of myriads after it, 
separated by a dot from the thousands. 

Thus 


_ 
Mp8. ,n pos = 1048576 (Diophantus vi. 22, ed. Tannery 
446. 11). 


Ina third method the symbol M is not used, but the 
symbol representing the number of myriads has two 
dots placed over it. 

Thus 


a,»pSs =18596 (Heron, Geometrica xvii. 33, ed. 
Heiberg 348. 35). 


Heron commonly wrote the word pupudées in fall. 

To express still higher numbers, powers of myriads 
were used. Apollonius and Archimedes invented 
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systems of “ tetrads ” and “ octads ”’ respectively to 
indicate powers of 10000 and 100000000. 

There was no single Greek system for representing 
fractions. With submultiples, the orthodox method 
was to write the letter for the corresponding number 
with an accent instead of a horizontal dash, e.g., 
o’=4}. There were special signs, 2’ and C’, for 3, 
and w’ for 2. The Greeks, like the Egyptians, tried 
to express ordinary proper fractions as the sum of 
two or more submultiples. Thus Z’ 8’=4$+4=3, 
Z’' 6 =$4+A,=24 (Eutocius). There was a limit to 
what could be done in this way, and the Greeks 
devised several methods of representing ordinary 
proper fractions. The most convenient is that used 
by Diophantus, and occasionally by Heron. The 
numerator is written underneath the denominator, 
which is the reverse of our modern practice. ‘Thus 


ee = 75,. A method commonly used in Heron’s 


works was to write the denominator twice and with 
an accent, ¢.g.,6 (¢ =4, 8 (¢=12. Sometimes the 
word Aerré (‘‘ fractional parts’) was added, e.g., 
Nera va’ va’ Xe=33. There is no fixed order of 
preference for numerator and denominator. In 
Aristarchus of Samos we find év'0 pe’ for 2 and in 
Archimedes i ou’ for 12, where only the context will 
show that 10,4, is not intended. 

Several fragments illustrating elementary mathe- 
matical operations have come to light among the 
Egyptian papyri.* The following tables (2nd cent. 
A.D.) show how fractions can be represented as sums of 
submultiples. The Greek is set out in columns. The 

* I am indebted to Mr. Colin Roberts for drawing my 
attention to them. 
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first two columns give the numerator of the fraction 
to be split up. The denominator is not explicitly 
announced in the table, but it is implicit in the first 
line. Fractions are marked with signs like accents, 
usually but not always over every letter. The sign 
A for 4 will be noted. Dots under letters indicate 
doubtful readings. 


Michigan Papyri, No. 145, vol. iii. (Humanistic Series, 


vol. xl.) p. 36 
ii 
A Table of Twenty-thirds 
rns u ky’ 
[rev B) u’ 3" go's’ 
[rw y] ul pis’ pie 
[Tw r) sy pny! 
[Tov € s’ Ky] pr‘Ty’] 


Equivalent in Arabic Notation 





ii 


a Table of Twenty-ninths 
Tov 8 A ay KO’ oN’ B’ 
{ror} cy 7’ ve EKO uf r’e’] 
[rwv] 0 my é [v’}y’ pes” pp'e’ 
{[rwv] te zz yy’ 
{rev is [Z K'|0’ v7’ 
[rev ef Zz vB’) t'p'n! 
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Equivalent in Arabic Notation 


13] 


Ds 
+ 
: 





+ 





tol ed coders 

p ate rise 04 

a ash 
al 
+e 
| St 
ee] cs} 
od 
++ 
ai 
cated 
od 


ml 
12 





The Greeks had no sign corresponding to 0, and 
never rose to the conception of 0 as a number. 
Having no need of a sign to indicate decimal posi- 
tion, they wrote such a ‘Hmiber as 1007 dn only two 
letters— ,a¢- 

By means of these devices the Greeks had a 
complete system of enumeration. Here are a few 
examples of complicated numbers taken from 
Eutocius : 


My yy L’ £8’ = 1373943443, = 197394333. 
MP BS LZ! iw = 54720904,1, = 5472090,2,. 


With these symbols the Greeks conducted the chief 
mathematical operations in much the same manner, 
and with much the same facility, as we do. The 
following is an example of multiplication from 


@ Jn his sexagesimal notation, Ptolemy used the symbo] O 
to stand for ovSepia poipa or oddev éEnxoordy. The diverse 
views which have been held on this symbol from the time of 
Delambre are summed up by Loria (Le scienze esatte nell’ 
antica Grecia, p. 761) i in the words: ‘‘ In base ai documenti 
scoperti e decifrati sino ad oggi, siamo autorizzati a negare 
che i Greci usassero lo zero nel senso e nel modo in cui lo 
adoperiamo noi.’ 
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Eutocius’s commentary on Archimedes’ Measurement 
of a Circle (Archim., ed. Heiberg iii. 242) : 


pvy 153 
éri pry x 153 
M oer 15300 
& BS pv 5000 2500 150 
7 pv 300 159 
B> 3 
dpod M ,yv6 Total 23109 


The operation, it will be noticed, is split up into a 
number of simple operations. 153 is first multiplied 
by 100, then 100, 50 and 3 are separately multiplied 
by 50, and lastly 100 and 53 are separately multiplied 
by 3. The products are finally all added together to 
make the total of 23409. 

Only one example of long division fully worked out 
survives in the whole of the extant corpus of Greek 
mathematical writings—in Theon’s Commentary on 
the Syntaxis of Ptolemy. The same work contains an 
example of the extraction of a square root. Both 
passages will be reproduced, but as the notation is 
sexagesimal a few words of explanation are necessary. 

The sexagesimal notation had its origin among the 
Babylonians and was used by the Greeks in astro- 
nomical calculations. It appears fully developed in 
the Syntazis of Ptolemy and the Commentaries of Theon 
and Pappus.? In this system the circumference of a 

* Theon of Alexandria (to be distinguished from Theon 
of Smyrna) is dated by Suidas in the reign of Theodosius I 
(4.p. 379-395). His commentary on Ptolemy’s Nyntawis is in 


eleven books, and his famous daughter Hypatia assisted in 
its revision. Pappus of Alexandria flourished in the reign of 


48 


ARITHMETICAL NOTATION 


circle, and with it the four right angles at the centre, 
are divided into 360 equal parts by radial lines. Each 
of these 360 degrees (uoipa: or tyjpura) is divided 
into 60 equal parts called rpoéra éfnxoord, frequently 
represented as a’ é&nxoord, first sextieths or minutes. 
In turn each of these parts is divided into 60 de’repa 
éfnxootd, or PB’ ékyxoord, second sixtieths or seconds. 
By further subdivision we obtain rtpira é£yxoor’, or 
y' €€nxoord, and so on. In similar manner the dia- 
meter of the circle is divided into 120 tpijpara, seg- 
ments, each of these into sixtieths, and so on. The 
circular associations of the system tended to be 
forgotten, and it offered a convenient method for 
representing any number consisting of an integral 
number of units with fractional parts. The denomi- 
nations of the parts might be written out in full 
(e.g-5 mpOra EyKooTd %=900 minutes, a’ éEyKourrd 
& xat BP’ %=200 minutes and 15 seconds), or a 
number consisting of degrees, minutes and seconds 
might be written down in three sets of numerals 
without any indication of the denominations other 
than is provided by the context (eg., ,apue Kk & 
=1515° 20’ 15”). 

After explaining the advantages of the notation 
owing to the large number of factors of 60, and noting 
the result of multiplying or dividing minutes by 
degrees, minutes by minutes, and so on, Theon gives 
an example of multiplication and then the two in- 
teresting passages which are now to be reproduced 
and translated : 





Diocletian (a.p. 284-305). His chief work was his 
Synagoge or Collection, a handbook to Greek geometry 
which is now one of our main sources for the subject and 
will be extensively used in these pages. 
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(6) Diviston 


Theon Alex. in Ptol. Math. Syn. Comm. i. 10, ed. Rome, 
Studi e Testi, \xxii. (1936), 461. 1-462. 17 


"Eorw Sé Kal avdradw S00évra dapiOcv pepioat 
mapd Te poipas Kal mpdra Kai devrepa é€nKooTa. 
éotw 6 Sobleis apiOucs 6 jade K ie: Kat Séov 
Zorw pepicat abrov mapa Tov RE iB i, rovréoTw 
etpelv moodKis early 6 KE iB i ev TH jadue K EE. 

Mepiloper avrov mp@rov Tapa ov E, émedijmep 6 
mapa Tov fa dneprinres Kal dparpodpev ef Kov- 
Tdke Tov Te KE Kal Tov eB, Kal ere Tov t. Kal 


mpdrepov Tov Ré, Kal yivovrar ,ad- elra emi Trav 
oumdy powder ie kK ie dvadvoavres Tas ié jLotpas 
eis pata efyxoora Kal mpoobevres avtois Ta 
mpara éEnxoara K ard TOV yevopevay AK TPBTA 
nddw e€nxoora aparpobpev éénxovrakis Ta 1p, 
Touréatv pr: Kat ére aro Tov Aowr@v mpwrwv 
éfqxoorav o Kat Sevrépwy le dparpodpev €&- 
KovTdkis maAw Ta i* yiverar SevTepa prev éEnKoara. 





2 We may exhibit Theon’s working as follows : 























Ist division 25° 12’ 10” | 1515° 20° 157 | 60° 
25°.60° = 1500° 
15° =900’ 
20’ 

920’ 
12’.60° =720’ 

200’ 15” 
10”.60°= 10’ 
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(b) Division 


Theon of Alexandria, Commentary on Ptolemy’s Syntavcis, i. 
10, ed. Rome, Studi e Testi, Ixxii. (1936), 461. 1-462. 17 
Conversely, let it be required to divide a given 

number by a number expressed in degrees, minutes 

and seconds. Let the given number be 1515° 20’ 

15’"; and let it be required to divide this by 25° 

j2’ 10”, that is, to find how often 25° 12’ 10” is 

contained i in 1515° 20’ 15’’.¢ 

We take 60° as the first quotient, for 61° is too 
big; and we subtract sixty times 25° and sixty 
times 12’ and also sixty times 10”. Firstly, we 
take away sixty times 25°, which is 1500°. In the 
remainder, 15° 20’ 15’, we split up the 15° into 
minutes and add to them the 20’; and from the 
resulting 920’ we subtract sixty times 19’, that is, 

720’. This leaves 200’ 15’’, and we now subtract 


Qnd division 25° 12’ 10” | 190’- 157 | 7 
25°.7 wr = 1 75! 
15’ =900” 
15” 


915” 
12.0 = 84" 





$317 
107.7’ = Ex 10°” 
3rd_ division 25° 12’ 10” 829" 50°77 33” 


25°.33 =$25” 





4” 5 50°” =290 0’ 
127.33" = 396°” 
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X, mpara dé t. elra madw ra brodimévra’ mpara 
er = \ \ 
éfnxooTa pS Kal Sevrepa vé pepilopev mapa Tov 
— a , 
Ké, wat yiverat 6 pepiopos mapa ¢- dbmeprimre 
yap mapa Tov 7. Kal Ta yevopeva ek THs Tapa- 
~ ~ —_— ‘ ~ 
Bodjs éEnxoota mp@ta poe adeidopev ato Tav 
pS mpwitwyv éEnxootav. émetra ta Aoura, i€ mpaira. 
£ Nc°29 , > S , SN ‘ 
éfnxooTa avadvcavtes eis SevTEepa 2% Kal mpoo- 
Ores adbrois ta Sevrepa éEnxooTa te, amd TaV 
yevonevwy Are adatpoduev émtanis TA LP mpaTa 
¢ , ’ ~~ , ¢ , S \ ‘ 
éfnxooTd, ToutéaTw 76 SevTepa é€nKooTa, dia TO 
Kal Ta € mp@ra elva é€nxoord. Kat dmodcimeras 
‘ mY 8 rd € / ‘7 ” > Xr ~ 
Aoura waa dSevrepa éEnroord. Kai ere adedAodpev 
opoiws émtakis Kal Ta t SevTepa éqKoaTd, & 
yiverat tpita é€nxoota 6, Touréorw SevTepov a 
kal tpira t. Kat Aowrd breAimn Sevtepa éEnkoaTa 
~p ‘ - ~ —_— 
wk6 Kai tpita ¥. rabra médkw mapa TOV KE. Kai 
, £ \ \ ‘ bee \ = 
yivera 6 pev peptopos mapa Tov Ay, ex S€é THs 
mapaBorjs are Sevrepa eEnoord. Kai Nowra 
e re 8 , © \ 5 , Se - ¢ “a Se 
bredirn Sevrepa eEnxoora 4, Tpita Sé v, duo dé 
J. uj —*A ‘a 
tpita oG. émeita mddAw adeidopev Ta 1B mpara 
¢ 
é{nKooTa TpiakovTdK. Kal Tpis Kal yiveras TpiTa 
e a ” 7 —y- LO 
TSS, ws Trotely Eyyiora Tov pepiopov Tov ade K ie 
\ \ = - é Ay. > ‘ Y o34 ~ 
mapa tov KE oB i, & y, ewel Kal éav zatra 
ToMamAacidcwper emi ta Ke 8B 7 ovvdyerar 6 





jopie K t€ éyytora. 
page RR ee Bi Ef hy 
(c) Extraction or Square Roor 
Ibid. 469, 16-473. 8 


Tovrwy Oewpnbérvtur, ébijs dv ein SiadaPeiv mas 
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sixty times 10”; that is 600’, or 10’. The remainder 
is 190’ 15’, and, making a new start, we divide by 
25°; the quotient is 7’, for 8’ is too big. The number 
resulting from this division is 175’, which we subtract 
from the 190’. There is a remainder of 15’, which 
we split up into 900” and to it add the 15’’; from 
the resulting 915’’ we subtract seven times 12’, 
which is 8+’ on account of the seven being minutes; 
there is left a remainder 831”. Similarly we sub- 
tract seven times 10”, which is 70’”, or 1’ 10°”. 
The remainder is 829” 50’. We divide this in turn 
by 25°. The quotient is 33’’, and the number result- 
ing from the division is 825’’, leaving a remainder of 
4” 50’, or 290’. Next we subtract thirty-three 
times 12’, which is 396’’. Thus the quotient 
obtained by dividing 1515° 20’ 15”” by 25° 12’ 10” is 
approximately 60° 7’ 33’’, inasmuch as, if we multiply 
this quotient by 25° 12’ 10”, the result will be 
approximately 1515° 20’ 15”. 


1515° 20’ 15” 25° 12’ 10” 60° 1’ 33” 


(c) Extraction or Square Roor 
Ibid. 469. 16-473. 8 


After this demonstration the next step is to inquire 





1 “Forme suspecte. Voir pourtant Hirt, Handbuch der 
griechischen Laut- und Formenlehre, 2° éd., Heidelberg, 1912, 
p. 506.”—-Rome. 
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av Sobevros xwplov Twos Tetpaydvou en) éyovros 
meupav pjKee pytHy thy ovveyyus adtob TeTpaye- 
viKny TAeupay emiroyiowpela. Kal €oTW 76 TOLOU- 
tov dHAov emt enti éxovros mAcupay, é€« Tod 6 
Bewprjparos Tod B’ (BiBatov TeV Lroixetwv, ob 3) 
mporacis éorw Towatry” eav ed0cia ypappr) Tu 6%) 
ws eruxev,, TO amo Tis, oAns TeTpdywvov igov éoriv 
Tois TE G70 TOV TUNUATWY TeTpaywvors Kal TH Sis 
imo TOV TENATwWY Trepiexouevw dpboywriw. édv 
yap éxovtes Sobévta apiuov tetpdywvov ws Tov 
Rae € \ ” ‘ © \ 24 O- ‘ 
pus, pytyy éxovra mAcupayv ws thy AB edfetay, kai 
AaBovtes adbtod €Adocova tetpaywvov tov p, od 
€oTw meupa t, Kat drrofepevor THY Av i, duTAa~ 
ovdcartes atrny [xai]" dia tO Sis txd THv AT, 
TB, (aapa)* ra yevopeva K mapaBdhwpev [mapas 
7a Aoura 2, TOV trohevopevenv 5 éorat TO dro 
ris TB, atrn 8€ prjcer B> jv 8€ Kat 7 AT i: Kal 
dAn dpa 7 AB éorat powpdy oB, dmep edeu Seiéau. 
1 xai om. Rome. 2 mapa add. Rome. 
3 mapa om. Rome. 





~@ The diagram will make the procedure clear, The square 
E eee 
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in what manner, given the area of a square whose 
side is irrational, we may make an approximation to 
its side. In the case of a square with a rational side 
the method is clear from the fourth theorem of the 
second book of the Elements, whose enunciation is as 
follows : Ifa straight line be cut at random, the square on 
the whole is equal to the squares on the segments, and 
tvice the rectangle contained by the segments. For if the 
given number is a square such as 144, having a rational 
side AB, we take the square 100, which is less than 
144 and has 10 as its side, and make AT equal to 10. 
Doubling it, because the rectangle contained by AT, 
IB is taken twice, we get 20, and by this number 
we divide the remainder 44, obtaining a remainder + 
as the square on I'B, whose length will therefore 
be 2. Now AT was 10, and therefore the whole AB 
is 12, which was to be proved.? 


AA is divided up into the squares EZ, BZ and the equal 
rectangles AZ, ZA. 

Thus, square AA=square EZ+2 rect. AZ+square BZ 
or 144=10?+2.10.2+27. Generally, if a given square 
number A is equal to (a+.)?, where a? is a first approxima- 


tion, then 
A=a?4+2axr +2? 


and we find the value of x by dividing 2a into the remainder 
when a? is subtracted from A. 

If A is not a square number, then this gives a method of 
finding an approximation, a+2, to the square root, 
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4 4 4 > , ~ t3 fal v , 
Iva 8€ kal ent twos THv ev 7H Luvrdges Tapaket- 
~ ~ ¢ a < 
pévav apbpav tr obw hiv yéryra 4 THs Kara 
x ? A > , 
piepos adaipécews Sidxpiois, monoducla THY amd6- 
~a 4 ~ a 4 , 
deréw ent Tob Dd apiOpod, ob rhv mAeupay é&éGero 
~ — , A 
poipav EC § ve. exxeicbw ywplov retpdywvov Td 
@ ” 
ABPA, duvaper povov pyrov, ob To éuBaddv eoTw 
poipav Of, Kai Séov gorw tiv atvveyyus abrot 














aor yaw | a5" 
bu778 = 4489° atn’ 
= 268" ; 
} BY 
| } sy 
E ee a 3 
8’ is” 
=¥ ofn’ = 268" = 16” 
o 
vel” en” aad A 
=55” = 8688” 40’ 
B ! r 


A A > 
TETpaywriKny TAEupav erAoyicacbat. érel ody S 





ag The method which Theon proposes to use may be sum- 
marized as follows. A first approximation to the square root 
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In order to show visually, for one of the numbers 
in the Syntazis, this extraction of the root by taking 
away the parts, we shall construct the proof for 
the number 4500°, whose side he [Ptolemy] made 
67° 4’ 55", Let ABTA be a square area, the square 
alone being rational, and let its contents be 4500°, 
and let it be required to calculate the side of a 
square approximating to it.4 Since the square 


of 4500 is 67, for 672=4489. (This suggests that Theon may 
have had a table of squares before him.) Theon proposes to 


find the square root of 4500 in the form 67 + x + oi That is, 


4500 = .'/67? = ee le 

4500 = 67 +11 =67 45 +t. 

Q ~ 

It follows from Euclid ii. 4 that oe 


or x must be less than oer The nearest whole number 


obtained by dividing 2.67 into 660 is 4, and we try 4 for the 
value of x On trial it is found that 4 satisfies the conditions 


of the problem, for (67 t x) 2 is less than 4500, the remainder 


60. 
being ied Theon proves this geometrically. If AE=67, 


then the square AZ =4489 and the gnomon BZZA is therefore 


must be less than 11, 


11, or sa Putting EO =HK =a, we have rect. OZ =rect. 

ZK=40' =. Their sum is ad and this we subtract from 

660 3 124 TALO : 16 ; 

0° getting So OT Gor: From this we subtract 60?" being 
T4224 


the value of the square ZA, and so get - 602 for the remaining 


gnomon BAAA, as was stated above. This remainder now 
serves as a basis to obtain the third term y of the quotient. 


7 we ¥ \e: N b 
Since { (67 + =) + gm} is approximately 4500, we have hy 
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atveyyus To 8d TeTpLywvos pyri exwv mAevpav 
drwy povddwy éoriv 8ur0 dad mAeupds rob EL, 
adnpyobw and tob ABTA rterpaywvov ro AZ 
TeTpaywvov povddav ,dsu70, ob 7) mAcupa EoTw pova~ 
Swv EC: 6 Aourds dpa 6 BZZA yoapov ora 
povddwy ta, ds avadvoavtes eis mpata éfnKooTi. 
xf ekOnodpeba. erevra dirAaaidcavres rv EZ 81a 
To dts tro EZ, omep en’ edbeias rhs EZ rv ZH 
AapBdvovres, mapa Th yevoqieva prd mapaPaAodper 
Ta x& é€nxoora mpaira, Kal TOV yevopieveny eK Tis 
mapaBorjs § mpditwv é€nxooray eLopev éxarépay 
tav EO, HK. kat dvarAnpwoartes 7a OZ, ZK 
mapadAnrAcypapypa eEopev Kal adta dds mpwrwv 
éénxoatav, éxdtepov Sé dv cfm. bra mddw Td 
brodirévra pwd mpara éEnxoora avaddcavtes ets 
dedrepa Cup, adedodpev Kat 76 ZA amd mpatwv 

yevopevov eénoorey Sevrépww i, va yrapova 
mepiblevres T@ €€ a dpxjis tetpayiva TH AZ € exeopey 
70 AA rerpdywvov amd mAcupas EC 5 ouvayopevov 
potpdiy PSC VE iF. Kat Aowrdv wéAw Tov BAAA 
yvapova proipdv B Y pd, tovréotw Sevrépaw 
éfqrooray bur. ete d€ 7dAw SiAactacavres THY 
OA ws én’ ebbeias Tvyxavovons Thi OA Tis _AK AK, 
Kal mapa Ta yurdpeva. prs q Heploayres ra ,CuKo 
dedrepa _eéqxoora, Tov ek Tis tapaPodjs vyevo- 
preva ve eyyota Sevtépwv énxoorav €xopev 





y : : 424, 
Euclid ii. 4 that 2 (er + 56) 60" + (24) is approximately « Boe 
and we obtain a trial value for y by dividing 2(67 +; mm) oF 
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which approximates to 4500° but has a rational side 
and consists of a whole number of units is 4489° on a 
side of 67°, let the square AZ, with area 4489° and 
side 67°, be taken away from the square ABTA. 
The remainder, the gnomon BZZ,, will therefore be 
11°, which we reduce to 660’ and set out. Then 
we double EZ, because the rectangle on EZ has to 
be taken twice, as though we regarded ZH as on 
the straight line EZ, divide the result 134° into 660’, 
and by the division get 4’, which gives us each of 
EO, HK. Completing the parallelograms OZ, ZK, 
we have for their sum 536’, or 268’ each. Con- 
tinuing, we reduce the remainder, 121’, into 7440”, 
and subtract from it also the complement ZA, which 
is 16’, in order that by adding a gnomon to the 
original square AZ we may have the square A.A on 
a side 67° 4’ and consisting of 4497° 56’ 16’. The 
remainder, the gnomon B.\.AA, consists of 2° 3’ 44”, 
that is, 7424’. Continuing the process, we double 
OA, as though AK were in a straight liné with 0.\ 
and equal to it, divide the product 134° 8’ into 7424”, 
and the result is approximately 55”, which gives 





eer eee oe ee beeaee. 
6) into 7424, which yields y=55. Putting 602 25 the 
S688 __ 40 
: ‘ , ee 
value of OB, KA, we get the value or * 6S 


7377 | 20 . Fi , 
rects. BA, AA, or Sor + 603 for their sum. Subtracting this 


ngaen ae which Theon notes will be ap- 


(134 m 
for each of the 


from (s we get 5-5 
Gor WS BN GG 


A\2 
proximately the value of the square AT, or (sa) . Asa 
46 , 40 _ 2800 _ 16800 4, (85 \? 3025 
* 60?" 608 608 ~ “G0# (so) 





matter of fact. 
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éyytora éxarépay tev OB, KA. ; Kal oupmAnpas- 
cavres 7a BA, AA crapaddnAdypappa, eEopev 
Kal adta éEnxootav Sevtépwy pev Cro Kal Tpirwv 
Up, éxdrepov 5é Sevtépww pev é€nKootav ,yyme Kat 
tpirwy GK. Kai Aowra breAimy éEEnKooTa SevTEpa 
pS Kat tira jl, dnep éyytora movel 76 AT teTpa- 
ywvov, amo mAeupas tuyydvov Ve Sevtépwv é&y- 
KooTa@v, Kal €oxyouev THY mAevpay rob ABTA 
Tetpaywvov, poipav tuyydvovros 56, EL § ve 
éyytoTa. 

“Qare Kat KabddAov éav Cnt&pev apiOuod twos 
THY TeTpaywriKyy TAevpay eémdoyicacbat, Aap- 
Bavopev mp@rov Tob ovveyyus teTpayuwvov apibobt 
THv mAevpav. tra tatrnv dimAacidoavTes Kal 
mapa Tov ywdpevov apiOpov pepicavres Tov AowToV 
dpiOpov avadrvbévra els pata éEnxoora, Kal amo 
Tob ex THs TapaBoAjs yevouevou adedobpuev TeTpd- 
ywvov, Kal avadtovres dA 7a brodcirdpeva eis 
devTepa éEnxoaTd, Kal pepilovres mapa Tov d- 
Taciova THY poipav Kat éfnxootav, eLopev 
éyywota tov eémilnrovpevov tis mAeupas Tod 
TeTpaywvou ywpiov apiOudv. 


(d) Extraction or Cuse Roor 
Heron, Metr. iii. 20, ed. Schine 178. 3-16 


"Os 8€ Set AaBeiv THY p povddwy KvBury mAcvpav 
viv éepodpev. 

1 So the oldest ms. In others the numbers are worked 
out to the equivalent forms ,frol” x’, ,yymn” pl” 





* In the Greek of the oldest ws. the numbers are given as 
7370” 410°” and 3685” 220”, in which form Theon would first 
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us an approximation to OB, KA. Completing the 
parallelograms B.\, A-\, we shall have for their joint 
area 7377” 20”, or 3688” 40’” each. The remainder 
is 46” 40’, which approximates to the square AT 
on a side of 55’’, and so we obtain for the side of 
the square ABI’, consisting of 4500°, the approxi- 
mation 67° 4’ 55”. 

In general, if we seek the square root of any num- 
ber, we take first the side of the nearest square 
number, double it, divide the product into the re- 
mainder reduced to minutes, and subtract the square 
of the quotient ; proceeding in this way we reduce 
the remainder to seconds, divide it by twice the 
quotient in degrees and minutes, and we shall have 
the required approximation to the side of the square 
area.? 


(d) Extraction or Cuse Root 
Heron, Metrics iii. 20, ed. Schéne 178. 3-16 


We shall now inquire into the method of extracting 
the cube root of 100. 


obtain them. In other mss. the numbers are worked out to 
the form 7377” 20’”, 3688” 40’. 
> In his Table of Chords Ptolemy gives the approximation 
yeu lO3, 55, 28 
= 60 + 602 * GO” 
which is equivalent to 1-7320509 and is correct to six decimal 
places. This formula could be obtained by a slight adapta- 
tion of Theon’s method. 
Archimedes gives, without any explanation, the following 
approximation : 
1351 _ js 265 
780 7 V3 133" 
The formula opens up a wide field of conjecture. See Heath, 
The Works of Archimedes, pp. Ixxx-xcix. 
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AaBé rov éyytora KvBov tod p rév re bmepBad- 
Aovra Kal tov édreimovra: Eat. Sé 6 pxe Kal 6 &. 
Kal doa pev UrrepBadAe, povddes KE, Goa Se eA- 
Acimet, provddes AS. Kat moinaov Ta € émt Ta Ase 
yiyverat pm Kal Ta p* yiyveras am. CKat mapaBare 

re 
7a pw Tapa Ta a7.) yiyverar 0. apdaBare rij 
[kata] tot €Adacovos KvBov mAcupa, Touréott TH 
1” 
3: yiyverar povddes 5 Kai 0 rocovrwv ora 7h Tov 
p povddwy KuBiKi mreupa as eyytora. 


1 «al rapdéBare ra pr mapa 7a om supplevit H. Schone. 





® If p? and q® are the two cube numbers between which 
A lies, and A=p?-a=q'+b, then Heron’s formula can be 
generalized as follows : 


as ba/a 
VRmae 


It is unlikely that Heron worked with this general formula ; 
his method was probably empirical. The subject is discussed 
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Take the nearest cube in excess of 100 and also 
the nearest which is deficient ; they are 125 and 61. 
The excess of the former is 25, the deficiency of 
the latter 36. Now multiply 36 by 5; the result is 
180 ; and adding 100 gives 280. Dividing 180 by 280 
gives . Add this to the side of the lesser cube, 


Tf 
that is, to 4, and the result is 4,%. This is the 


closest approximation to the cube root of 100. 


by M. Curtze, Quadrat-und Kubikiwurzeln bei den Griechen 
nach Herons neu aufgefundenen Merpixa (Zeitschrift f. 
Math. u. Phys. xiii. 1807, Hist.-lit. -thbth., pp. 113-120), 
G. Wertheim, Herons Ausziehung der irrationalen Kubik- 
wurzeln (ibid. xliv., 1899, Hist-lit. bth“, pp. 1-3), and 
G. Enestrém, Bibliotheca Mathematica, viii., 1907-1908, pp. 
412-413, The actual value of (4,,)° is 1003°)). 

There is no example in Greek mathematics of the extrac- 
tion of a cube root fully worked out by means of the for- 
mula (a +2)8 =a? + 3a?z + Sar? + 2°, corresponding to Theon’s 
method for square roots; but by means of this formula Philon 
of Byzantium (Mech. Synt. iv. 6-7, ed. R. Schéne) appears to 
have approximated to the cube roots of 1500, 2000, 3000, 
5000 and 6000. Heron (Wetrica iii. 22, ed. H. Schéne 184, 
1-2) gives without explanation 46 as the cube root of 97050. 
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VOL. I F 


Ill. PYTHAGOREAN ARITHMETIC 


(a) First Principies 


Eucel. Elem. vii. 
*Opor 
a’. Movds éorw, kal? jy Exaorov Tay évTwy Ev 
Aéyerau. 
B’. ’ApiOuds 8 ro ek povddwy avyKeipevov 
aAH80s. 
’ / > ‘ > 6 A > 6 ma ¢ 2) , ~ 
y’. Mépos éoriv dpiOcs apiOpot 6 éAdcawy rod 
petlovos, Grav KaTaperph Tov peilova. 
5’. Mépy 8€, drav pu) Kataperph. 
e’. TloAAamAdowos 8€ 6 peilwv rod €Adccovos, 
éTav KatapeTphrat bd Tod éAdccovos. 
>’. “Aprios apiOuds éorw 6 diya Siatpodpevos. 
tA ‘ \ < X , ig nn e 
C’. Uepicads S5€ 6 pr) Starpodpevos Sixa 7} [6] 
/ , > ef > ~ 
povad: diadepwv dpriov apibyob. 
a > 2 ot > , 4 © o£ A > ‘ 
9’. "Apriaxis dptios apiOuds éeorw 6 bd aptiov 
aptO0b petpovpevos Kata dptiov apiOudv. 





* The theory of numbers is treated by Euclid in Books 
vii.-x. The definitions prefixed to Book vii. are wholly 
Pythagorean in their outlook, though there are differences in 
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(a) First Principies 
Euclid, Elements vii. 
DEFINITIONS # 


1. A unit is that in virtue of which each of the things 
that exist is called one. 

2. A number is a multitude composed of units. 

3. A number is a part of a number, the less of the 
greater, when it measures the greater, 

4. But parts, when it does not measure it. 

5. The greater number is a multiple of the less when 
it is measured by the less. 

6. An even number is one that is divisible into two 
equal parts. 

7. An odd number is one that is not divisible into 
two equal parts, or that differs from an even number 
by a unit. 

8. Aneven-times even number ® is one that is measured 
by an even number according to an even number. 


detail. Heath’s notes (The Thirteen Books of Euclid’s Ele- 
ments, vol. ii. pp. 279-295) are invaluable. 

> It is a consequence of this definition that an even-times 
even number may also be even-times odd, as 24 is both 6 x 4 
and 8 x8 (ef. Euclid ix. 34, where it is proved that this must 
be so for certain numbers). Three later writers, Nicomachus, 
Theon of Smyrna and Iamblichus, defined an even-times even 
number differently, as a number of the form 2”. 
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0’. "Apridnis 8€ meptaads eorw 6 bad apriouv 
apiOuot petpotpevos Kara Tepiccov apiOdv. 

[c’. Tlepucodxis dptids eoTw 6 bro Tepiacod 
apiOuot petpovpevos Kata aptiov apiOpyov.|' 

ta”. Hepiccanis 8€ mepicads apiOpds eoti 6 ind 
Tepicoot = dpiOod petpovpevos Kata Tepicooy 
apOpov. 

8’. IIp&ros apiOuds éorw 6 povdds pdvy pe- 
Tpovpevos. 

wy’. TIp@roe mpds adAnAous apiOuot elaw oi 
poovads pdvy preTpovpevoe Kow@ peTpw. 

0’. Ldvberos apifuds dorw 6 apiu@ tue pe- 
TpoUpevos. 

ue’, Ldvberou 5€ mpos adArjrovs apibpol eiow of 
apiOu® tive petpovpevor Kowd pérpw. 


1’, mepicodxes . . . dpiOudv om. Heiberg. 


2 Instead of Enucelid’s term dpridks amepicads, Nico- 
machus, Theon and lamblichus used the single word dprto- 
mépirtos. According to Nicomachus (-trith. Introd, i. 9) such 
a number, when divided by 2, leaves an odd number as 
the quotient, i.e., it is of the form 2(22+1). In this later 
subdivision an odd-eren (aeprcadprios) number is one which 
can be halved twice or more successively, but the final 
quotient is always an odd number and not unity, ie., a 
number of the form 2?+1 (2n+1). We thus have three 
mutually exclusive classes of even numbers: (1) even-even, of 
the form 2?; (2) even-odd, of the form 2(2n + 1); and (3) odd- 
even, of the form 2P+! (2n +1), where (1) and (3) are extremes 
and (2) partakes of the nature of both. The odd-odd is not 
defined by Nicomachus and Iamblichus, but according to a 
curious usage in Theon it is one of the names applied to prime 
ut for these have two odd factors, 1 and the number 
itself. 

® According to this definition, any even-times odd number 
would also be odd-times even. The definition appears to 
have been known to Iamblichus, but there can be little doubt 
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9. An even-times-odd number is one that is measured 
by an even number according to an odd number. 

{10. An odd-times even number is one that is measured 
by an odd number according to an even number. ]? 

11. An odd-times odd number is one that is measured 
by an odd number according to an odd number. 

12. A prime number is one that is measured by the 
unit alone. 

13. Numbers prime to one another are those which 
are measured by a unit alone as a common measure. 
_ 14. A composite number is one that is measured by 
some number. 

15. Numbers composite to one another are those 
which are measured by some number as a common 
measure.® 


that it is an interpolation. If both definitions are genuine, 
one is not only pointless but the enunciations of ix. 33 and 
ix. 34 become difficult to understand, and were, indeed, read 
differently by Iamblichus from what we tind in our uss. We 
have to choose between accepting [amblichus's reading in all 
three places and rejecting Def. 10 as interpolated. agree 
with Heiberg (Euklid-Studien, pp. 198 et seq.) that the detini- 
tion was probably interpolated by someone who was unaware 
of the difference between the Euclidean and the later Pytha- 
gorean classifications, but noticed the absence of a definition 
by Euclid of an odd-times even number and tried to supply 
one. 

¢ Euclid’s definition of prime and composite numbers 
differs greatly from the classification of Nicomachus (frith. 
Introd.i. 11-13) and Iamblichus. To match the three classes 
of even numbers, they devised three classes of odd numbers : 
(1) ap&rov nat daovvOeror, prime and incomposite, which is 
a prime number in the Euclidean sense; (2) devrepov Kai 
avvOerov, secondary and composite, which appears to be the 
product of prime numbers; and (3) 6 xa® éaurd pév Sevrepov 
kal atvderov, mpds GA\o S€ mpa@zov Kai dovrOeror, that which 
is secondary and composite in itself, but prime and incom- 
posite in relation to another, where all the factors must 
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is”, "ApiOuss apiOpor moAAaTAacidlew Adyerat, 
étav, dca ciciv ev att@ povddes, Tooavranis 
ovvtef 6 ToANaTAacialopevos, Kal yévynrai tis. 
wl’. "Orav dé S80 dpiOuot moAAarAactdcavres 
GAAjAovs TroLai TWa, 6 yevdopevos éemimedSos Ka- 
Acirar, wAevpai d5é adbtob of moAAatAacidcavres 
> té Es , 
GAAjAous aptOol. 
in’. “Orav 8é tpets dpifot moAAamAactdcavres 
GAAjAoUS Toot Tiva, 6 yevdpevos oTEpeds eoTW, 
‘ A : ~ ¢ , > , 
mAevpat S€ adtob of modAamAacidcavtes aAX}ovs 
apeOpoi. 
c , Lh 4 > € ? 4 ” hal 
8’. Terpdywros dpiOuds eorw 6 tadkis toos 7; 
[6] dao dvo iowy dpiOudv mepreydpevos. 
‘ A \ c > C4 W > tf na < c A 
Kk’, Kdfos 8€ 6 iadkis iaos iodkis 7 [6] bd 
Tpidv tow apiOpdv ceprexdpevos. 
7 > \ 3 , , > 4 € ~ ~ 
Ka’. “ApiBuol avddoyédy ciow, dtav 6 apHros Tob 
fod ? nd 
devrépov Kal 6 tpitos Tod tetdprov icdks F 
Fa nn” A > A 4 nn A > ‘ , 
TroAAatAdowos 7 Td attd pépos 7H Ta adra pépn 
dow. 
¢ o a id N A > , ? 
KB’. “Oporoe éerimedou Kat orepeot dpiOuot etow 
of dvddoyov exovtes tas mAcupds. 
4 , bd -. > € ~ c ~ 2 
Ky”. Tédevos dpifuds eorw 6 tots éavrod pépecw 
toos wv. 





be odd and prime. The classification is defective, as (2) in- 
cludes (3). Another defect is that the term composite is 
restricted to odd numbers instead of being given, as by Euclid, 
its general signification. For an earlier and different use of 
the terms by Speusippus, see infra, p. 78 n. a. 

* For figured numbers, see infra, pp. 86-99. 

» “Avddoyor, though usually written in one word, is equi- 
valent to dva Adyov, in proportion. It comes, however, in 
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16. A number is said to multiply a number when 
that which is multiplied is added to itself as many 
times as there are units in the other, and so some 
number is produced. 

17. And when two numbers have multiplied each 
other so as to make some number, the resulting 
number is called plane, and its sides are the numbers 
which have multiplied each other.* 

18. And when three numbers-have multiplied each 
other so as to make some number, the resulting 
number is solid, and its sides are the numbers which 
have multiplied each other. 

19. A square number is equal multiplied by equal, 
or one that is contained by two equal numbers. 

20. And a cube is equal multiplied by equal and 
again by equal, or a number that is contained by 
three equal numbers. 

21. Numbers are proportional » when the first is the 
same multiple, or the same part, or the same parts, of 
the second as the third is of the fourth. 

22. Similar plane and solid numbers are those which 
have their sides proportional. 

23. A perfect number is one that is equal to [the 
sum of] its own parts. 


Greek mathematics to be used practically as an indeclinable 
adjective. . . . Sometimes it is used adverbially ” (Heath, 
The Thirteen Books of Euclid’s Elements, vol. ii. p. 129). 

This definition, inasmuch as it depends on the notion of a 
part of a number, is applicable only to commensurable magni- 
tudes. A new definition, applicable to incommensurable as 
well as commensurable magnitudes, and due in substance 
though not necessarily in form to Eudoxus, is given by Euclid 
in Klements v. Def. 5 (see infra, pp. 444-447). 

¢ The term ‘* perfect number” was apparently not used 
in this sense before Euclid. The subject is treated infra, 
pp. 74-87, 
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(6) CrasstFicaTion oF NUMBERS 


Philolaus ap. Stob. Fel. i. 21. Te. ed. Wachsmuth 188. 9-12: 
Diels, Fors. 3. £08. 7-10 


~ , 
"Ex toG DiroAdov Hepi Kcéopou.. . 
cy Ui 
“"O va pav apiduos exer Svo pev ita €idy, 
> > / 
Teptaoov Kal Gptiov, tpitov Sé am’ dpdorépwy 
\ ~ in 
pecxOévrwy aptiomépittov: éxarépw bé€ TH eideos 
mroAAal popdal, ds exacrov adtavTd onpatver.” 


Nicom. Arith. Introd. i. 7, ed. Hoche 13. 7-14. 12 


*ApOuds eore mARV0s wpropévov 7} povddwr 
ovoTnpa 7 ToadtyTOs yvpa ex povddwy ovyicel- 
Levov, Tod b€ dpiOuob mpuityn Touy 76 per aptioy, 
to 8€ mepirrév. Ears S€ dptiov pév, 6 oidv Te eis 
dvo toa Siaipeb var povddos pécov pr) Tmapeprur- 
tovons, mepirrov 8€ TO 7) Svvdpevoy ets S00 toa 
peptabfvar Sid Tiv mpoeipnperny tis povddos 
peoitetav. obdTos pev odv 6 dpos ex Tis Snucddous 
drrodnibews: Kata S€ 7d TvOayopixdv dprios dpi- 
Guds €orw 6 Tip eis TA péyvora Kal Ta éAdytora 
kata tadto Toppy emidexyduevos, péycora per 
mdtkdéTynT1, eAdyiata 8€ woodTyHTL, KATA puoikyr 
tay dvo TovTwy yerOv avtiterdvbnow, Tepicads 
5€ 6 py Suvdpevos todro mabetv, GAN’ els dvica dSvo 
Tepvopmevos. éTépw Sé tpdTw KaTa TO aAaLdr 





2 The “ eyen-odd ” would scem to mean here the preduct 
of odd and even numbers. This agrees with Euclid’s usage 
in Elem. vii. Def. 9. For the later specialized Pythagorean 
meaning, see supra, p. 68 n. a. 

> Tf an odd pumber is st out as 2n-+1 units in a Straic¢lit 
line, then it can be divided into two sections of n units 
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(6) Crassirication or NumBers 


Philolaus, cited by Stobaeus, Evtracts i. 21. Te, ed. 
Wachsmuth 188. 9-12; Diels, Fors. i5. 408. 7-10 


From Philolaus’s book On the Universe... 


“ Number is of two special kinds, odd and even. with 
a third, even-odd.* arising from a mixture of both; 
and of each kind there are many forms, which each 
thing exhibits in itself.” 


Nicomachus, Introduction to Arithmetic i. 7, ed. Hoche 
13. 7-14. 12 


Number is a determinate multitude or collection of 
units or flow of quantity made up of units, and the 
first division of number is into the even and odd. 
Now the even is that which can be divided into two 
equal parts, without a unit inserting itself in the 
middle, while the odd is that which cannot be 
divided into two equal parts owing to the unit 
inserting itself as aforesaid.’ This is the definition 
commonly accepted ; but according to the Pytha- 
goreans an even number is that which is divided, by 
one and the same operation, into the greatest and the 
least parts, greatest in size but least in quantity,° in 
accordance with a natural reciprocity of the two 
species, while an odd number cannot be so divided 
but is only divisible into two unequal parts. There 
is another ancient way of defining an even number 


measured from either end, with a single unit left over in the 
middle ; but an even number of 2n units can be divided into 
two equal sections with no unit left over in the middle. 

¢ i.e. into two halves, fur there cannot be any part greater 
than half nor fewer parts than two. 
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dprids €otw 6 Kai eis S00 toa tynbijvar duvdpevos 
Kal eis dca Sv0, mAnv Tis ev adT@ dpyocidobs 
Suddos Odrepov 76 SixyoTdunpa pdvov émidexouevyns 
ro eis toa, ev Fruw obv Top mapeudaivwy TO 
érepov €ldos pdvov Tod apiOuob, émws av dixac07, 
dueroxov Tod Aowrob: mrepicads S€ €oTw apibyuos 6 
Kal’ nvrwaody Topi eis dvica mdvTwWs yivoperny 
auddtepa da eudaivwy ta Too apiuod dvo «idn 
obdérote Gxpata GAAjAwY, dAAa wdvToTe ody aA- 
Aros. ev d€ 7H SV GAAjAwY 6pw TeEpirTds éoTW 
6 povads ed éxdrepa Sdiadépwv dpriov apifyod, 
rouréorw éml To peilov Kal €AaTrov, aprios dé 6 
poovdds Siaddpwr ef’ Exdtepov mrepiacod apiOpuob, 
rouréort povadr peilwv Kal povdd: eAdcowr. 


(c) Perrecr Numpers 


[Jambl.] Theol. .frith., ed. cic Falco 82, 10-85. 23; Diels, 
Vors. i®, 400. 22-402. 11 


"Ort Kal Xmevourmos, 6 Wwravys peév vids tijs 
Tob IlAdtwvos aéeApifs, Suddoyos bé€ "Axadnpetas 
mpo Bevoxparov, ex tav eaipérws omovdacbercdv 
det Iludayopixav axpodcewr, pddiora 8€ rdv 





* It is probable that we have here a trace of an original 
conception according to which 2 (the dyad) was regarded as 
being, not a number, but the principle or beginning of the 
even, just as 1 was not regarded as a number, but the principle 
or beginning of number; for the qualification about the dyad 
seems clearly to be a later addition to the original definition. 
It must, however, have been pre-Platonic, for in Parm. 143 p 
Plato speaks of 2 as even. Aristotle, who adds (Topics © 2, 
157 a 39) that 2 is the only even number which is prime, says 
(Wet. A 5, 986 a 19) the Pythagoreans regarded the One as 
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according to which it can be divided both into two 
equal parts and into two unequal parts, save in the 
case of the fundamental dyad, which can be divided 
only into two equal parts*; but howsoever it be 
divided, it must have its two parts of the same kind,’ 
without partaking of the other kind ; while the odd 
is that which, howsoever it be divided, always yields 
two unequal parts and so exhibits at one and the same 
time both species of number, never independent of 
one another but always together.* To give a defini- 
tion in terms one of another, the odd is that which 
differs from even number by a unit in both directions. 
that is, in the direction both of the greater and of the 
lesser, while the even is that which differs by a unit 
from odd number in either direction, that is, it is 
greater by a unit and less by a unit. 


(c) Perrecr NumBers 


[Iamblichus}, Theologumena .frithim:'icae, ed. de Falco 
82. 10-85. 23; Diels, Vors. 15. 100. 22-102. 11 


Speusippus, the son of Potone, sister of Plato, and 
his successor in the Academy before Xenocrates, was 
always full of zeal for the teachings of the P. tha- 
goreans, and especially for the writings of Philolaus, 


both odd and even. For this question, as well as many 
others arising in Greek arithmetic, the student may profit- 
ably consult Nicomachus of Gerasa: Introduction to Arith- 
metic, translated by Martin Luther D’Ooge, with studies in 
Greek arithmetic by Frank Fgleston Robbins and Loms 
Charles Karpinski. 

*® i.e, both odd or both even. 

¢ qe, an odd number can be divided only into an odd 
number and an even number, never into two odd or two even 
numbers. 
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®irorAdov ouyypappareov, BeBridudv Tt ouvrdagas 
yAadupov eréypaipe pev abTo Mept Tvayopicay 
dpOpav, an apxiis dé prexpt Hyicous mepi Tay ev 
avrois ypuepuxay eppedcorara dieEeAPav  TroAv- 
yovieay TE Kal TavToiwy TaY ev dpiO pois émuméSeov 

“a 
dpa Kal oTepe@v, wepi Te THY TevTE OXNpATwWY, a 
Tots KoopuKots dmodidoTat orotyeiois, idudryTOS 
(rey atra&v Kai mpos adAnAa KowdryTos, Crepty* 
dvadoyias Te Kal avraxoAovias, pera tara 
Aourov Oarepov [ro]! rob BrBAov Tpeov Tept dexddos 
dyruxpus ToueiTat, dvoixatarny adriyy dmropaivey 
Kal TedeoriKwTarny Tov ovTwr, olov <idds Tt Tois 
KoopuKois dmorehécpace (TEXVUKOV ap’ éauris (GAN 
obzx Hp@v vopucdvrev 7 ws Eruye) Depédvov oa- 
dpxovoav kal mapdderypa mavreAdotarov TH TOO 
mav7os TOUNTH be TpoekKenLevyy. Adyer Sé tov 
TpdTov TobTov _Tept avris. 

““Eore be Ta Sexa TéAevos (aprBuds), * Kal 6pbas 
Te Kal KaTa pow eis ToOTOV KaravT Ge TavToiws 
dpiBpobvres “EXdAnvés re Kat mavres dvO perro 
ovdey adrot emurndevovres” ToAAa yap idia exes, a 
TMpoarjKet TCV OUTW TéAevov €, exew, ToAAG dé tra prev 
ob éorw avrod, det Se € exe ata TéAewov. 

“ parov peev ovv dpriov | det elvan, omrws toot 
evOow of meperrot Te Kal dptiot, Kad Ta) éTEpo- 
Mep@s** ret yap mpdrepos det €otw 6 TEpiTTOs TOO 

1 <re) add. Diels. 2 <repi) add. de Falco. 

3 dvraxodovbias Lang; avaxodovbias Ast, Tannery, Diels. 


1 [ré] om. Diels. 
5 doOuds add. Diels. © érepopepeis Diels, 





* For the five cosmic or Platonic figures, see infra, pp. 
216-225, 
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and he compiled a neat little book which he entitled 
On the Pythagorean Numbers. Yrom the beginning up 
to half way he deals most elegantly with linear and 
polygonal numbers and with all the kinds of surfaces 
and solids in numbers ; with the five figures which he 
attributes to the cosmic elements,? both in respect 
of their special properties and in respect of their 
similarity one to another ; and with proportion and 
reciprocity.2 After this he immediately devotes the 
other half of the book to the decad, showing it to 
be the most natural and most initiative of realities, 
inasmuch as it is in itself (and not because we have 
made it so or by chance) an organizing idea of cosmic 
events, being a foundation stone and lying before God 
the Creator of the universe as a pattern complete in 
all respects. He speaks about it to the following 
effect. 

“Ten is a perfect number, and it is both right and 
according to Nature that we Greeks and all men 
arrive at this number in all kinds of ways when we 
count, though we make no effort to do so; for it has 
many special properties which a number thus perfect 
ought to have, while there are many characteristics 
which, while not special to it, are necessary to its 
perfection. 

“Tn the first place it must be even, in order that the 
odds and evens in it may be equal and not disparate. 
For since the odd is always prior to the even, unless 


> If, with Ast, Tannery and Diels we read dvaxodovblas 
for avraxodovdias, the rendering is ‘‘ proportion continuous 
and discontinuous,” but it is not easy to interpret this, though 
‘tannery makes a valiant effort to do so. His French trans- 
lation, notes and comments should be studied (Pour Uhistoire 
de la science helléne, 2nd ed., pp. 374 seqg., 336 seg., and 
Mémoires scientifiques, vol. i. pp. 281-289). 
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dpriov, et pa) dptios ein 6 ovptrepaivwy, meo- 
VEKTYHGEL O ETEpos. 

“ Kira be ts igous exew xpy TOS mposrous Kal dovv- 
Bérous Kat TOUS Sevrépous Kat ouvOérovs: 6 dé 
Séxa exer taous, Kai oddelts dv GAAos eAdtrww rOv 
d€xa Tobro érabev apifuds, mAciwy &€ raya (Kal 

‘ 4 > ~ € 
yap 6 Bp Kat dAdot Twés), ara mud uny auTav 6 
déxa- Kal mp&ros TobTo excov Kal eAdxtoros TOV 
éydvtwy Tédos Te exer, Kal iSidv ws adbtod TobTo 
yeyove TO ev Tpwrw adT@ icovs davvbérous TE Kat 
auvOerous @PhOat. 

cow in , ” L \ ‘ 

Eywv te totro éxyet maAw Cicovs)' Kai Tovs 
, \ AY € , 7 
moAAatAaciovs Kal tTovs tomodAarAacious, dv 

4 , 4 A A c rg 
elot ToAAamAdouou exer pev yap broToAAaTAacious 
Tovs pexpi TévTe, TOs 5é amo THY EE péxpr TOV 
déxa [ot]? ToMamAacious abrav: émet d€ Ta € 
orderds, ef auperéov, kal ta 8 ds moAAamAdow 
Tod B, dare toous elvat médw [Sei]. : 

‘"Ere mavres of Adyou ev 7H i, 6 TE TOO taov 
Kal Tob petlovos Kal Tob éXdrTovos Kal Tob ém- 


1 Yoous add. Lang. 
? of om. Diels. 

3 8et om. Diels. He points out that the original reading 
may have been 8’, indicating the fourth property of the 


deead. 





2 One of the most noteworthy features of this passage is 
the early use of the terms mpérou Kai dovvBeror (prime and 
incom posite), Setrepor Kal odvberou (serondary and composite), 
for which see supra, p. 69 n. e. The use is different from 
that of Nicomachus and Iamblichus. It seems that prime 
and incomposite numbers are prime numbers in the ordinary 
sense, including 2, as is the case with Euclid and Aristotle 
(Topics © 2, 157 a 39). Secondary and composite numbers 
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the even were joined with it the other would pre- 
dominate. 

“Next it is necessary that the prime and incom- 
posite and the secondary and composite * should be 
equal ; now they are equal in the case of 10, and in 
the case of no other number which is less than 10 is 
this true, though numbers greater than 10 having 
this property (such as 12 and certain others °) can 
soon be found, but their base is 10. As the first 
number with this property and the least of those 
possessing it 10 has a certain perfection, and it is a 
property peculiar to itself that it is the first number 
in which the incomposite and the composite are equal. 

“ In addition to this property it has an equal number 
of multiples and submultiples of those multiples ; for 
it has as submultiples the numbers up to 5, while 
those from 6 to 10 are multiples of them ; since 7 is 
a multiple of no number, it has to be omitted, but 
4 must also be dropped as a multiple of 2, and so this 
brings about equality once more.° 

“ Furthermore all the ratios are in 10, for the equal 
and the greater and the less and the superparticular 


are all composite numbers, the term not being limited to odd 
numbers as with Nicomachus. There is no suggestion of a 
third mixed class. The two equal classes according to 
Speusippus are 1, 2, 3, 5, 7 and 4, 6. 8, 9, 10. According 
to the later terminology the prime and incomposite numbers 
would be 3, 5, 7, while the only secondary and composite 
number would be 9. 

> Actually 10, 12 and 14 are the only numbers possessing 
this property. 

¢ In the series 1,2 . . . 10 the submultiples are 1, 2, 3, 5 
and the multiples are 6, 8,9, 10. It is curious that though | 
is counted as a submultiple, all the other numbers are not 
counted as multiples of it: to have admitted them as such 
would have destroyed the scheme. 
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if ’ ~ ~ b AN > ? ~ . e 
popiov Kal tav rAomav <iddv &v adr, Kai ot 
ypappuurcot <xat)’ of émimedou Kal of oTepeot. 76 
pev yap & orvyur, ra 5é B ypaepy, Ta be y Tpt- 
ywvov, Ta dé mupapis: Tatra d€ mavra éori 
mata Kal apyat tov Kal’ exacrov dpoyeray. 
Kal avadoyi@y dé mpwTn atrn eotiv 7) ev adrois 
6pbeioa, 7 TO icov pev brepexyovoa, TéAos 5é Exovca 
ev Tots déka. &v TE émumedous Kal oTepeois mpard 
éort Taba, orvy pt}, ypayyy}, Tpiywvov, mupapis 
exet 3eé Taira, TOV TaY deka apiOucv Kal Tédos 
ioxyer. TeTpas pev yap ev Tupap.ioos yeoviats 7 
Baceow, é€as dé ev mAeupais, @ wote déKka* TeTpas be 
mad év oreypais Kal ypapypijs Sacra kal 
mépact, éfds dé ev Tpuydvov mAeupais Kal yeoviats, 
wore mddw déka. Kal pny Kal ev tots OxTpaot 
Kar’ dprBp.cv oKenTopevep ovpBaiver* mpO&tov yap 
€oTt tpliywvov 76 ladmAevpov, 6 éxe piay mws 


1 «ai add. Lang. 
3 <radré> cupBaiver Lang (in adn.), de Valco. 





* Speusippus asserts that among the numbers 1,2... 10 
all the different kinds of ratio can be found. ‘The super- 
particular ratio is the ratio of the whole + an aliquot fraction, 


1 1 
I+) — or =, typified by the ratio known as ézizpiros, or ?. 


T wanery sees here an allusion to the ten kinds of proportion 
outlined by Nicomachus (see infra, pp. 114-124), and a proof 
of their ancient origin. 

> ie., 1, 2, 3, 4 form an arithmetical progression having 
1 as the common diffcrence and 10 as the sum. 

¢ d.e., a pyramid has + angles (or 4 faces) and 6 sides, and 
so exhibits the number 10. 

4 The reasoning is not very clear. Taking first a line and 
a point outside it, Speusippus notes that the line has 2 ex- 
tremities and between the point and these 2 extremities are 
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and the remaining varieties are in it,* and so are the 
linear and plane and solid numbers. For 1 is a point, 
2 is a line, 3 is a triangle and 4 is a pyramid ; all these 
are elements and principles of the figures like to them. 
In these numbers is seen the first of the progressions, 
that in which the terms exceed by an equal amount, 
and they have 10 for their sum.’ In surfaces and 
solids these are the elements—point, line, triangle, 
pyramid. The number 10 exhibits them and possesses 
perfection. For 4 is to be found in the angles or 
faces of a pyramid, and 6 in the sides,° so making 10 ; 
again 4 is to be found in the intervals and extremities 
of the point and line, while 6 is in the sides and angles 
of a triangle,? so as again to make 10. This also 
comes about in figures regarded from the point of 
view of number.* For the first triangle is the equi- 
lateral, which has one side and angle; I say one 


2 intervals. This gives the number 4. A triangle has 
3 sides and 3 angles, giving the number 6. Combining the 
point, the line and the triangle we thus get 10. 

¢ A very difficult passage follows, but Tannery seems 
successfully to have unravelled its meaning. There seems to 
be here, he notes, an ill-deyeloped Pythagorean conception. 
The point or monad is necessarily simple. The line is a dyad 
with two species, straight and curved. The triangle is a 
triad with three kinds. The pyramid is a tetrad with four 
kinds. Clearly the three species of triangle are the equi- 
lateral, the isosceles and the scalene, where the number of 
different elements are respectively 1, 2, 3. Speusippus does 
not consider isosceles and scalene triangles in general. but 
takes particular cases, and it is worthy of note that the three 
triangles he considers are used in the Timaeus of Plato. 

By analogy, the pyramids can be divided into four kinds : 
(1) all solid angles equal; (2) three solid angles equal: 
(3) two solid angles equal; (4) all solid angles unequal. 
Here again Speusippus takes special cases, but he goes astray 
by giving the second class a square base, and has to force the 
analogy. 
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ypapeny Kat yooviay: Aéyw Se play, didte toas Exet: 
doxvarov yap del Kal évoetdes 70 iow: Sevrepov dé 
TO npereTpayevov" piav yap éxov mapaMoyiy 
Ypappay kat youve ev duadu oparat TpiTov de 6 
Too igomAevpou Hpsov TO kal jperpiyewvov: mavrons 
yap dvicov Kal’ exaotov, TO Sé maven abrob Tpia. 
éort. Kal én TOY atepedv ebpioKots av adxpe Tay 
TeTTd pov mpoidv TO ToLobTo, Wore Sexddos Kat 
odrws pave yiverat yap Tews q pev mary Tupayiis 
pula mes ‘yeappny Te Kal emupdverav év iodrytt 
€xovea, én Tot ioomhevpou t torapevn: H Se Sevrépa 
dvo, én? TeTpayavou evnyeppev, play mapadayiy 
éxovga* mapa THs émt Tijs Bacews ywvias, ome 
Tpucdy émumedwv TEplexopern, THY Kara, Kopudnyv 
bd TerTdpuy ovykActopevn, core ex TovTou duddu 
€ouxévat’ 7} be TpiTh Tpidd., emi jperetpaydsvou 
BeByxvia kal ov TH opBeton pod ws év emimddy 
TH TpareTpayavep Tt kai dAMAny € éxovea Siadopay 
THY THs Kopupatas yovias, ware Tprads a dv dpototro, 
mpos opbas Thy ywviay éxovea, TH Tis. Bdcews 
peor meupG- TeTpddu dé 7 TeTdpTn kara ravrd, 
emt Hutpryove* Bdoer ovvioTapevn, dare Tédos € €v 
tois d€Ka. AapBavery Te AcxPevra. 7a. abra de Kal 
ev Th wyevéoer” mparn pev yap apn «ts péyeBos 
Oru, devrépa ypayun, TpiTn éemdavera, TéTapTov 
oTepeor. 


* advrn Lang, de Falco; wav [71] Diels; Tang would like 
to read Ta de advTa. 


2 émi...éxoveu. Only one manuscript has these words ; 
many emendations have been offered. 


8 The manuscripts have jyiterpaydve, but Fyuetpryave 
is required, as Tannery recognized. 
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because they are equal; for the equal is always 
indivisible and uniform. The second triangle is the 
half-square ; for with one difference in the sides and 
angles it corresponds to the dyad. The third is the 
half-triangle, which is half of the equilateral triangle ; 
for being completely unequal in every respect, its 
elements number three. In the case of solids, you 
would find this property also, but going up to four, so 
that the decad is reached in this way also. For the 
first pyramid, which is built upon an equilateral 
triangle, is in some sense unity, since by reason of its 
equality it has one side and one face; the second 
pyramid, which is raised upon a square, has the angles 
at the base enclosed by three planes and that at the 
vertex by four, so that from this difference it re- 
sembles the dyad. The third resembles a triad, for it 
is set upon a half-square ; together with the one 
difference that we have seen in the half-square as a 
plane figure it presents another corresponding to the 
angle at the vertex ; there is therefore a resemblance 
between the triad and this pyramid, whose vertex lies 
on the perpendicular to the middle of the hypotenuse ¢ 
of the base. In the same way the fourth, rising upon 
a half-triangle as base, resembles a tetrad, so that the 
aforesaid figures find completion in the number 10. 
The same result is seen in their generation. For the 
first principle of magnitude is point, the second is line, 
the third is surface, the fourth is solid.” ® 

@ Lit. “ side.” 

> The abrupt end suggests that the passage went on in this 


strain for some time ; but the historian of mathematics need 
not feel much disappointment. 
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Theon Smyr., ed. Hiller 45. 9-16. 19 


“Ere te TOV aptOudy of pév twes Tédevor A€yorTae, 
ot 8 dmepréAevo, of & eAdumeis. Kat Tédevoe pév 
eiow ot Tots atbrav pépeow toot, Ws 6 TOY &* wep 
yap atrot yu.ov Y, tpitov B, ExTov a, atwa ovv- 
TiOdpeva, woul TOV S. ‘yevvevTar Sé of réAcuor 
ToUrov Tov Tpdomov. éav exbwpela rods aro 
provddos dimAactous Kai ovvTiGapev adrous, éxpts 
od av yévyta: mp@ros Kal adovvletos apiOuos, Kal 
Tov ek THS auvOecews emt TOV EoxaTov THY GuVTL- 
fepévwy modAdAarAactdcwpev, 6 atoyervyfeis EoTat 
réAevos. olov éxxeioOwoav SirAdowr a BS Fw. 
ovv0dpev obv & Kat B- yiverat YP: Kal Tov Y él TOV 
torepov Tov ex THs ovvOdcews moAAaTAaotdowLEV, 
toutéotiv et tov B- ylverat ©, Os eoTt mpa@Tos 
tédevos. ay mdAw tpeis Tods edebss SiAactous 
ovvdpev, & Kal B Kai §, gorar f: xat robrov emt 
Tov €axatov THY Tis cvvOdcews ToMaTAacidowpev, 
tov € emi rov 5: fora 6 RH, ds ort Sedrepos 
réAevos. atyKeirat ek TOO Huiccos Tob 10, TeTApTOU 
tot C, €Bddpou tot 8, recoapaxaiSexdrou Tot B, 
elKoaTov oyddou Tob a. 

‘YrepréAccon 8€ ciow dv ta pépy ouvrebévra 
peilova eort THv OAwy, ofov 6 Té&v 18- TovrTou yap 
qptod €otw S, tpitov 6, Téraptov y, Exrov B, 
dwdeKaTov a, drwa ovvTelévra yiverat i, ds ore 
petlwv tod &€ apis, Touréore Trav uf. 

*"HMurets 6€ eiow dv ta pepy avvrebévra éAdr- 
Tova Tov apOudcv movet TOO e& apyijs mporeDévtos 





@ In other werds, if S,=1+2+4+2%+...+2"7, and S, is 
prime, then S,. 2") is a perfect number. This is proved in 
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Theon of Smyrna, ed. Hiller 45. 9-46, 19 


Furthermore certain numbers are called perfect, 
some over-perfect, others deficient. Perfect numbers 
are those that are equal to their own parts, such as 6 ; 
for its parts are the half 3, the third 2 and the sixth 1, 
which added together make 6. Perfect numbers are 
produced in this manner. If we take successive 
double numbers starting from the unit and add them 
until a prime and incomposite number is found, and 
then multiply the sum by the last of the added terms, 
the resulting number will be perfect.2 For example, 
let the doubles be 1, 2, 4, 8, 16. We therefore add 
together 1 and 2; the result is 3; and we multiply 
3 by the last of the added terms, that is by 2; the 
result is 6, which is the first perfect number. Again, 
if we add together three doublés in order. 1 and 2 
and 4, the result will be 7; and we multiply this by 
the last of the added terms, that is, we multiply 
7 by 4; the result will be 28, which is the second 
perfect number. It is composed out of its half 14, 
its fourth part 7, its seventh part +, its fourteenth 
part 2 and its twenty-eighth part 1. 

Over-perfect numbers are those whose parts added 
together are greater than the wholes. such as 12; for 
the half of this number is 6, the third is 4, the fourth 
is 3, the sixth is 2 and the twelfth 1, which added 
together produce 16, and this is greater than the 
original number, 12. 

Deficient numbers are those whose parts added 
together make a number less than the one originally 


Euclid ix. 36. Even the algebraic proof is too long for re- 
production here, but for such a proof the reader may be 
referred to Heath, The Thirteen Books of Euclid’s Elements, 
vol. ii. pp. 424-425. 
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dp.Ouod, olov 6 tev H: Tovrou yap Husov 5, TeTdp~ 
rov B, dySoov Ev: 76 atts 8€ Kai TH i oupPeBynKev, 
év kal? érepov Adyov Tédevov Efacay of Wubayo- 
ptKol, TEpt ov KaTa THY OiKEelav Ywpay aTrodwaopEV. 
Ad€yerat Sé Kai 6 ¥ TéAELos, Erretd7) Tp@Tos apyty 
kal péoa Kat mépas eye 6 8 adrds Kat ypaypyy 
€o7t Kal émimedov, tplywvov yap iadmAevpov 
éxdoTyny TrAcvpav dvetv povddwy exov, Kal mp@ros 
Scopes Kat orepeod Svvapis: ev yap Tpit Sia- 
oTadoeot TO aTEpedv voeicbaL. 


(d) Ficurep Numpers 
(i.) General 
Nicom. Arith. Introd. ii. 7. 1-3, ed. Hoche 86. 9-87. 6 


"Eorw obv onpeiov apyi) Siacriparos, od Sid- 
orypa d€,76 8 adro Kat dpyi) ypappis, od ypapyy) 





* There were in use among the Greeks two ways of repre- 
senting numbers geometrically. One, used by Euclid and 
implied in Plato, Theaetetus 147 p—1 18 b (see infra, p. 380), is 
to represent numbers by straight lines proportional in length 
to the numbers they represent. If two such lines are made 
adjacent sides of a rectangle, then the rectangle represents 
their product; if three such lines are made sides of a 
rectangular parallelepiped then the parallelepiped is the 
product. The other way of representing numbers was by 
dots or alphas for the units disposed along straight lines 
so as to form geometrical patterns, a method greatly de- 
veloped by the Pythagoreans. Any number could be re- 
presented as a straight line, and prime numbers only as 
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put forth, such as 8; for the half of this number is 4, 
the fourth 2, the eighth 1. The same property is 
shown by 10, which the Pythagoreans called perfect 
for a different reason, and this we shall discuss in the 
proper place. The number 3 is also called perfect, 
since it is the first number which has a beginning and 
middle and end. It is moreover both a line and a 
surface, for it is an equilateral triangle in which each 
side is two units, and it is the first bond and power 
of the solid; for in three dimensions is the solid 
conceived. 


(d) Ficurep Numsers 4 
(i.) General 


Nicomachus, Introduction to .trithmetic ii. 7. 1-3, 
ed. Hoche 86. 9-87. 6 


Point is therefore the principle of dimension, but is 
not dimension, while it is also the principle of line, 


straight lines, whence Thymaridas spoke of them as “ recti- 
linear par excellence” (Plato would have represented a prime 
number such as 7 by 7 x1, an oblong). The unit, being the 
source of all number, can be taken as a triangle, a pentagon, 
a hexagon, and so on. The first number after 1 which can 
be represented as a triangle is 3, and the 
sum of the first n natural numbers can always 
be represented as a triangle; the adjoining 
figure, a famous Pythagorean symbol, shows 
how this is done for 1+2+3+4=10. 
Square numbers can be represented in similar fashion, and 
the square of side n+ 1 can be obtained from the square of 
side n by adding a gnomon of 2n + 1 dots round the side (the 
term ‘‘gnomon” originally signified an upright stick which 
cast shadows on a plane or hemispherical surface, and so 
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5é- Kal yap) apxyn emavelas, obk emipdveco, 
bé, wal apx7) Tob buxhj dvacrarod, ob al be dua- 
aTarov. Kal eiKdTws Re emipdvera 4px pev ow- 
patos, od odipa d€, Kal 7) abr7 apy pev TOO TpPLXT 
diacrarod, od TPLXA de duacrarov. ovrws 87) Kal 
ev Tots apOots 7 pev povas apy?) TavTos apifuot 
ep &v Sidornpa KaTa povdda TpoPBalopevov, 6 
Sé ypappuxds dpiOuos apy? émumédov dpb ob ed’ 
érepov SidoTnpa emmeduos Tar vvopevon, © oe 
énimedos apiOuos apy? arepeod apiWuod emi tpitov 





could be used for telling the time: it was later used of an 





instrument for drawing right angles). 

The first number after 1 which can be represented as a 
pentagon is 5. If it be represented as ABCDE, then we can 
form another pentagon AB’C’D’F, equivalent to 10, by add- 
ing the ‘‘ gnomon of the pentagon,” a row of an extra 7 dots 
arranged round three of the sides of the original pentagon. 
The gnomons to be added to form the successive pentagonal 
numbers 1, 5, 12, 22... are respectively 4, 7, 10... ., or 
the successive terms of an arithmetical progression having 
3 as the common difference. In the case of the hexagon the 
successive gnomonic numbers differ by 4, and in general, if 
n is the number of sides in the polygon, the successive 
gnomonic numbers differ by  — 2. 
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but is not line ; and line is the principle of surface, 
but is not surface, and is the principle of the two- 
dimensional, but is not two-dimensional. Naturally 
also surface is the principle of body, but is not body, 
while it is the principle of the three-dimensional, but 
is not three-dimensional. Similarly among numbers 
the unit is the principle of every number set out by 
units in one dimension, while linear number is the 
principle of plane number broadened out in another 
dimension in the manner of a surface. and plane 
number is the principle of solid number, which 
acquires a certain depth in a third dimension [at 





So much for plane numbers. There are similar varieties 
of solid numbers (eubes, pyramids, truncated pyramids, 
etc.). The curious reader will find the whole subject treated 
exhaustively by Nicomachus (frith. Introd. ii. 7-20), Theon 
of Smyrna (ed. Hiller 26-42) and Iamblichus (in MNicom. 
Arith. Introd., ed. Pistelli 58. 7 ef seqg.). It is of importance 
for the student of Greck mysticism, but has little interest 
for the modern matheniatician. 
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5 a A 4 > > = 16 
wdoTnpa mpos Ta e€ apyfs Bafos T mpooKTw- 
7 , > 
pévov: olov Kal? drodiaipeow ypappiKor pev etow 
3 A ¢ ~ 4 € > 4 1 > , 
dpiOot amAd@s dmavres of amd Suddos apxopevor 
‘ A A 
Kal Kata povados mpdcbeow emi ev Kal tO adro 
mpoxwpotvres SidoTnpa, éimedor S€ ot ane rpiddos 
, ‘ \ a cen 
dpxyopevor apyixwrarns pilys Kat dia Tav €bis 
~ ~ oo 7 A \ 
ovvexav apiucdy mpoidvres, AauBdvovres Kal THV 
enwvuiay Kata THY abriy Ta€w: mpdrioToL yap 
>. 
tptywvor, era pet adrovds Terpaywvot, elra jer 
i? £. 4) 
abrovs mevrdywvot, elra emi tovrous éEdywvor Kai 


€ Fs ‘ ; eee! ca 
ETMTAYWVOL KAL ET ATTELPOV. 


(ii.) Triangular Numbers 


Luc. Vit. auct, + 


mroaropas. Elz’ émi rouréoow apiludev. 

AFOPASTHE. Oida Kai viv apiOpeiv. 

nro. [las dpi Wpéets ; 

@¢ lf - ¥. 

aro. “Ev, dvo, tpia, Térrapa. 

unre. “Opds ; a& ov Soxdas réscapa, radra 
Séka €oTt Kat tTpiywrov evredés Kal érepov 
Opkiov. 


Procl. in Eucl. i., ed. Friedlein 428. 7-429. 8 
Tlapadddovrat dé Kat ebodol Twes Tis ctpéoews 


~ 4 z a x \ ? , 
THY TOLOUTWY Tplywvov, @Y THY pev €ts TAatwva 





* This celebrated Pythagorean symbol was known as the 
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right angles] to the dimensions of the surface. For 
example, by subdivision linear numbers are all 
numbers without exception beginning from two and 
proceeding by the addition of a unit in one and the 
same dimension, while plane numbers begin from 
three as their fundamental root and advance through 
an orderly series of numbers, taking their designation 
according to their order. For first come triangles, 
then after them are squares, then after these are 
pentagons, then succeeding these are hexagons and 
heptagons and so on to infinity. 


(ii.) Triangular Numbers 
Lucian, Auction of Souls 4 


Pyruacoras. After this you must count. 

Acorastes. Oh, I know how to do that already. 

Pytu. How do you count ? 

Aco. One, two, three, four. 

Pyru. Do you see ? What you think is four is ten, 
a perfect triangle and our oath.* 


Proclus, on Euclid i., ed. Friedlein 428, 7-429. 8 


There have been handed down certain methods for 
the discovery of such triangles,’ of which one is 


rerpaxtus. It was alternatively called the Fs 
“principle of health’? (Lucian, De Lapsu 
in Salutando 5). The sum of any number oe 
of successive terms (beginning with the first) 
of the series of natural numbers 1+2+3+ So) 8 8 
... +n is therefore a triangular number, 
and the general formula for a triangular 
number is $n(n+ 1). 

> j.e., triangles having the square on one side equal to the 
sum of the squares on the other two. Proclus is commenting 
on Euclid i. 47, for which see infra, pp. 178-185. 
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3 i x * > , A € A 
dvarrépmovat, THv 5é eis Iv@aydpay. Kat 7 pev 
TluOayopix) aad r&v mepirrdy eotw apOpdav. 
, A A ft 4 ¢ > / ~ 
riOnor yap Tov dobévta mepitrov ws eAdccova Té&V 
7 ‘ : 7 X fot i > > > ~ 
mept THY OpOnv, Kat AaBotica tov am’ abrod re- 
/ ‘ 4 4 > ~ ~ ~ 
tpaywvov Kal tovTou povdda adedoica tot Aourod 
A} id tf ~ ‘ A > 4 ‘ , 
TO Hutov Tino TeV Tepi THY dpOnv Tov peilova: 
a A a 4 / x A n~ 
mpocbetaa dé Kal ToUTw povada THY Ao Tote 
4. € lf e ‘ , Xr lal ‘ 
THY UTPOTELVOUCaV’® OlOV TOV TpLa aBpodca Kat TE- 
‘ ‘ > lol ~ tf Fd , a 
tpaywricaga Kal adeAotoa Tob evvéa povdda rob 
- , \ oe x 5 \ , 0 
A AapBdver rd jywov Tov 6, Kal TovTw mpoaribyar 
, , \ me io Ws , oe , 
madw povdda Kat Trove? TOV €, Kal evpyTaL Tpiywrov 
> , ” 1 \ ~ \ \ , 
dploywriov exov THY pEv TpLaV, THY Sé Tecodpw, 
\ \ f 
Thy dé mévTeE. 
A ~ a 
“H dé HAatwrin amd tav dpriwv eémiyetpel. 
AaBotoa yap Tov dofévta dptiov 7inow atrév ds 


piav adAeupav t&v mept THY dpbiv, Kal todrov 





° ie., ifn is the given odd number, the sides of the triangle 
are 
n?-1 n+l 

ge 





and the formula is an assertion that 
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referred to Plato and one to Pythagoras. The Pytha- 
gorean method starts from the odd numbers. For it 
sets the given odd number as the lesser of the sides 
about the right angle, takes its square and subtracts 
a unit therefrom, and sets half the result as the 
greater of the sides about the right angle. Adding 
a unit to this it makes the resulting number the 
hypotenuse.?. For example, starting from 3 and 
squaring, the method obtains 9; a unit is subtracted, 
making 8, and the half of 8 is taken, making 4; to 
this a unit is added, giving 5, and in this way there 
is found a right-angled triangle having as its re- 
spective sides 3, 4 and 5. 

The Platonic method starts from the even 
numbers. Tor taking the given even number it sets 
it as one of the sides about the right angle, divides 


Heath (H.G.M. i. 80) shows 
how Pythagoras probably arrived 
at this formula by a system of dots 
forming a square. Starting with 
a square of side m, the square 
of side m+1 can be formed by 
adding a gnomon-like array of 
2m+1 dots round two sides. To 
obtain his formula, Pythagoras 
would only have to assume that 
Qme+ 1 (necessarily an odd number) 
is a square. 





Let Qn+1=n* 
then _nm-d 
eS 9 
2 
mete +1 





2 
and the array of dots shows that 


n?—-1\?_ fn2t+1\? 
maya 
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dteAotca Sixa Kal retpaywvicaca TO TuLcVv, po- 
vdda pev TH Tetpaydwvw mpocbeica moved TH 
troreivoveay, povada S€ adeAoboa Tod TeTpaywvov 
mou Thy érépay tev Tept Thy dpOijv- olov Tov 
résoapa AaBoica Kai tovTov Td tuicv tov B 
TeTpaywvicaca Kal Trowjonoa airov ¥ adedotoa 
pev povdda soe Tov Y, mpoobeica Sé move? Tov €, 
kal éyet TO adTo yevopevov Tplywvoy, 6 Kal €K THs 
érépas ameteAciro pcbddov. 7d yap amd TovTouv 
igov TH ano Tob Y Kal TH amo Tod 6 ouvreHeiow. 


(iii.) Oblong and Square Numbers 


Aristot. Phys. T 4, 203 a 13-15 


TlepiriOcpevwy yap Tv yuwpdvewy mept 7 ev Kal 
xwpis 6ré ev GdAo det yiyvecbar 7d eldos, dré 
dé év, 

(iv.) Polygonal Numbers 
Nicom. Arith. Introd. ii, 12, 2-4, ed. Hoche 96. 11-97. 17 


Avo 81, ots dv Oédns, Tprywvous ouvexeis aA- 





2 ie., if 2n is the given even number, the sides of the 

triangle are 2n, n?+ 1, n?- 1, and the formula asserts that 
(2n)? + (n? - 1)? =(n? + 1)% 

Heath (H.G.M. i. 81) shows how this formula, like that of 
Pythagoras, could have been obtained from gnomons of 
dots. Both formulae can be deduced from Euclid ii. 5, a 
Pythagorean proposition (see infra, p. 194 n. a). A more 
general formula, including both the Pythagorean and 
Platonic methods, is given in the lemma to Euclid x. 28, 
which is equivalent to the assertion 


mup? — mng?\? _ (mnp?+ mng? \? 
2p 222 = ‘ 
m*n*p*g +( 2 ) = 2 ) 
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this in two and squares the half, adds a unit to the 
square so as to make the hypotenuse and subtracts a 
unit from the square so as to make the other side 
about the right angle. For example, taking 4 and 
squaring the half, 2, it makes 4 again. Subtracting 
a unit it obtains 3, and adding one it makes 5, and 
yields the same triangle as that furnished by the 
other method. For the triangle constructed by this 
method is equal to that from 3 and from 4. 


(iii.) Oblong and Square Numbers 
Aristotle, Physics T 4, 203 a 18-15 
For when gnomons are placed round 1 the resulting 
figures are in one case always different, in the other 
they preserve one form.? 


(iv.) Polygonal Numbers 


Nicomachus, Introduction to irithmetic ii. 12, 2-4, 
ed. Hoche 96. 11-97. 17 


By taking any two successive triangular numbers 


> As was indicated on p. 86 n. a, 
when gnomons consisting of an odd 
number of dots are placed round 1 
the result is always a square. When 
gnomons consisting of an even num- 
ber of dots are placed round 2 the 
result is an oblong, and the successive 
oblongs are always different in form. 
This is probably what Aristotle refers 
to, but he does not indicate that the 
starting-point is in one case 1 and in 
the other 2; and the interpretation is 
modern, Themistius and Simplicius 
having other (and less attractive) ex- 
planations. The subject is fully dis- 
cussed by W. D. Ross in his notes ad 
loc. (Aristotle's Physics, pp. 542-544). 
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ArjAous_ ovvbels mdvrws TETPAYWVOY TroLnGeELS Kad 
ovriwobv TeTpdywvov dpa Siahdoas suvjoy dv0 an 
abrayv Tpuycvous Troufjoat Kal mdAw maveTl Te- 
Tpayeven oxypare Tplywvov 7 oalevxGev obevobv 
mevrdywvav movi, olov TH TeTpayaavep 6 a 
Tplywvos mpootevxbeis Tov € TEevTaYyWVOY TroLEel Kal 
t@ 8 re eis 6 é£s mpootebeis, Snover oY, 
TmevTdyeovov tov uB motet, TH SE ww évTe axodovby 
6 © dxddovbos emourrebels tév «B dredAovbov 
dmodiSwow Kal TQ KE 6 i tov Ae Kat del odTws. 
Kara 5€ Ta adTa Kay Tots TevTayavors ob Tpiywvot 
mpoorioivro Th avTh Trager, Tous edrdkrous yev- 
vygovow éLayavous Kai maAw éxelvous ot avrot 
TpoaTrAcKOpEvor Tovs év rageu EmTayesvous: Trou} 
gover Kal per” exetvous Tous éxtaydvous Kat TobTo 
em dareupov. mpos b€ drdpuvnow exxelofwoay Hety 
moAvydiveny orixot Tapaddjdws YEypapyevor olde, 
r) mpérros Tplywrav, 6 per” avTov TeTpaywrury, 
peta d€ audotépous Tevraywvwr, elra éEaywvev, 
elra éxraywvuwy, elra, ef eOéAou Tis, Kal THY fis 
troAvywvev' 





° 2 In other words i(n-1)n + 
3n(n+1)=n", as may easily be seen 
e from an array of dots. Here the 
square, of side x», is split up into 
+ two triangular numbers of side 
n-1, n whose values are therefore 
¢ n-l)n,  gn(n4t). Theon of 
Smyrna (ed. Hiller 41. 3-8) gives 
the same theorem. 
> The general formula for an a-gonal number of side 7 is 
n+4n(n- 1)(a- 2), 





. ° e . e 
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you please and adding them one to another you will 
make the whole into a square, and whatsoever square 
you split up you will be able to make two triangles 
from it.¢ Again, a triangle joined to any square figure 
makes a pentagon ; for example, when the triangle 1 
is added to the square 4 it makes the pentagon 5, and 
when the next triangle in order, which is plainly 3, is 
joined to 9, the next square, it makes 12, while 6, the 
next successive triangle, added to 16, the next suc- 
cessive square, will yield 22, the next successive 
pentagon, and 10 added to 25 will make 35, and so on 
without limit. In the same way if the triangles are 
added to the corresponding pentagons. they will 
produce the hexagons in an orderly series, and the 
triangles linked with them in turn will give the 
heptagons in order, and after them the octagons, and 
so on to infinity.2 To help the memory let the 
various polygonal numbers be written out in parallel 
rows, the first consisting of triangles, the next of 
squares, the next after these of pentavons, then of 
hexagons, then of heptagons, then, if it is so desired, 


of the other polygonal numbers in order. 


as is proved below, p. 98 n. a, and Nicomachus’s assertion 
is equivalent to saying 


nt+3n(n- 1)(a~- 2)=n+ dn(n—- 1)(a- 3) + 4n(n- 1). 
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Lijxos Kat mAdros 
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; i ait 
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(v.) Gnomons of Polygonal Numbers 

Tambl. in Nicom. Arith. Introd., ed. Pistelli 62. 10-18 

K A 2 fal pit be ~ Av (fs 
ai év TH oynuatoypadia S€ Ta&v ToAvywywr 
duo pev emi mdvrwy ai adrai pevoior mAcupal 

¢ , 
pnkvvopevar Kal? Exacrov, ai dé mapa tTavras 
> , ~ a ¥: La » a, 3 
evaTroAnpOjcovras TH TOV yrwpdvey mrepilécer aiel 
> /, , A > , 4 A ? 
aAAacodpevar, pia prev ev tprywrw, dvo bé ev 
TeTpaywvy Kal tpets ev TevTaywvw Kal opoiws 
> > Mw * , > ~ 4 lal 
én dmeipov, Kata Suddos Kavraila dSiapopay ris 
KAjoews TV ToAvywraYv pos THY ToOdTHTA THY 


> la 4 
adAaccopevwn ywopevys. 





9 7.¢., the principle will be made clear from the figures for 
the gnomons of the square and pentagon given on pp. 86-89 
nia. The general formula is that in a polygon of a sides, the 
number of sides changed to form the next highest polygon 
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BreaptH anp LencTsa 


Dee ibe ih ee ee ee 
j Triangles | 1/3 6 {10.15) 21, 28 36! 45! 55| 





H | 
} 


| \ 
| Squares 1) 4, 9 /16)/25/ 38) 49/ 64 81/100" 





Pentagons | 1 | 5 | 


ae 
Ww 
w 
w 
oo 
Or 
Or 
mr 
ad 
o 
Joo 
wm 
= 
— 
ae 
ae 
ie 
oi 

depth 





| Efexagons 1.6 15 28 | 45 66 91} 120! 153, 190! 
i 


i ! ‘ q 


eee 
| Heniacone 1/7) 18:34! 353/81 112} 148 189 23 nal 























(v.) Gnomons of Polygonal Numbers 


TIamblichus, On Nicomachus’s Introduction to Arithmetic, 
ed. Pistelli 62. 10-18 


Now in the representation of the polygons two of 
the sides always remain the same but are produced, 
while the sides intercepted between them are con- 
tinually changed when the gnomons are placed 
round, one being changed in the triangle, two in the 
square, three in the pentagon and so on to infinity, 
the difference between the designation of the poly- 
gons and the number of sides changed being two.* 


is a-2, (This leads Iamblichus to introduce immediately 
Thymaridas’s rule for solving n simultaneous equations, as 
the factor a- 2 occurs in this also. For this rule see infra, 
pp. 138-141). 

From Iamblichus’s account it follows that the successive 
gnomons to a polygon of a sides are 


1, 1+ (a- 2), 1+ 2(a-2),.. . 1+(r- 1I)(a- 2), 
and the a-gona] number of side n is the sum of 7 terms 


this series, or 
n+4n(n- 1)(a- 2). 
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(e) Some Prorerties or NUMBERS 
(i.) The “ Steve” of Eratosthenes 


Nicom. Arith. Introd. i. 13, 2-4, ed. Hoche 29. 17-32. 18 


"H 3€ rovrwy yéveots tro "Epatoofévous Ka- 
a > 4 \ 

Aeirat KdoKwov, éeid7) dvameduppévous Tods Te- 

Fa 3 ~ ~ ~ 

piocods AaBdvres Kai advaxpitous e& adrav TH THs 

, 6 55. 4 5 , e Py > 

yevécews peOddw ratty Siaxywpilomev, ws de 

, ‘ A , 

épydvov 7) KooKivov Twos Kal idia pev Tods mpw- 

4 > A Pines de x 5 , ‘ 

tous Kal adavvbérous, idia dé rods Sevrépous Kat 

ww 

avvérous, xwpis 5€ Tods piKTods edpioxopev. EaTt 
4 a ~ > , 

8€ 6 tpdm0s tod KoaKivov ToLotros: &xOépevos 

A A a A ¢ 

Tovs amo tpiddos mavras edebijis meptaaods ws 

> > 
Svvarov pddvota emi pyKiotov atixov, apkdpevos 
~ ~ Ul , ? 
amd Tob mpwrov éemoKxom®, tivas olds ré éeort 
a Mw AY , 

peTpeiv, Kal evpicxw Suvarov dvta Tods Svo0 écous 

~ e n ~ 

mapadeimovras petpelv, péxpts od av mpoxwpeiv 

eDéAwpev, ody ws Ervye S€ Kal elk perpotvra, 

GAAG TOV Lev TpwTWS KEipevov, ToUTésTL TOV So 

Lécous drepBaivovra Kata tiv Tod mpwriatov év 

T® atixw Keysevov TocdtTnTa peTpiyae, TouTéoTt 

X 4. € - ‘ / b > > > > a t 

KaTa THY éavTod Tpis yap: Tov 8° am éxeivouv Svo 





* Nicomachus has been discussing the different species of 
odd numbers, which are explained above on p. 69 n. c. 

® That is, Eratosthenes, for whom see p. 156 n. a, set out 
the odd numbers beginning with 3 in a column. For con- 
venience we will set them out horizontally as follows : 
3, 5, 7, 9, 11, 18, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35. 
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(e) Some Prorerties or NumBers 


(i.) The “ Steve” of Eratosthenes 


Nicomachus, Introduction to lrithmetic i. 13. 2-4, 
ed. Hoche 29. 17-32. 18 


The method of obtaining these* is called by 
Eratosthenes a sieve, since we take the odd numbers 
mixed together and indiscriminate, and out of them 
by this method, as though by some instrument or 
sieve, we separate the prime and incomposite by 
themselves, and the secondary and composite by 
themselves, and also find those that are mixed. The 
nature of the sieve is as follows : I set forth in as long 
a column as possible all the odd numbers, beginning 
with three, and, starting with the first, I examine 
which numbers in the series it will measure, and I find 
it will measure the numbers obtained by passing over 
two intermediate numbers, so far as we care to pro- 
ceed, not measuring them at random and by hap- 
hazard, but it will measure the number first found by 
this process, that is, the one obtained by passing over 
two intermediate numbers, according to the magni- 
tude of the number lying at the head of the column, 
that is, according to the magnitude of itself; for it 
will measure it thrice.? It will measure the number 


We now strike out from this list the multiples of 3, because 
they will not be prime numbers, and this is done by passing 
over two numbers at a time and striking out the next. That 
is, we pass over 5 and 7 and strike out 9, we pass over 11 and 
13 and strike out 15, and so on without limit. As Nico- 
machus notes in a rather cumbrous way, the numbers struck 
out, 3, 9, 15, 21,27 . . ., when divided by 3 gives us in order 
the numbers in the original column 8, 5, 7,9... . There 
is here the foundation for a logical theory of the infinite, but 
it was left for Russell and Whitehead to develop it. 
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cot , 
Staretnovra KaTa THY To Sevtépov TeTaypevov 
7 
mevrdKis yap Tov dé mepatépw mddw bvo bia- 
~ ¥ 4 
Acimovra. Kara THY TOB Tpirou TeTaAy[LEVOU™ émraxes 
yap. Tov dé €7t Tepavreépws tmeép Svo Ketpevov Kare. 
THY Tob TeTdpTov TeTay}evov" evaKes yap: Kal én” 
dreipov TH abt@ tpdTm. elra pera Totrov am 
” > ie : v A y > \ ~ t 
GdAns apyijs emi tov Sevtepov eAPwy oKoTa, Tivas 
~ /, %: 
olds Té €oTt petpety, Kal etpioxw mdvtas Tovs 
4 , > ‘ xX ~ A 
Terpdda Sdiadeizovras, aAAa Tov pev mpa@Tov Kata 
fol a , 
Thy Tot ev TO oTiyw mpwrov TeTaypevov TOG6TYTA’ 
Tpis ydp* Tov dé devTEpov Kata TIV TOD SevTepov' 
mevTakis yap: Tov d€ TpiTov Kara THY TOG TpiToU' 
¢ / - ~ ~ , 
emTaKis ydap' Kal todro edebijs dei. 


(ii.) Divisibility of Squares 
Theon Smyr., ed. Hiller 35. 17-36, 2 


"[8tes dé trois TETpAywvots oupBepnker 7 roe Tet 
Tov exew 7 pHovddos adatpebetans tpirov éxew 
-dvTws, 7 mad téraptov exew 7, povddos adaipe- 
Oeions tétaprov exe Tavrws’ Kal Tov wey povddos 
adatpeBeians TpiTov éxyorra exew Kal TéeTApTOV 





2 The numbers obtained by passing over four numbers are 
15, 25, 35... 
and can all be divided by 5, leaving 
35,7... 


which is the original series of odd numbers. 

Nicomachus proceeds to pass over six numbers at a time, 
beginning from 7, but we need not follow him. Clearly in 
this way he will eventually be able to remove from the series 
of odd numbers ail that are not prime. The general formula 
is that we obtain all multiples of a prime number n by skip- 
102 


PYTHAGOREAN ARITHMETIC 


obtained by passing over two from that one according 
to the magnitude of the second number in order ; for 
it will measure it five times. The number obtained 
by passing over two numbers yet again it will measure 
according to the magnitude of the third number in 
order; for it will measure it seven times. The 
number that lies yet two places beyond it will measure 
according to the magnitude of the fourth number in 
order ; for it will measure it nine times ; and we may 
proceed without limit in this manner. After this I 
make a fresh start with the second number in the 
series and examine which numbers it will measure. 
and I find it will measure all the numbers obtained 
by passing over four,? and will measure the first 
number so obtained according to the magnitude of 
the first number in the column’: for it will measure it 
thrice. It will measure the second according to the 
magnitude of the second, that is, five times; the 
third according to the magnitude of the third, that is, 
seven times ; and so on in order for ever. 


(ii.) Divisibility of Squares 
Theon of Smyrna, ed. Hiller 35. 17-36. 2 


It is a property of squares to be divisible by three, 
or to become so divisible after subtraction of a unit ; 
likewise they are divisible by four, or become so 
divisible after subtraction of a unit; even squares 
that after subtraction of a unit are divisible by three 


ping n- 1 terms at atime. But to make sure that any edd 
number 2n+1 left in the series is prime we should have to 
try to divide it by all the prime numbers up to 4/2n+ 1, and 
the method is not a practicable way of ascertaining whether 
any large number is prime. 
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> é 
mdvrws, ws 6 5, tov S€ povddos ddapebeians 
, ” w ’ , € ¢ 6 a 
réraptov éxovta éxew tpirov mavTws, ws 6 O, 7 
‘ > 4 4 ‘ if wv X 4 € 
Tov avtov mdAw Kai Tpirov éxew Kal TéTapToV, ws 

€ Ses an 4 , Ba fo) 4 
6 As [7 pndétepov Todtwy exovta TobTov povddos 

° , , ” , 18 , ? 
adatpebetons tpitov éxew mavtTws|,' 7 pre Tpirov 
, if ww 8 > , A 
pre tétaptov éxovra povados adatpefeions Kat 


¢ € — 
tpitov éyew Kal téraptov, ws 6 Ke. 


(iii.) A Theorem about Cube Numbers 


Nicom. Arith. Introd. ii. 20. 5, ed. Hoche 119. 12-18 


iat f ‘ ~ > A 19 >> »” 
KTeevrav yap T&v amd povddos én’ drepov 
~ ~ > ~ 
avvex@v Trepisady emioxdme: ovTws, 6 mpa@Tos Tov 
, - aA e '% 4 > > a“ 
duvdjwet KUBov moet, ot Sé Svo per” exeivov ovv- 
, A t4 iy A ; | xc ~ ‘ 
tebévres tov Sevrepov, of Sé emt TovToLs Tpeis Tév 
, ¥ X ~ 4 / ‘ f 
tpitov, ot 5€ auvexeis tovros téocapes Tov Té- 
e X * ~ 4 rd ‘ f 
taptov, ot dé edeffs tovTows mévte Tov méumTOV 


14... mdv7ws om. Bullialdus, Hiller. 





* Any number may be written as 3n, 3n 41 or 3n +2, and 
its square takes the form 


9n? or 9n? + 6n4+ 1 or On? +. 12N+4, 


In the first case, the square is divisible by three; in the 
second and third cases it becomes so divisible after subtraction 
of a unit, 
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can be divided by four, such as 4 itself; those that 
after subtraction of a unit are divisible by four can be 
divided by three, such as 9 ; while there are yet again 
squares divisible both by three and by four, such as 
36 ; and others that are divisible neither by three nor 
by four but can be divided, after subtraction of a 
unit, by both three and four, such as 25.4 


(iii.) A Theorem about Cube Numbers 


Nicomachus, Introduction to Arithmetic ii, 20. 5, 
ed. Hoche 119. 12-18 


When the odd numbers beginning with one are set 
out in succession ad infinitum this property can be 
noticed, that the first makes a cube, the sum of the 
next two after it makes the second cube, the next 
three following them make the third cube, the next 
four succeeding these make the fourth cube, the 
next five in order after these makes the fifth cube, 


As for division by four, the square of an even number 27 is 
necessarily divisible by 4. The square of an odd number 
2n+1 may be written 4n?44n+ 1 and becomes divisible by 
four after subtraction of a unit. Karpinski observes (.Vico- 
machus of Gerasa, by M. L. D'Ooge, p. 58): “ Apparently 
Theon desired to divide all square numbers into four classes, 
viz., those divisible by three and not by four; by four and not 
by three ; by three and four; and by neither three nor four. 
In modern mathematical phraseology all square numbers are 
termed congruent to 0 or 1, modulus 3, and congruent to 
0 or 1, modulus 4. This is written: 

n® =1 (mod. 3), 
n?=0 (mod. 3), 
n?=0 or 1 (mod, 4). 

“ This is the first appearance of any work on congruence 

which is fundamental in the modern theory of numbers.” 
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X € ten a % o : a“ Ze: 
KQL Ob é&9s é€€ tov €xTov Kat TobTo péxpis 
atet. 

(iv.) A Property of the Pythmen 
Jambl. in Nicom. Arith. Introd., ed. Pistelli 103. 10~104. 13 


"Evet b€ éfd8os amoteAcoTiky coTw 4 mpworn 
map ovdev dé provddos outuyia, 4 mparn a By 
eiSoroujae tas é&fs airy, pydevds Spov Kowvot 
AapBavouevon | pnde pny mapeMevTopevov, dMa 
pera tiv & BF AapBavoudrns rhs § € S, efra 
£4 8 Kal és dxodovOws. maica yap abra 
edbes yevjoovra. petadayBavovons Tov povddos 
Tomov det THS Sexddos, TouTéoTW els povdda av- 
ayouerns’ ovTws yap abriy Kal devTepwdoupevay 
povdda karciobar eAeyouey mpos Tv Ivéayopeiwy, 





@ That is to say, 1= 15, 34+ 5=23, 749+ 11 = 33, 
13415417419 =45, 214+ 237 25+ 27429 =58, 31433435 
+87 + 39+ 41 =6%, and so on to infinity, the general formula 
being 
{n(n 1) + 1}+ {r(n~ 1) + 3}4 2.2. + {u(n- 1) 4+2n- Ty=n3, 


By putting n=1, 2,3...7 in this formula and adding the 
results it is easily shown that 


134234384 2... +8 ={4r(r+ IP, 


a formula which was known to the Roman agrimensores and 
probably to Nicomachus. Heath (77.4... i, 109-110) shows 
how it was proved by the Arabian algebraist Alkarkhi in a 
book fl-Fukhri written in the tenth or eleventh century. 
The proof depends on Nicomachus’s theorem, 

> Tamblichus has been considering various groups of 
three numbers which can be formed from the series of natural 
numbers, by passing over a specified number of terms, so as 
to hecome polygonal numbers. ‘Thus 1+2+4+3=6 (trianzle), 
14+3+5=9 (square), 3+4+5=12 (pentagon), 14+4+7=12 
(pentagon), 1+5+4+9=15 (hexagon). 
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the next six in order make the sixth cube, and so 
on for ever. 


(iv.) A Property of the Pythmen 


Iamblichus, On Vicomachus’s Introduction to Arithmetic, 
ed. Pistelli 103. 10-104. 13 


Since the first group,? starting from the unit and 
omitting no term, is productive of the hexad, the first 
group, 1, 2, 3, will be a model of those that succeed it, 
the groups having no common term and leaving none 
on one side, but 1, 2, 3 being followed by 4, 5, 6, then 
by 7, 8, 9, and so on in order.’ For all these will 
become hexads when the unit takes the place of the 
decad in all cases, so reducing it to a unit. For after 
this manner we said 10 was called the unit of the 
second course @ among the Pythagoreans, while 100 


¢ In other words, Iamblichus asks us to consider any 
group of three consecutive numbers, the greatest of which is 
divisible by 3. We may represent such a group generally 
as 3p +1, 3p +2, 3p +3. 

@°As Iamblichus had previously explained (in Nicom., 
ed. Pistelli 75. 25—77. 4), the Pythagoreans looked upon a 
square number n? as a race course (8éavAos) formed of suc- 
cessive numbers from 1 (as the start, domdAné) up to vn (the 
turning point, xapn7jp) and back again through (n- 1), 
(n- 2), and so on to 1 (as the goal, vvoca), in this way : 


14+24+34+ .... +(n-1) 
+ 
n 


+ 
142+3+ .... (n-1) 
As an example we have 
1429434 ...1049+8+ ...3+2+1=10? 


and thence 
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Kal Tpiwoovupevay THY éxatovrdda, Kal TeTpwdov- 
pévav Thy xArdda. 7 wey yap 6 € F moet aptOpov 
Tov Le’ Gvayopuevns 5é THs Sexaddos eis povdda, 6 
tA 
mévte_mpoodaBwy adriy é€as yivera. mdédw 7 
CH 6 auvOeica moved tov Kd apibpov, o0 Ta K 
eis S80 povddas dvayayav mpoorlOnus 7H 5, Kal 
y , ter , -~ @Q fa) \ A 
éyw wadw e€ada. mddw it ta oB ovrbeis rod 
Ay, av 7a A tTpids eotw, Hv mpoobels rots Tproiw 
exw spoiws <&dda, Kal Tobto dpoiws éorae bv 
gv A ¢ A ¥. L ‘ > yw / 
GAov. Kal y pev mpwTn eds odK exer perabeow 
dexddos eis povdda, ws dv eidomoids Kal oToryetov 
Ta&v per adrtiy dtrapxyovea: 7H 5é Sevtépa puds 
, , a € A a ~ \ e 
povddos perdbeaw e€er, 4» S€ tpirn Svely Kal 7 
teTdpTyn Tpidv Kal 4% méurTn Tecodpwy Kal éFis 
axorovbws. Goa 8 dv dow ai peraribeuevar 
dexddes, Tooatras Kal ai evveddes adatpeOrjcovrar 
€x Tod dAov avotyparos, tva 76 Aetmov Gpoiws ééas 
~ ios ~ 4 
H Tod yap ve puds Sexddos eyovros perdbeaw, edv 
> ps , ET , 4 tes an , 
apérw piav évvedda, AeupOjoerar eEds. tod Se Kd 
dvo0 Exovros Sexddas Tas peramowoupevas édv 
agpérw dvo éweddas, AepOjoerar wdAw é€ds, Kal 
totro 8° GAov oupByoerar. 





10+20+30+ ... 100+904+80+ ...30+20+10=103 
100 + 200 + 300+ ... 1000+ 900+ 800+ ... 300+ 200+ 100 
= 104 


and so on. It was in virtue of these relations that the Pytha- 
goreans spoke of 10 as the unit of the second course (Sevrepo- 
doupery povds), 100 as the unit of the third course (rpsdovpery 
wovas) and so on. 

* The truth of Iamblichus’s proposition is proved generally 
by Loria (Le scienze esatte neil’ antica Grecia, pp. 841-842) 
in the following manner. 


Let N=2o+10n,+102n.+ 2. 
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was called the unit of the third course and 1000 the 
unit of the fourth course. Now 4, 5, 6 make the 
number 15. Reducing the 10 to a unit, and adding 
it to the 5 we get 6. Again, 7, 8, 9 when added 
together make the number 24, in which I reduce the 
20 to two units, add them to the 4 and so again 
have 6. Once more, adding 10, 11, 12, I make 33, in 
which the 30 yields 3, and adding this to the 3 units 
I likewise have 6, with a similar result in all cases. 
The first 6 does not suffer a change of the 10 into a 
monad, being a kind of image and element of those 
that succeed it. The second has a change of one 
monad, the third of two, the fourth of three, the fifth 
of four and so on in order. The number of 10s that 
have to be changed is also the number of 9s that 
have to be taken away from the whole’sum in order 
that the result may likewise be 6. In the case of 15, 
where there is one 10 to be changed, if I take away 
one 9 the remainder will be 6. In the case of 24, 
where there are two 10s to be changed, if I take 
away two 9s the remainder will again be 6, and 
this will happen in all cases.¢ 


be a number written in the decimal system. Let S(N) be 
the sum of its digits, S@(N) the sum of the digits of S(N), and 
so on. 


Now N— S(N) =9(n, + ling+1ling+ .. .) 
whence N=S(N) (mod. 9). 

Similarly S(N)=S"'N(mod. 9) 

and so on. 


Let Sé-1(N)=S'* N(mod. 9) 
be the last possible relation of this kind; SN will be a 
number N’<9. 
Adding all the congruences we get 
N=N’ (mod. 9), where N’29. 
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(f) Iarationarity or THE Square Root or 2 
Aristot. Jnal. Pr. i, 23, 41 a 26-27 


Ildvres yap of 50a tod aduvdrov mepaivovtes 70 

% ~ / ‘ - > > a ? 
pev edos avAdoyilovra, To 8 €& apyis && 
brobécews Sexvovow, Stay addvardey Te cupBatvy 
Ths avripdcews teBeions, olov drt dovppetpos 7 
didpetpos Sia TO yivecOar ta Tepitta toa ois 
aptiots auppetpov TeBeions. 7d pev odv toa yi- 
vesOat Ta TepitTa Tots aptiows avAdoyilera, 7d 8 
doovpetpov eivar TH Sidperpov && broOécews Sel- 
Kvuow, ret yeidos oupPaiver dia THY avripacw. 


(g) THe THeory or Proportion anp MEans 


(i.) Arithmetic, Geometric and Harmonic Means 
Jambl. in Nicom,. Arith. Introd., ed. Pistelli 100. 19-25 


Movas d€ 76 vada tpeis Hoav peodrnres emi 
\ ~ > ~ 
Nubaydpov kat rv Kar’ adbrov pabyparicdy, apio- 





Now, if N is the sum of three consecutive numbers of which 
the greatest is divisible by 3, we can write 
N=(Sp + 1)+ (3p +2)+ (3p +8), 
and the above congruence becomes 
9p +6=N(mod. 9) 
so that N’=6(mod. 9), with the condition N’49. But the 
only number £9 which is divisible by 6 is 6 itself. 

Therefore N’=6. 

* It is generally believed that the Pythagoreans were 
aware of the irrationality of 1/2 (Theodorus, for example, 
when proving the irrationality of numbers began with+/3), 
and that Aristotle has indicated the method by which they 
proved it. The proof, interpolated in the text of Euclid as 
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(f) Irrationatity oF THE Square Roor or 2 


Aristotle, Prior dnaluties i, 23, 41a 26-27 

Yor all who argue per impossibile infer by syllogism 
a false conclusion, and prove the original conclusion 
hypothetically when something impossible follows 
from a contradictory assumption, as, for example, 
that the diagonal [of a square] is incommensurable 
[with the side] because odd numbers are equal to 
even if it is assumed to be commensurate. It is 
inferred by syllogism that odd numbers are equal to 
even, and proved hypothetically that the diagonal is 
incommensurate, since a false conclusion follows from 
the contradictory assumption.* 


(g) Tue Turory or Proportion anp Means 
(i.) Arithmetic, Geometric and Harmonic Means 


Jamblichus, On Vicomachus’s Introduction to Arithmetic, 
ed. Pistelli 100. 19-25 
In ancient days in the time of Pythagoras and the 
mathematicians of his school there were only three 


x. 117 (Eucl., ed. Heiberg-Menge iii. 408-410), is roughly as 
follows. Suppose AC, the diagonal of a square, to be com- 
mensurable with its side AB, and let their ratio in its smallest 
terms be a: 6. 

Now AC?: AB? =a? : 6? 
and AC? =2.AB%, a? =207, 

Hence a?, and therefore a, is even. 

Since a: 6 is in its lowest terms it follows that 6 is odd. 
Let a@=2e. Then 4c2=222, or 6?=2c?, so that 67, and 
therefore 6 is even. 

But 6 was shown to be odd, and is therefore odd and even, 
which is impossible. Therefore AC cannot be commensur- 
able with AB. 
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: A x 2 tf n~ 
exe Tob Tpirou pepe. yiverat dé ev ravta Ta 
dvahoyia TO TOV plore Cpwv didoTna peilov, 
TO b€ TY pedvwy petov.’ 


(ii.) Seven Other Means 


Nicom, Arith. Introd. ii. 28. 3-11, ed. Hoche 141. 4-144. 19 


Tetaprn péev 7 Kat brevavria Aeyopevn bia 7d 
avrixetoOat Kat avrimerovOévar TH appovikh Umdp- 
yeu Grav ev tpioly dpois ws 6 péytaTos mpds TOV 
éAdxiotov, otTws 7 Tav eAatTovww dtadopa mpds 
Thy Tav peldvav éxn, otov 





y> €, Ss, 
@ i.e, b is the harmonic mean between a and c if 
a-b_b-e 
ac’ 
which can be written deg eh - 
ec b b a 
so that a Z A 
eba 


form an arithmetical progression, and Archytas goes on to 
assert that 
a 

> It is easily seen how the Pythagoreans would have 
observed the three means in their musical studies (see A. FE. 
Taylor, A Commentary on Plato's Timaeus, p. 95). They 
would first have noticed that when they took three vibrating 
strings, of which the first gave out a note an octave below the 
second, while the second gave out a note an octave helow the 
third, the lengths of the strings would be proportional to 
4,2, 1. Here the d:aernua is in each case an octave. ‘The 
Pythagoreans would then have noticed that if they took three 
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third by the same part of the third.* In this pro- 
portion the interval between the greater terms is 
the greater, that between the lesser terms is the 
lesser.”’® 


(ii.) Seven Other Means 


Nicomachus, Introduction to Arithmetic ii. 28. 3-11, 
ed. Hoche 141. 4-144. 19 


The fourth mean, which is also called subcontrary 
by reason of its being reciprocal and antithetical to 
the harmonic, comes about when of three terms the 
greatest bears the same ratio to the least as the 
difference of the lesser terms bears to the difference 
of the greater,” as in the case of 


3, 5, 6, 


strings sounding a given note, its major fourth and its upper 
octave, the lengths of the strings would be proportional to 
12, 8, 6, which are in harmonic progression. Finally they 
would have observed that if they took three strings sounding 
a note, its major fifth and its upper octave, the lengths of the 
strings would be proportional to 12, 9, 6, which are terms in 
arithmetical progression. But the fact that the means are 
consistently given in the order arithmetic, geometric, har- 
monic, and that the name ‘‘ harmonic ”’ was substituted by 
Archytas for the older name ‘‘ subcontrary ” suggests that 
these means had already been arithmetically defined before 
they were seen to be exemplified in the fundamental intervals 
of the octave. 
© d.¢., 6 will be the subcontrary mean to a, ¢, if 


a e-b 
In this and the succeeding examples, following the practice 


of Nicomachus, it is assumed that a, 6, ¢ are in ascending 
order of magnitude. 
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ev yap dumdaciw Ta ovyxpifévta sparta davepov 
5€, Kal’ d Hvartiwrur TH appovikh: Tov yap abtav 
dxpwv audotépas trapydvrwy Kal ev dumAaciw ye 
Aoyw, év pev TH mpd Tavrns } Tav peldvev 
dmEpoxy pos THY THY eAarTévwy Tov adrov Cowle 
Adyov, ev TavTn Sé dvdradw 7% TOY eAaTTévwy pds 
TH Tdv pelovw: idiov S€ ravrys loréov éxeivo, 6 
dirAdovov arroreAciobar To bd Tot peiLovos Kal 
pécov mpos 76 bro Tob péoov Kal eAaxtorov, Tob 
yap mevrdKis ¥ SimAdavov 70 éEdkis E. 

Ai 5€ 800 peodrytes méurrn Kal exrn apd Tiv 
yewperpuny erAdoOnoav auddrepat, Siaddpovar 8 
GAAjAwY otTws' ) pev méumTn EoTw, Stay év 
Tptolv Gpois ws 6 pécos mpds Tov eAdytoTov odtw 
Kai 7) adrdv rovtwy Siadopa mpos tiv Too eylatou 
mpos TOV péaov, olov 


B, 5, é 


Simddowos yap 6 pev 5 rod B, pdoos Spos Tob 
edaxiorov, 6 5¢ B to a, edaxlotwy Siadopa ™pos 

A , . a ? e , ? ‘ ~ 
dtagopav peyiorwy: 8 8 dinevayriov adriy ri 





* An elaborate classification of ratios is given by Nicom. 
Arith, Introd. i. 17-23. They are given in a convenient form 
for reference by Heath, H.G.M. i. 101-104, with the Latin 
names used by Boethius in his De Institutione Arithmetica, 
which is virtually a translation of Nicomachus’s work. 

> i.e, in the harmonic mean 

¢_e-b 

a 6-@ 
and in the subcontrary mean 

e_b-a 


: aoc- 
¢ This property happens to be true of the particular 
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for the ratios formed are both seen to be the double. 
It is clear in what way this mean is contrary to the 
harmonic ; for whereas they both have the same ex- 
tremes, standing in the double ratio, in the case of the 
former mean this was also the ratio of the difference 
of the greater terms towards that of the lesser, while 
in the case of the present mean it is the ratio of the 
difference of the lesser terms to that of the greater.° 
This property peculiar to the present mean deserves 
to be known, that the product of the greater and 
middle terms is double the product of the middle 
and least terms, for six times five is double five times 
three.¢ 

The next two means, the fifth and sixth, were 
both fashioned after the geometric, and differ from 
each other in this way. The fifth exists when of 
three terms the middle bears to the least the same 
ratio as their difference bears to the difference be- 
tween the greatest and the middle terms,? as in the 
case of 

2,4,53 


for 4 is double 2, that is, the middle term is double 
the least, and 2 is double 1, that is, the difference of 
the least terms is double the difference of the greatest. 


numbers Nicomachus has chosen, but is not in general true 
of the subcontrary mean. What is universally true is that if 





e_¢c~b__ 

a b-a ’ 
then abr =ab xf =be, 
4 i.¢., 6 is the fifth mean of a, ¢, if 
o_b-a 
aoc-b 
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yewpeTpixy trovet, exeivd eoriw, Gre emi ev exeivyns 
Ws 6 péoos mpos Tov eAdTTOVva, OUTWS % TOD pel- 
Lovos mpos Tov péaov birEpoxyT) TpPOS THY Tot jégou 
mpos Tov eAdrrova, émt dé tavrns avaradw Tod 
éAatToves mpos THY Tob peilovos: idtov 8 Gpuws 
Kal Tavrns éoTt 7d dutrAdowv yivecfac TO bro 
Tou peyiorou Kail pécov tod bd Tob peytorou 
Kat éAaxlorov, To yap mevraxis 8 SumAdotov rob 
TevTaKis : 
€ + Fd ig ? ‘ ¢ s € e 
H d€ €krn yiveras, drav ev tpiciv Spois H ods 6 
pleytoTos mpos TOV péaov, oUTws 7 TOD cov Tapa 
Tov é€Adyiotov vrepoxy mpos THY TOO peyiorov 
mapa Tov péaov, olov 
a, 8, &, 
> ¢ Ad A ¢ /, Ao ‘5, > a . Lear 2 ‘ 
év Husoriw yap éxdtepor Adyw° eouxvia 8 airia Kat 
al A. A 
TavTH THs mos THY yewpeTpiKnY brevavTioTHTOS, 
~ e ~ 
avaotpéeder yap KavTabla 4 Tav Adywv cpodrys 
4 ~ 
ws emt THS TéuTTHS. 
K \ e 4 A a if 6 a] AA , a 
ai at pev mapa tots mpdobev OpvdAdrovpevar &€ 
> ~ ¢€ 
peadrytes aide eict, Tpeis wev at mpwrdruror péxpt 





* i.¢., if b is the geometric mean between a and ¢, 


b_c_e-b 
ab b= 
while if 5 is the fifth mean between a and c, 
6 _b-a 
- a e-b 


The property which Nicomachus notes about this mean needs 
generalizing as in the case of his similar remark about the 
fourth mean, i.e., if 


a Ie 
@c-b ” 
then acr =ac x - =be. 
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What makes it subcontrary to the geometric mean is 
this property, that in the case of the geometric mean 
the middle term bears to the lesser the same ratio as 
the excess of the greater term over the middle bears 
to that of the middle term over the lesser, while in 
the case of this mean a contrary relation holds. It 
is a peculiar property of this mean that the product 
of the greatest and middle terms is double the pro- 
duct of the greatest and least, for five times four is 
double of five times two.?% 

The sixth mean comes about when of three terms 
the greatest bears the,same ratio to the middle term 
as the excess of the middle term over the least bears 
to the excess of the greatest term over the middle,? 
as in the case of 


I, 4, 6, 


for in each case the ratio is the sesquialter (3 : 2). 
No doubt, it is called subcontrary to the geometric 
mean because the ratios are reversed, as in the case 
of the fifth mean.¢ 

These are then what are commonly called the six 
means, three prototypes which came down to Plato 


» ie., 6 is the sixth mean between a and 6 if 


ca tae 

bv e—b 
¢ é.¢., if b is the geometric mean between a and ¢, 

ee} 
b&b b-@ 

while if 6 is the sixth mean between a and e, 
© SOG 
b-c-b 
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*Apiororédous Kat HAdtwvos dvwev and Tv6a- 
yopou diapetvacat, Tpeis 8° Erepat exeivous devay- 
tiat Tois per’ exeivous drropvnpatoypddos Te Kal 
atpetioTats év ypyoe. pudpevar- téocapas S€ tivas 
érépas peTakwobvres Tovs TovUTwy Spous TE Kal 
Stadopas éeméfcupdv ties ob mavu eudavralopévas 
Tois Tv madadyv ovyypdupaow, add’ ws Tepi- 
epydtepov AeAerToAoynpEevas, As Guws pds TO pH 
doxely dyvoeiv émitpoxyacréov THOE wy. 

IIparn pev yap adradv, éBddun Sé ev rH macadv 
ovvTdéer eat, Gtav WF ws 6 péytoTos mpds Tov 
eAdxtorov, ovTws Kal 4 THY adtav Siadopa mpéds 
Thy TY eXaTTOvwY, olov 

5 > Ns 6, 
nyutodos yap 6 Adyos Exarépov ovyxpice evoparac. 

’Oyddn dé peadryns, Aris TovTwy Sevrépa éori, 
yiverar, Grav ws 6 béytoTos mpds Tov eAdyLoTOV, 
ovtws 7) Sagopa Tav dxpwv pds THY TOV jreclovewy 
diadopdy, olov 2 
s, f, 0: 

Kal avTn yap jyutorlous exer Tods dvo Adyous. 

“H dé evarn pev ev TH TOV Tnacdy ovvra€et, 
tpirn 5€ ev TH TOV edevpyuevwn apilud brapxer, 
Grav Tpidv Spay dvrwy, dv Adyov exer 6 aos Tpds 





¢ Tamblichus says (in Nicom., ed. Pistelli 101. 1-5) that 
the school of Eudoxus discovered these means, but in other 
places (ibid. 116. 1-4, 113, 16-18) he gives the credit, in part 
at least, to Archytas and Hippasus. 
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and Aristotle from Pythagoras, and three others sub- 
contrary to these which came into use with later 
writers and partisans.? By playing about with the 
terms and their differencés certain men discovered 
four other means which do not find a place in the 
writings of the ancients, but which must neverthe- 
less be treated briefly in some fashion, although they 
are superfluous refinements, in order not to appear 
ignorant. 

The first of these, or the scventh in the complete 
list, exists when the greatest term bears the same 
relation to the least as their difference bears to the 
difference of the lesser terms,? as in the ease of 


6, 8, 9, 


for the ratio of each is seen by compounding the 
terms to be the sesquialter. : 
The eighth mean, or the second of these, comes 
about when the greatest term bears to the least the 
same ratio as the difference of the extremes bears to 
the difference of the greater terms,’ as in the case of 


6,7,93 


for here the two ratios are the sesquialter. 

The ninth mean in the complete series, and the 
third in the number of those more recently discovered, 
comes about when there are three terms and the 


> Z.2,, 6 is the seventh mean between a and c if 
ce c-a 
a b-a 

° i.e, 6 is the eighth mean between a and c if 
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~ . ‘* ~ ” \ 
Tov eAdxtoTov, Todrov Kal % THY axpwv dsiepoyy 
~ i. a 
mpos THY THY edaxioTwr exn, ws 
6,5, &. 

‘H b€ emt maoas Sexdrn peev oun pdnv, Tera pry 
dé ev TH TOV vewrepiKay exBécer oparas, étav ev 
Tpiciv Opots 7 ws Oo pécos mpos Tov eAdxLCTOY, 
ottws Kal 7 Siadhopa Tay akpwv mpds THY Siadopav 
Tav perlovey, oloy 

Yo €&s 7° 
> 4 * e 3 *: ta / , 
emiduepiys yap o ev exatépa aulvyia Adyos. 

"Ext Kedadaiov toivuy of tay Séka dvadoyiiy 
oe > ft *: > a # ‘ ‘ 
Gpot éexxeiobwoav id’ €v mapdderya mpos 76 

tA 
evauvomTor, 


TpwTYS a, B, y; 
Sevrépas a, B, 4, 
Tpirns Ys 5, a 
TETAPTNS Y, €, 5, 
TéLTTYS B, 8, , 
exTys a, 5, sy 
2 i.¢., b is the ninth mean between a and c if 
6b _r-a 
a b-a 
> 4.¢., 6 is the tenth mean between a and ¢ if 
b_c-a 
a c—b 


° Pappus (iii. 18, ed. Hultsch 84. 12-86. 14) gives a similar 
list, but in a different order after the sixth mean. Nos. 8, 
9, 10 in Nicomachus’s list are respectively Nos. 9, 10, 1 
in that of Pappus. Moreover Pappus omits No. 7 in the 
list of Nicomachus and gives as No. 8 an additional mean 

-a_e¢ 


equivalent to the formula —<= 4° The two lists thus give 


five means additional to the first six. 
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middle bears to the least the same ratio as the differ- 
ence between the extremes bears to the difference 
between the least terms,? as 


4, 6, 7. 


Finally, the tenth in the complete series, and the 
fourth in the list set out by the moderns, is seen when 
in three terms the middle term bears to the least the 
same ratio as the difference between the extremes 
bears to the difference of the greater terms,? as in 


the case of 
3, 5,8; 


for the ratio in each couple is the superbipartient 
(5 : 3). 

To sum up, then, let the terms of the ten propor- 
tions be set out in one figure so as to be taken in at 


a glance.° 














a<b<e 
é b-a abe 
First 1, 2, 3 piste ieee, F 
» 2, Paes aa ae ae arithmetic 
Sands 2, oe eee ae 7 
econ » &; rae aa geometric 
; be 
Third 3, 4, 6 ae ; harmonic 
c-6b ¢ 
' b-a_ ©; subcontrary 
Fourth 38, 5, 6 c~6 a to harmonie 
b-a 6b <7 
Fifth 2, 4, 5 Cab a subcontrary 
b r3 to 
Sixth to ae ee geometric 
c-b b 
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éBSduns =, 7, 9, 
éydons =, ¢; 0, 
évaTns 5, £, c. 


dexarys y, €, 7 


(iii.) Pappus’s Equations between Means 
Papp. Coll. iii. 18. 48, ed. Hultsch 88. 5-18 


Tpeis dvddoyov éorwoav épo of A, B, I’ xat 
ovvapydorépw péev 7H A, T pera B rév B ios 
éxxeicdw 6 A, ovvaudotépw 8€ 7H B, T 6 E, 
7 5¢T 6 Z: A€yw dre Kai of A, E, Z dpou avd- 
Aoyov eiatv. 

Exel yap ws 6 A mpds rov B, ottws 6 B mpds 
rov I’, orate kai ovvOevre wis cuvauddrepos 6 A, B 
apos tov B, odtws auvayddrepos 6 B, I mpos tov 
T- cat wdvres dpa of Wyovpevor mpds Trdvras Tovs 
éxopevors ciaiv ev TH abt@ dyw ws cvvayddrepos 
6 A, B pera ovvapdorepov tot B, 1 mpds ovvaudd- 
repov Tov B, I, ovrws ovvayddrepos 6 B, I‘ apds 
7rov TD, kai éorw ovvaudorépw pev T@ A, B pera 


avvapdorépov tod B, I igos 6 A, ovvaydorépw €é 
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Seventh 6, 8, 9 ae 
—a a 
Eighth ee 
18 a c-b a 
= b 
Ninth 4, 6, 7 | --2=- 
-a a 
5 c-a b 
Tenth 3, 5, 8 =- orc=a+b 
c-b a 


(iii.) Pappus’s Equations between Means 
Pappus, Collection iii. 18. 48, ed. Hultsch 88, 5-18 


Let A, B, I be three terms in [geometric] propor- 
tion * and let A=A+I°+2B, E=B+T, Z=T; I say 
that A, E, Z are terms in [geometric] proportion. 

For since A:B=B:T, it follows that A+B:B 
=B+IT:1I; and therefore all the antecedents bear 


to all the consequents® the same ratio, so that 
A+B+B4+QP:B+Tr=B4+r:F. Now A=A+B+ 


* According to Theon (ed. Hiller 106. 15-20), Adrastus 
said the geometric mean was called ‘both proportion par 
excellence and primary,” though the other means were also 
commonly called proportion by some writers (rovrwy 3¢ dyow 
6 “ASpacros piay riy yewperpixny Kupiws AéyecBat Kai dvadoyiay 
kal mpuirny .. . xowdrepov 3€ dyat Kai tas dAdas peodryras 
bn’ eview Kadcicbat dvadoyias). 

* The expressions “antecedents,” literally “‘ leading 
(terms),” and “ consequents,” or “ following (terms),” are 
those used in Euclid v. Def. 11 et seq. 
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7@ B,T toos 6 E, xaitG@ 06 Z. wai of A, E, Z 
dpa avddoydv «iow. 


Ibid. iii. 23. 57, ed. Hultsch 102 

















f r Oi meptéyovres Tas 
Meadrnres A BT pecornras tpeis 
éAdxaToe apiOyot 
By 4 oe ee 
apOunricy a6 @ S 6 B 
aa 
a 6 a eee 
yewperpiky a @ 6B & 
a 
, BY 4@ . 
dppoverer Ba sy B 
aa 
Bya. Jf oust 
omevavria BB a 5 é€ B 
a @ 
3 























* This is one of a series of propositions given by Pappus to 
the following effect. If A, B, I are three terms in geometric 
proportion, it is possible to form from them three other terms 
A, E, Z, being linear functions of A, B, I, which satisfy the 
different proportions. In this case A, E, % are also in geo- 
metric proportion, but in the other examples A, E, Z are 
made to satisfy the harmonic, the subcontrary, and the fifth, 
sixth, eighth, ninth and tenth means of Pappus’s list. The 
problems are, of course, problems in indeterminate analysis 
of the second degree. Pappus does not include solutions for 
the arithmetic and seventh proportions. Tannery (Mémoires 
scientifiques i., pp. 97-98) suggests as the reason that in these 
cases the equations of the proportions, A+Z=@E and, 
A=E +4Z, are already linear, there is no need to assume that 
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B+I, E=B+I and Z=V'; and therefore A, EF, Z 
are in [geometric] proportion.* 


Ibid, iii. 23. 57, ed. Hultsch 102 


























r 
Solution in terms of The three least | 
Means ABT numbers exhibiting , 
mek the means 
A=2\+3B+ T 
Arithmetic E= A+2B+ 17 6, 4, 2 
Z= B+T 
A= A+9B+T | 
i Geometric E= B+fT 4, 2, 1 
Z= rT 
_ ae 
A=9A+3B+T | 
Harmonic E= 2B+ T 6, 3, 2 
Z= B+T 
| A=9A4+3B+ TP 
Subcontrary E=2A+2B+ 1 | 6, 5, 2 
| Ze B+ T 
[Ps ae San ae ! eae 











AT=B?, and consequently there is one indeterminate too 
many. But the complete results are shown in the table 
reproduced on these pages from Pappus (ed. Hultsch, p. 
102, with explanation, pp. 100-1014). The first column in the 
Greek table gives the means which A, E, Z are to satisfy. 
The second column gives the number of times A, B, I’ have 
to be taken to form A, E, Z respectively. In the case of the 
geometric progression already considered, the table shows 
that to form A we have to take A once, B twice and T once: 
to form E we have to take B once and T' once; and to form 
ZwetakeT once. The third column gives the least integra! 
values of A, E, Z satisfying the respective proportions (i.e. 
the values of A, E, Z, supposing A, B, I’ to be each unity); in 
the case of the geometric proportion the values are 4, 2, 1. 
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; O€ weptéxovres Tas 
































| 
1 
Meodryres A BT pecorntas Tpets 
| eAdxeatot dpibpot 
seas 1 se! 
i a ¥ & | ~ m 
é | a p a | 2 6 B 
1 a a | 
| 
a 7B — 
s’ i é Bp @ i S 6 &@ 
a@ a a 
a a @ 
c’ a @ | y BG 
a 
BZ 4 as 
7 ap a 5 6 ¥ 
! B a 
ap a : : 
@ aa a 5 78 
& a 
aa a : 
? a @ 7 B a 
| a 








(iv.) Plato on Means between two Squares or two Cubes 
Plat. Tim. 31 B-32 B 


Avo 8 prove Kadds ovvictacbat tpitov xwpis od 
dvvardv: Seopov yap & péow Set Twa dpdoiv 
ouvayuryov yiyvesBar. . . . ef pev odv émimedov 
pev, Babos be pndev exov édet yiyvecBar TO TOO 
mavros o@pa, pia pecdryns av e€rpkea ta Te pel” 
128 


PYTHAGOREAN ARITHMETIC 









































' Solution in terms of | The three least 
Means ’ numbers exhibiting 
A,B,T f 
the means 
A= A+3B+T | 
Fifth E= A+2B+ Tr | B 4,9 
Z= B+T 
A= A+3B+2. | 
Sixth E= A+2B+ Tr ; 6, 4, 1 | 
Z= A+ B-T | 
mS A= A+ B+T 
Seventh E= B+ T 3, 2 1 
L= Tr ] 
A 
Fighth E 6, 4, 3 
' ZZ 
i A= A+9B+T | 
Ninth | E= A+ B+T 4, 3, 2 
Z= B+Tr | 
— -t i 
A= A+ B+T. 
Tenth E= B+T Sy 223.1 
Z= Tr 
J 
N.B.—For the differences between this list of means and 





that given by Nicomachus, see p. 122 n. ¢. 


(iv.) Plato on Means between ino Squares or two Cubes 
Plato, Timaeus 31 8-32 8 


But it is not possible that two things alone be 
joined without a third; for in between there must 
needs be some bond joining the two. . . . Now if the 
body of the All had had to come into being as a 
plane surface, having no depth, one mean would have 
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€ ~ a x c a ~ \ ~ A 
airijs odvdcivy Kai éauTiv, viv 5€ oTepecedy yap 
~ \ *. , 
adrov mpoajKev elvar, ta S€ oTeped pia pev ov- 
dézrore, SU0 Sé det peadtyTEs GuVappoTTovaLV. 


(v.) A Theorem of Archytas 


Archytas ap. Boeth. De Inst. Mus. iii, 11, 
ed. Friedlein 285-286 


Demonstratio Archytae superparticularem in aequa 
dividi non posse. 

Superparticularis proportio scindi in aequa medio 
proportionaliter interposito numero non potest. Id 
vero posterius firmiter demonstrabitur. Quam 
enim demonstrationem ponit Archytas, nimium fluxa 
est. Haec vero est huiusmodi. Sit, inquit, super- 
particularis proportio -4-B-, sumo in eadem propor- 
tione minimos -C-DE-. Quoniam igitur sunt minimi 
in eadem proportione -C-DE- et sunt superparticu- 
lares, -DE- numerus -C: numerum parte una sua 
eiusque transcendit. Sit haec -D-. Dico, quoniam 
-D» non erit numerus, sed unitas. Si enim est nu- 





® In other words, one mean is sufficient to connect in 
continuous proportion two square numbers, but two are 
required to connect cube numbers. Plato’s remarks are 
equivalent to saying that 

a?: ab=ab: 6? 

and a®: ab =a*b: ab? =ab?: L, 

® The superparticularis ratio (é€mydpios ddyos) is the 
ratio in which one number contains the other and an aliquot 


part of it, 7.¢., is the ratio = = cs 


¢ That is, a geometric mean. Archytas’s proof as pre- 
served by Boethius is substantially identical with that given 
by Euclid in his Sectio Canonis, prop. 3 (Euclid, ed. Heiberg- 
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sufficed to bind together both itself and its fellow- 
terms ; but now it is otherwise—for it behoved it to 
be solid in shape, and what brings solids into harmony 
is never one mean, but always two. 


(v.) A Theorem of Archytas 


Archytas as quoted by Boethius, On Music iii. 11, 
ed. Friedlein 285-286 


Archytas’s proof that a superparticular ratio can- 
not be divided into equal parts. 

A superparticular ratio ® cannot be divided into 
equal parts by a mean proportional ¢ placed between. 
That will later be more conclusively proved. For 
the proof which Archytas gives is very loose. It is 
after this manner. Let there be, he says, a super- 
particular ratio 4:B.4 I take C, D+E the least 
numbers in the same ratio.@ Therefore, since C, 
D+E, are the least numbers in the same ratio and 
are superparticulars, the number D+E exceeds the 
number C by an aliquot part of itself and of C. 
Let the excess be Df I say that D is not a number 
but a unit. For, if D is a number and an aliquot 


Menge viii. 162. 7-26). It is subsequently used by Euclid 
(prop. 16), to show that the musical tone, whose numeri- 
cal value is 9:8, cannot be divided intv two or more equal 
parts. 

4 Archytas writes the smaller number first instead of 
second, as Euclid does. 

¢ In Archytas’s proof D + £ is represented by DE. Euclid, 
following his usual practice, takes a straight line divided 
into two parts. To tind (', +, presupposes Euclid vii. 
33. 

f i.e, # is supposed equa] to C. 
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merus -D- et pars est eius, qui est -DE- metitur -D- 
numerus -DE: numerum: quocirca et -E- numerum 
metietur, quo fit, ut -C- quoque metiatur. Utrumque 
igitur -C- et -DE- numeros metietur -D- numerus, 
quod est impossibile. Qui enim sunt minimi in 
eadem proportione quibuslibet aliis numeris, hi primi 
ad se invicem sunt, et solam differentiam retinent 
unitatem. Unitas igitur est -D-. Igitur -DE- nu- 
merus -C- numerum unitate transcendit. Quocirca 
nullus incidit medius numerus, qui eam proportionem 
aequaliter scindat. Quo fit, ut nec inter eos, qui ean- 
dem his proportionem tenent, medius possit nume- 
rus collocari, qui eandem proportionem aequaliter 
scindat. 


(k) Aucepraic Equations 


(i.) Side- and Diameter-numbers 
Theon Smyr., ed. Hiller 42. 10-44. 17 


"Qomep dé Tprywvixods kal TeTpaywviKods Kal 
TMEvTaywviKods Kal Kata Ta Aouza, oxjpara Adyous 
exovor Suvdper of apiOpoi, ovtws Kad meupixods 
Kat Staperpucods Adyous eUpouev av Kata Tovs 
omeppariKods Adyous eppavelopevous Tots dprbjuois. 
ek yap ToUTwY puduilerar Ta. oXNHATA.. orep obv 

> , 
mdvTwy TOY oXnadTwv Kata TOV dvwrdre Kat 
OTreppLaTiKoV Adyov % povas dpyes, otrws Kal THs 
dvaperpov kal THs mAeupds Adyos ev TH povdds 
ebploxerau. olov éxriPevrat dvo poovddes, ay THY 
pev Odpev elvar Sidetpov, tHv Sé mAcupav, éetdy) 





* This presupposes Euclid vii. 22. 
> This is an inference from Euclid vii. 20. Heath (H.G. Mf. 
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part of D+F, the number D measures the number 
D+E; therefore it measures the number E, that 
is, the number D measures C also. The number D 
therefore measures both C and D+ E, which is im- 
possible. For the least numbers which are in the 
same ratio as any other numbers whatsoever are 
prime to one another,* and the only difference they 
retain is unity. Therefore D is a unit. Therefore 
the number D +E exceeds the number C by a unit. 
Hence there is no number which is a mean between 
the two numbers. For this reason no mean can be 
placed between the numbers in the same proportion 
so as to divide that proportion equally.” 


(h) Aucesraic Equations 


(i.) Side- and Diameter-numbers 
Theon of Smyrna, ed. Hiller 42. 10-44, 17 


Even as numbers are invested with power to make 
triangles, squares, pentagons and the other figures, 
so also we find side and diameter ° ratios appearing 
in numbers in accordance with the generative prin- 
ciples; for it is these which give harmony to the 
figures. Therefore since the unit, according to the 
supreme generative principle, is the starting-point of 
all the figures, so also in the unit will be found the 
ratio of the diameter to the side. To make this clear, 
let two units be taken, of which we set one to bea 
diameter and the other a side, since the unit, as the 


i. 90) considers that this proposition implies the existence, at 
least as early as the date of Archytas (about 430-365 B.c.), of 
an Elements of arithmetic in the form which we call Euclidean. 

© Or “ diagonal.” 
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A é ¥. > 2 ‘¢ 5 a 8 é 4 
Thy povdda, mavTwv ovcay apxnv, det Suvdyer Kat 
mAevpav elvar Kai didpetpov. Kat mpooriferat TH 
peev mrAcupa Sudpetpos, TH 5é Staperpw Svo mAcvpai, 
> A ca 3 ‘A ‘ , € 7 
éretd7) Saoov 7 TAevpa Sis dvvara, 7 SidyeTpos 
4 > ‘ 7. f x ¢ 4 ? , 
drat. éyéveto obv peilwy pev 7) diduetpos, eAdt- 
tay S€é 4) wAevpd. Kal emi pev THs mpuotys mAevpas 
Te Kat Swapétpov «in av TO amd THs povddos 
Siapérpov TeTpdywvrov povads pid €Aarrov 7 SumAd- 
g.ov Tob azo Tis povados TAEupas TeTpaywvou" ev 
iodrntt yap at povades: To 8’ Ev Tot évds povdds 
wy? x” td ~ \ a ‘7 ~ 
éAartov 7) dutAdotov. mpoo8dpev 57 TH yey TrAcUpa 
Suduetpov, TovtéoTt TH povads povdda: éoTau 7 
mAeupa apa dvo povddwy: TH dé Svayétpw mpoc- 
Oapev Svo mAeupds, TouTéoTL TH povad: dvo pova- 
das: €orat 7 Sdidperpos povddwy tpidv: Kai TO 
pev and tis Svddos mAeupas terpdywvov_ 4, 7d 
8 dd tis tpiddSos Siapérpov rerpdywvov 9: 76 8 


“(AEE 


dpa povdds petlov 7} SimAdovv rob and ris B 
mAeupas. _ 

Tladw mpoocbGpev 7H ev B mrevpa Siayerpov thy 
tpiada: €orat 7» TAcupa E+ TH Se Tpidde SiapeTrpw B 
mAeupds, TouTéote dis Ta B- Eoras C- EoTar TO prev 
a0 THs <€) mAcupas TeTpadywvov Ke, TO 5€ ATO THS 
£ (Staperpov) O- povdd: eAacaov 7 SizAdovov Tob 
Ke dpa TO 20. mddAw av rH (é) aAevpa mpoabis 
rv © Sidperpov, éoras oB. Kav 7H € Staperpw 
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beginning of all things, must have it in its capacity 
to be both side and diameter. Now let there be 
added to the side a diameter and to the diameter 
two sides, for as often as the square on the diameter 
is taken once, so often is the square on the side taken 
twice. The diameter will therefore become the 
greater and the side will become the less. Now in 
the case of the first side and diameter the square on 
the unit diameter will be less by a unit than twice 
the square on the unit side; for units are equal, 
and 1 is less by a unit than twice 1. Let us add to 
the side a diameter, that is, to the unit let us add a 
unit ; therefore the [second] side will be two units. 
To the diameter let us now add two sides, that is, to 
the unit let us add two units ; the [second] diameter 
will therefore be three units. Now the square on 
the side of two units will be 4, while the square on 
the diameter of three units will be 9; and 9 is 
greater by a unit than twice the square on the side 2. 
Again, let us add to the side 2 the diameter 3; the 
[third] side will be 5. To the diameter 3 let us add 
two sides, that is, twice 2; the third diameter will 
be 7. Now the square from the side 5 will be 25, 
while that from the diameter 7 will be 49; and 49 is 
less by a unit than twice 25. Again, add to the side 
5 the diameter 7; the result will be 12. And to the 
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~ 4 Gaon ie , # ¥ ‘ a 2 
mpoabis Sis THY E wAevpay, éotas iL. Kal Tob amd 
~ ~D ~ “¢$ 4 7 
ris o8 rerpayesvou TO dad THs wl povads wAdoy 7 
tea ~ 
SumAdowv. Kat Kata To é€fs THS mpoobhKns 
€ ‘d ft La ’ 2 ? > , 
Gpotus yeyvouevns, €oTar TO avdAoyov évadAdé: 
x A f 4 \ \ a f nn 
more prev provads eAatrov, wore bé povdd: aA€ov 7 
SumAdavov TO amd THs Siapérpov TeTpaywvov Tob 
dm Tis wAeupas: Kai pyrai ai Tovatrar Kat aAevpat 
Kat Sudperpo. 


Procl. in Plat. Remp., ed. Kroll ii. 27. 11-22 


TIpoeriBecav 8€ ot Uvaydpevot tovrou rovdvde 





*¢ In algebraical notation, a pair of side- and diameter- 
numbers, ay, dn are such that 
dy? — 2a? = £1, 
and the law for the formation of any pair of such numbers 
from the preceding pair is 
dn =2anatdna 
an = An1 +da-1, 
The general proof of the property of these numbers is not 


given by Theon (doubtless as being well known). It can be 
exhibited algebraically as follows ; 


(2an1 + dns)? i 2(ana + dy)? 
2dn-? = dy1” 
~ (dna? ~ 2an-1?) 
+ (dn_2® - 2an-2"), 
by similar reasoning, and so on. Starting with a,=1, d,;=1 
as the first pair of side and diameter numbers, we have 
dj- 2a7=-1 
and therefore by the above equation we have 
d,-2a2%=41, 
dy? — 2a,?= ~ 1, 
and so on, the positive and negative signs alternating. The 
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diameter 7 add twice the side 5; the result will be 
17. And the square of 17 is greater by a unit than 
twice the square of 12. Proceeding in this way in 
order, there will be the same alternating proportion ; 
the square on the diameter will be now greater by a 
unit, now less by a unit, than twice the square on 
the side; and such sides and diameters are both 
rational. 


Proclus, Commentary on Plato’s Republic, ed. Kroll 
li. 27. 11-22 


The Pythagoreans proposed this elegant theorem 


values of the first few pairs in the series are, as Theon correctly 


indicates, 

(1, 1), (2, 3), (5, 7), (12, 17), 
the last giving, for example, the equation 

17? - 2.12? =989 - 288 = +1. 
Tt is clear that the successive side- and diameter-numbers 
are rational approximations to the sides and hypotenuses of 
increasing isosceles right-angled triangles (hence the name), 
and therefore that the successive pairs give closer approxima- 
tions to 4/2, namely 

1, 3, 3, H, ete., 

and this suggests one reason why the early Greek mathe- 
maticians were so interested in them. 

The series was clearly known before Plato’s time, for in the 
famous passage about the geometrical number (Republic 
546 c) he distinguishes between the rational and the irra- 
tional ** diameter of five.” Ina square of side 5, the diagonal 
or diameter is 4/50, and this is the “ irrational diameter of 
five”; the ‘‘ rational diameter’? was the integral approxi- 
mation 4/50 - 1=7, which we have seen above to be the third 
diameter number. 

In fact, since the publication of Kroll’s edition of Proclus’s 
commentary, the belief that these approximations are Pytha- 
oe has been fully confirmed, as the next passage will 
show. 
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Oedpnpa yAadupov rept rev Siapérpwr Kal mAEv- 
pOv, ort 7 wey Sidpetpos pocAaBotca tiv mAcupay, 
Hs eoriw Sidwetpos, yiveras mAevpd, 4 5é mAcupa 
€auTh ouvtebeica Kai mpooAaBotoa tiv didpetpov 
THY é€auTis yiverar Sidjetpos. Kat rovTo dei- 
Kvutat dia TeV ev T@ Sevtépw Uroryeiwy ypappuKcas 
an’ éxeivov. édav ed0eia TunOA Sixa, mpooAdBy dé 
ed0ciav, Td amo THs 6Ans ody TH mpooKeyévyn Kal 
TO amd Ta’Tys povns TeTpdywra SutAdova TOO TE 
amo THs Hyucelas Kal TOO amo THs ovyKepévns ek 
THS Hpiceias Kal THs mpoodAndbeions. 


(ii.) The“ Bloom” of Thymaridas 
Tambl. in Nicom. clrith. Introd., ed. Pistelli 62. 18-63. 2 


*"Ev7eidev Kai 7 efodos tod Ovpapideiov éz- 





2 This is Euclid ii. 10, which asserts that if AT is bisected 
at B 
A B T A 





and produced to A, then 
AA? + AT? =2AB? + 2BA2, 
If AB=2, TA=y, this gives 
(Qe+ y)? + y? =2a? + Wet y)? 

or (2x + y)? — Wet y)? =22?- y? 
Therefore, if (x, y) are a pair of numbers satisfying one of the 
equations 22°- y?7= 41, 
then (w+y), (22+ y) are another pair of numbers satisfying 
the other equation. 

Proclus is not quoting exactly the Euclidean enunciation, 
for which see Fuclid, ed. Heiberg-Menge i. 146, 15-22. 

» Thymaridas was apparently an early Pythagorean, not 
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about the diameters and sides, that when the dia- 
meter receives the side of which it is diameter it 
becomes a side, while the side, added to itself and 
receiving its diameter, becomes a diameter. And 
this is proved graphically in the second book of the 
Elements by him (sc. Euclid]. If a straight line be 
bisected and a straight line be added to it, the square 
on the whole line including the added straight line 
and the square on the latter by itself are together 
double of the square on the half and of the square on 
the straight line made up of the half and the added 
straight line.? 


(ii.) The “ Bloom” of Thymaridas® 


Jamblichus, On Nicomachus’s Introduction to Arithmetic, 
ed. Pistelli 62. 18-63. 2 


The method of the “ bloom” of Thymaridas was 


later than the time of Plato, who lived at Paros. The name 
érdvOnp.a (flower or bloom) given to his method shows that it 
must have been widely known in antiquity, though the term 
is not confined to this particular proposition. It is presum- 
ably used to give a sense of distinction, much as we say 
“flower of the army.” The Greek is unfortunately most 
obscure, but the meaning was successfully extracted by 
Nesselman (Die Algebra der Griechen, pp. 232-236), who 
is followed by Gow (History of Greek Mathematics, p. 97), 
Cantor (Vorlesungen i. 158-159), Loria (Le scienze esatte 
nell’ antica Grecia, pp. 807-809), and Heath (7.G.4L,, i. 
94-96, Diophantus of .{lexandria, 2nd ed., pp. 114-116). 
The “ bloom ” is a rule for solving ” simultaneous equations 
connecting » unknown quantities, and states in effect : 


(1) if +a, +a,=S, 
while w+2,=s), ¢+%)=82, 
then #=3,+5,-S3 
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avOipatos edjhOn. dpiopévav yap 7 aopiotwy 
peptoapevwr wpiapévov Ti Kat évds obTivoaoby Tols 
Roumots Kal? xacrov auvtebévtos, TO eK TaVTWY 
dOpowsbev wAROos emi pev Tprdv pera tHv €€ apyiis 
dpiobeioav toadTyTa GAov TH ovyKpilévte mpoo- 
venue 7 ad’ ob 76 Actmov Kal? exaoTov Tav hov- 
nav adawpeOjaerar, emt 8é Tecodpwv 76 Tpwov Kat 
éni mévre 76 Tpitov Kal emi €& 1d Téraprov Kal det 
dkodovOws, SudSos Kavratba Siadopas eémiat- 
vouerns mpos TE THY ToodTyTA T&Y pepilomevwy 
Kal mpos THY TOO popiov KAjow. 





(2) if B+ a, +e, +a,=S, 
while @+2,=8,, 2+ %_g=S2, U+ Wy = 835 
$+ 8+38,-S 


then g=~—=5-—"—_; 

(3) while generally, if #+a,+%,+ .. +%1=8, 
while UHH HS, V+ UZ =8y . . . BH Ana = Snr 
then Ps asks ec eee S 


Iamblichus goes on to show how other equations can be 
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thence taken.* When any determined or undefined 
quantities amount to a given sum, and the sum of 
one of them plus every other [in pairs] is given, the 
sum of these pairs minus the first given sum is, if 
there be three quantities, equal to the quantity which 
was added to all the rest [in the pairs]; if there be 
four quantities, one-half is so equal ; if there be five 
quantities, one-third ; if there be six quantities, one- 
fourth, and so on continually, there being always a 
difference of 2 between the number of quantities to 
be divided and the denomination of the part. 


reduced to this form, so that the rule ‘t does not leave us in 
the lurch ”’ (od wapéAxec) in these cases. 

One of the most interesting features in this passage is the 
distinction between the dpicevor, or known quantity, and 
the ddpiorov, or unknown. This anticipates the phrase 
mdqOos povddwr adptorov, “an undefined number of units,” 
by which Diophantus was later to describe his unknown 
quantity. Indeed, Thymaridas was already bordering on 
that indeterminate analysis which Diophantus was so brill- 
iantly to develop; he has passed beyond the realm of strict 
arithmetic. 

« This passage immediately follows the section describing 
how gnomons of polygonal numbers are formed; see pp. 86-89 
n. a, where it is shown that if » is the number of sides in 
the polygon, the successive gnomonic numbers differ by n-2. 
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IV. PROCLUS’S SUMMARY 
Procl. in Eucl. i., ed. Friedlein 64. 16-70. 18 

’Ezel S€é xpi) Tas apyas Kal Tv Texvav Kal TOV 
emLOTHLOV 7 pos THY Trapovoay mepiodov oKo7rety, 
A€youev, OTs map’ Alyunriou pév edpyabar mp@rov 
q yewpetpia mapa Tv ToAA@y lordépynTa., ek Tis 
TOV xwpiwv dvapetpicews AaBodoa tiv yéveoww. 
avayKaia yap Hv exelvors ary Sia Tiv dvodov Tot 
/ 

eiAov tovds mpoojkovras Spous éxdoros adavi- 


* The course of Greek geometry from the earliest days to 
the time of Euclid is reviewed in the few pages from Proclus’s 
Commentary on Euclid, Book i., which are here reproduced. 
This ‘‘ Summary ” of Proclus has often been called the 
“ Eudemian summary,” on the assumption that it is extracted 
from the lost Histury of Geometry by Eudemus, the pupil of 
Aristotle. But the latter part dealing with Euclid cannot 
have been written by Eudemus, who preceded Euclid, nor is 
there any stylistic reason for attributing the earlier and later 
portions to different hands. Heath (The Thirteen Books of 
Euclid’s Elements, i., pp. 37, 38, and I.G.M. i. 119, 120) 
gives arguments for believing that the author cannot have 
been Proclus himself, and suggests that the body of the 
summary was taken by Proclus from a compendium by some 
writer later than Eudemus, though the earlier portion was 
based, directly or indirectly, on Eudemus’s History. The 
summary was written primarily for an understanding of the 
way in which the elements of geometry had come into being. 
The more advanced discoveries are therefore omitted or 
mentioned only in passing. Proclus himself lived from a.v. 
410 to 485, On the death of Syrianus he became head of the 
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Proclus, On Fuclid i., ed. Friedlein 64. 16-70. 18 


Since it behoves us to examine the beginnings both 
of the arts and of the sciences with reterence to the 
present cycle [of the universe], we say that according 
to most accounts geometry was first discovered among 
the Egyptians,’ taking its origin from the measure- 
ment of areas. For they found it necessary by 
reason of the rising of the Nile, which wiped out 


Neo-Platonic school at Athens, and his Commentary on 
Euclid, Book i., seems to be a revised edition of his lectures to 
beginners in mathematics (Heath, The Thirteen Books of 
EBuclid’s Elements, i., p. 31). This commentary is one of the 
two main sources for the history of Greek geometry, the 
other being the Collection of Pappus. 

> The Egyptian origin of geometry is taught by Herodotus, 
ii. 109, where it is asserted that Sesostris (Ramses II, c. 1300 
B.c.) divided the land among the Egyptians in equal rect- 
angular plots, on which an annual tax was levied; when 
therefore the river swept away a portion of a plot, the owner 
applied for a reduction of tax, and surveyors had to be sent 
down to report. In this he saw the origin of geometry, and 
this story may be the source of Proclus’s account, as also of 
the similar accounts in Heron, Geometrica 2, ed. Heiberg 
176. 1-18, Diodorus Siculus i. 69, §1 and Strabo xvii. ¢. 3. 
Aristotle also finds the origin of mathematics among the 
Fgyptians, but in the existence of a leisured class of priests, 
not in a practical need (Metaphysica A 1, 981 b 23). The 
subject is fully dealt with in H.G.M. i. 121, 122, and an 
account of Egyptian geometry is given in succeeding pages. 
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bdnyjoato, Tois pev KaboAKwrepov émPadrwv, 
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p A e 
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> # ~ % a 
edarydpevos tijs mepl yewpetpiav omovdis pvy- 


1 Mdpepxos Friedlein, following a correction in the 
oldest ots, 





* Thales (c. 624-547 8.c.), one of the “ Seven Wise Men ” 
of ancient Greece, is universally acknowledged as the founcer 
of Greek geometry, astronomy and philosophy. His greatest 
fame in antiquity rested on his prediction of the total eclipse 
of the sun of May 28, 585 8.c., which led to the cessation of 
hostilities between the Medes and Lydians and a lasting 
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everybody’s proper boundaries. Nor is there any- 
thing surprising in that the discovery both of this and 
of the other sciences should have its origin in a 
practical need, since everything which is in process of 
becoming progresses from the imperfect to the per- 
fect. Thus the transition from perception to reason- 
ing and from reasoning to understanding is natural. 
Just as exact knowledge of numbers received its 
origin among the Phoenicians by reason of trade and 
contracts, even so geometry was discovered among 
the Egyptians for the aforesaid reason. 

Thales @ was the first to go to Egypt and bring back 
to Greece this study ; he himself discovered many 
propositions, and disclosed the underlying principles 
of many others to his successors, in some cases his 
method being more general, in others more empirical. 
After him Ameristus,? the brother of the poet 
Stesichorus, is mentioned as having touched the study 


peace (Herodotus i. 74); what Thales probably did was to 
predict the year in which the eclipse would take place, an 
achievement by no means beyond the astronomical powers 
of the age. Thales way noted for his political sense. He 
urged the separate states of Ionia, threatened by the en- 
croachment of the Lydians, to form a federation with a 
capital at Teos ; and his successful dissuasion of his fellow- 
Milesians from accepting the overtures of Croesus, king of 
the Lydians, may have had an influence on the favourable 
terms later granted to Miletus by Cyrus, king of the Persians, 
though the main reason for this preferential treatment was 
probably commercial. In philosophy Thales taught that the 
all is water. For his mathematical discoveries, see infra, 
pp. 164-169. 
> The name is uncertain. Friedlein, in suggesting 
Mamercus, observes that Suidas gives a brother of Stesi- 
chorus as Mamertinus, which could easily arise out of 
Mamercus. Another reading is Mamertius. Nothing more 
is known about him. Stesichorus, the lyric poet, flourished 
c. 611 Bc. 
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1 +Gv ava ddyov coni. Diels ;°raév dAdywv Friedlein. 





* The well-known Sophist, born about 460 3.c., whose 
various accomplishments are described in Plato's f{ippias 
Minor. He claimed to have gone once to the Olympic 
Games with everything that he wore made by himself, as 
well as all kinds of works in prose and verse of his own 
composition. His system of mnemonics enabled him to 
remember any string of fifty names which he had heard once. 
The unmathematical Spartans, however, could not appreciate 
his genius, and from them he could get no fees. His chief 
mathematical discovery was the curve known as the quad- 
ratrix, which could be used for trisecting an angle or squaring 
the circle (see infra, pp. 336-347). 

> The life of Pythagoras is shrouded in mystery. He was 
probably born in Samos about 582 8.c. and migrated about 
529 B.c. to Crotona, the Dorian colony in southern Italy, 
where a semi-religious brotherhood sprang up round him. 
This brotherhood was subjected to severe persecution in the 
fifth century s.c., and the Pythagoreans then took their 
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of geometry, and Hippias of Elis * spoke of him as 
having acquired a reputation for geometry. After 
these Pythagoras ° transformed this study into the 
form of a liberal education, examining its principles 
from the beginning and tracking down the theorems 
immaterially and intellectually ; ; he it was who dis- 
covered the theory of proportionals ° and the construc- 
tion of the cosmic figures. After him Anaxagoras 
of Clazomenae ? touched many questions affecting 
geometry, and so did Oenopides of Chios. being a 
little younger than Anaxagoras, both of whom Plato 
mentioned in the Rivals / as having acquired a reputa- 
tion for mathematics. 


doctrines into Greece proper. Apart from important mathe- 
matical discoveries, noticed in a separate chapter, the Pytha- 
goreans discovered the numerical ratios of the notes in the 
octave, and in astronomy conceived of the earth as a globe 
moving with the other planets about a central luminary. 

¢ Friedlein’s reading is tay dAdywr, ‘ irrationals,” but 
there is grave difficulty in believing that Pythagoras could 
have developed a theory of irrationals; in fact, a Pytha- 
gorean is said to have been drowned at sea for his impiety in 
disclosing the existence of irrationals. There is an alter- 
native reading trav dvaddywr, and the true reading could 
easily be rév avadoyiwy, or Tay ava Adyov, “ proportionals.” 

4 ¢, 500-428 B.c. Clazomenae was a town near Smyrna. 
All we know about the mathematies of Anaxagoras is that he 
wrote on the squaring of the circle while in prison (infra, p. 
308) and may have written a book on perspective (Vitruvius, 
De architectura vii. praef. 11). 

* Oenopides was primarily an astronomer, and Eudemus is 
believed to have credited him with the discovery of the 
obliquity of the ecliptic and the period of the Great Year 
(Theon of Smyrna, ed. Hiller 198. 14-16). In mathematics 
Proclus attributed to him the discovery of Eucl. i. 12 and i. 23. 

‘ Plat. Erastae 132 a, 8. Socrates finds two lads in the 
school of Dionysius disputing about Anaxagoras or Oeno- 
pides; they seemed to be drawing circles and indicating 
certain inclinations by placing their hands at an angle. 
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* Hippocrates was in Athens from about 450 to 430 B.c. 
For his mathematical achievements, see infra, pp. 234-253. 

> Our chief knowledge of Theodorus comes from the 
Theaetetus of Plato, whose mathematical teacher he is said 
to have been (Diog. Laert. ii. 103); see infra, pp. 380-383. 

© Proclus (ix Eucl. i., ed. Friedlein 72 et seq.) explains that 
the elements in geometry are leading theorems having to 
those which follow the relation of an all-pervading principle ; 
he compares them with the letters of the alphabet in relation 
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After them Hippocrates of Chios, who discovered 
the quadrature of the lune, and Theodorus of Cyrene? 
became distinguished in geometry. For Hippocrates 
is the first of those mentioned as having compiled 
clements.© Plato,4 who came after them, made the 
other branches of mathematics as well as geometry 
take a very great step forward by his zeal for them; 
and it is obvious how he filled his writings with 
mathematical arguments and everywhere stirred up 
admiration for mathematics in those who took up 
philosophy. At this time also lived Leodamas of 
Thasos® and Archytas of Taras’ and Theaetetus of 
Athens,’ by whom the theorems were increased and 
an advance was made towards a more scientific 
grouping. 

Younger than Leodamas were Neoclides and his 
pupil Leon, who added many things to those known 
before them, so that Leon was able to make a collec- 
tion of the elements in which he was more careful in 
respect both of the number and of the utility of the 
things proved ; he also discovered diorismi, showing 
when the problem investigated can be solved and 
when not.? Eudoxus of Cnidos, a little younger than 
Leon and an associate of Plato’s school, was the first 


to language; and they have, indeed, the same name in 
Greek. 4 See infra, pp. 386-405. 

¢ All we know about him is that Plato is said to have 
explained or communicated to him the method of analysis 
(Diog. Laert. iii. 24, Procl. in Euel. i, ed. Friedlein 211. 
19-23). 

’ For Archytas, see supra, p. +n. a. 

9 See infra, pp. 376-303. 

* We have no further knowledge of Neoclides and Leon. 
A good example of a divrismos is given in Plato, Meno 
86 E—87 8 (infra, pp. 394-397), which incidentally shows that 
Leon was not the first in this field. 
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1 goux@v Friedlein. 





® For Eudoxus, one of the great mathematicians of all 
time, see infra, pp. 408-415. He lived c. 408-355 B.c. What 
the ‘so-called general theorems’? may be is uncertain; 
Heath (7/.0. VM, i. 323) suggests theorems which are “ true of 
everything falling under the conception of magnitude, as are 
the definitions and theorems forming part of Eudoxus's own 
theory of proportion.” The three means which Eudoxus is 
said to have added to those already known are the three sub- 
contrary means (supra, pp. 114-121). Iamblichus (in .Nicom., 
101. 1-5) also attributes them to Eudoxus, but in other 
places (113. 16-18, 116. 1-4) he assigns them to Archytas 
and Hippasus. It is disputed whether the “ section ” to 
which Eudoxus devoted his attention means sections of solids 
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to increase the number of the so-called general 
theorems ; to the three proportions he added another 
three, and increased the number of theorems about 
the section, which had their origin with Plato, apply- 
ing the method of analysis to them.¢ Amyclas of 
Heraclea,® one of the friends of Plato, and Men- 
aechmus,° a pupil of Eudoxus who had associated 
with Plato, and his brother Dinostratus? made the 
whole of geometry still more perfect. Theudius ¢ of 
Magnesia seemed to excel both in mathematics and 
in the rest of philosophy ; for he made an admirable 
arrangement of elements and made many particular 
propositions more general. Again, Athenaeus? of 
Cyzicus, who lived about those times, became famous 
in other branches of mathematics but mostly in 
geometry. They spent their time together in the 
Academy, conducting their investigations in common. 
Hermotimus® of Colophon advanced farther the in- 
vestigations begun by Eudoxus and Theaetetus ; he 


by planes, which was the older view and that favoured by 
Tannery (La yéometrie grecque, p. 76), or the “ golden sec- 
tion ”’ (division of a line in extreme and mean ratio, Fucl. 1i. 
11), a view put forward by Bretschneider in 1870 (Die Greo- 
metrie und die Geometer vor Enkleides, pp. 167-169). For 
discussions of this interesting question see Loria, Le seienze 
esatte nell’ antica (Crecia, pp. 139-142, Heath, //.G..M. i. 
324-325. 

» The correct spelling appears to be Amyntas, though 
Diogenes Laertius (iii. 46) speaks of Amyclas of Heraclea a» 
a pupil of Plato and in another place (ix. 40) says that a 
certain Pythagorean Amyclas dissuaded Plato from burning 
the works of Demvcritus. Heraclea was in Pontus. 

¢ He discovered the conic sections, see infra, p. 283 n. a. 

4 He applied the quadratrix (probably discovered by 
Hippias) to the squaring of the circle. 

* No more is known of ‘Theudius, Athenaeus or Her- 
motimus, 
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1 Merdaios Friedlein, 





2 Almost certainly the same as Philippus of Opus, who is 
said to have revised and published the Laws of Plato and 
(wrongly) to have written the Epinomis. Suidas notes a 
number of astronomical and mathematical works by him. 

® Not much more is known about the life of Euclid than 
is contained in this passage (see Heath, The Thirteen Books of 
Euclid’s Elements, vol. i., pp. 1-6 and H.G.M. i. 354- -357). 
The summary of Euclid’s achievement in the Elements is a 
very fair one, agreeing with the considered judgement of 
Heath (H.G..M. i. 217): “There is therefore probably little 
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discovered many propositions in the elements and 
compiled some portion of the theory of loci. Philippus 
of Medma,? a disciple of Plato and by him diverted to 
mathematics, not only made his investigations accord- 
ing to Plato’s directions but set himself to do such 
things as he thought would fit in with the philosophy 
of Plato. 

Those who have compiled histories carry the 
development of this science up to this point. Not 
much younger than these is Euclid, who put together 
the elements, arranging in order many of Eudoxus’s 
theorems, perfecting many of Theaetetus’s, and also 
bringing to irrefutable demonstration the things 
which had been only loosely proved by his predeces- 
sors. This man lived in the time of the first Ptolemy ; 
for Archimedes, who came immediately after the first 
Ptolemy, makes mention of Euclid ; and further they 
say that Ptolemy once asked him if there was in 
geometry a way shorter than that of the elements ; 
he replied that there was no royal road to geometry.’ 
He is therefore younger than the pupils of Plato, but 
in the whole compass of the Elements of Euclid, except 
the new theory of proportion due to Eudoxus and its conse- 
quences, which was not in substance included in the recog- 
nized content of geometry and arithmetic by Plato’s time, 
although the form and arrangement of the subject-matter 
and the method employed in particular cases were different 
from what we find in Euclid” (cf. H.G..M. i. 357). As Plato 
died in 347 3.c., and Archimedes was born in 287 8.c., 
Euclid must have flourished about 300 g.c.; Ptolemy I 
reigned from 306 to 283 B.c. Had not the confusion been 
common in the Middle Ages, it would scarcely be necessary 
to point out that this Euclid is to be distinguished from 
Euclid of Megara, the philosopher, who lived about 400 s.c. 
A story about there being no royal road to geometry is also 


told of Menaechmus and Alexander (Stobaeus, Fel. ii. 31, 
ed. Wachsmuth 115). 
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Apxuu7sous. ovTo. ‘yap avyxpovor dAAjAots, ws 
mov drow "Eparoodevns. Kal TH Tpoatpecer de 
Tatewvirds éort Kai TH PtAocodia tavTy olKetos, 
obev oy) kal Tis oupmaons Xroryecwoews TEéAos 
MPOEOTHTATO Thy TOV Kadovpeveny TAarwvexdy 
oxnudrwv avoTraow. ToAAd pev obv Kat dAAa tod 
dvb pos TouTov pabnparica ouyypdupara Bavpa- 
otis axpiBeias Kal emornuovikns Oewpias peord. 
towtra yap Kal ta “Onrixa kat 7a Katontpixd, 
rowabrat S€ Kal ai KaTa povatKiy oToLyeLWoets, ETE 
dé Td epi Staipécewy BiBAéov. Siadepdvtws 8 dv 
Tes adrov dyaobetn Kata THY Tewperpuxny oTOoL- 
xelwow THs Ta fews evexa Kal Ths exAoyhs Tov 
Tmpos Ta OTOLXELA TETrOLNLEVOOY Dewpypdrov Te Kat 
7poBAnpdrev. Kal yap ody daa eveydper A€yew 
ard 60a atotyevoty 7OvvaTo mrapeiAngev, ere be 
Tous THY avAdoytop@v Tavroious TpdTOUs, TOUS pev 





2 Eratosthenes was born about 284 n.c. His ability in 
many branches of knowledge, but failure to achieve the 
highest place in any, won for him the nicknames ‘“‘ Beta” and 
‘* Pentathlos.”” He became tutor to Philopator, son of Ptolemy 
Euergetes (see infra, pp. 256-257) and librarian at Alexandria. 
He wrote a book Platonicus and another On Jeans (both 
lost). For his sieve for finding successive prime numbers, see 
supra, pp. 100-103 and for his solution of the problem of 
doubling the cube, infra, pp. 290-297. His greatest achieve- 
ment was his measurement of the circumference of the earth 
to a surprising degree of exactitude (see Heath, H.G.M. i. 
106-108, Greek Astronomy, pp. 109-112). 

> Tt is true that the final book of the Llements, as written 
by Euclid, dealt with the construction of the cosmic, or 
Platonic, figures, but the whole work was certainly not 
designed with a view to their construction. Euclid, however, 
may quite well have been a Platonist. 

¢ Euclid’s Optics survives and is available in the Teubner 
text in two recensions, one probably Euclid’s own, the other 
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older than Eratosthenes and Archimedes. For these 
men were contemporaries, as Eratosthenes? some- 
where says. In his aim he was a Platonist, being in 
sympathy with this philosophy, whence it comes that 
he made the end of the whole Elements the construc- 
tion of the so-called Platonic figures.? There are 
many other mathematical writings by this man, 
wonderful in their accuracy and replete with scientific 
investigations. Such are the Optics and Catoptrics, 
and the Elements of Music, and again the book On 
Divisions.© He deserves admiration pre-eminently in 
the compilation of his Elements of Geometry on account 
of the order and of the selection both of the theorems 
and of the problems made with a view to the elements. 
For he included not everything which he could have 
said, but only such things as he could set down as 
elements. And he used all the various forms of 
syllogisms, some getting their plausibility from the 


by Theon of Alexandria. It is possible that Proclus has 
attributed to Euclid a treatise on Catoptrics (Mirrors) which 
was really Theon’s; a treatise by Euclid on this subject is 
not otherwise known. ‘Two musical treatises attributed to 
Euclid are extant, the Sectio Canonis (Katarop7 xavdvos) and 
the Introductio Harmonica (Eicaywy? dppovixy) ; the latter, 
however, is definitely by Cleonides, a pupil of Aristoxenus, 
and it is not certain that the former is Euclid’s own. The 
book On Divisions (of Figures) has survived in an Arabic 
text discovered by Woepcke at Paris and published in 1851 ; 
see R.C. Archibald, Euclid’s Book on Division of Figures with 
a restoration based on Woepceke’s text and the Practica Ueo- 
metriae of Leonardo Pisano (Cambridge 1915). A Latin 
translation (probably by Gherard of Cremona, 1114-1187) 
from the Arabic was known in the Middle Ages, but the 
Arabie cannot have been a direct translation from Euclid’s 
Greek. The general character of the treatise is indicated by 
Proel. in Buel, i., ed. Friedlein 144. 22-26, as the division of 
figures into like and unlike figures. 
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dé t&v airiwy AayBdvovtas rH miotw, Tods Sé 
amo Texpnpiwv wppnpevous, mavtas bé advehéyetous 
Kal axpiBeis Kal pos émoriyny oiketous, mpds Se 
rovrots Tas peOddous amdogs Tas SiadeKtiKds, THY 
pev Starpetixny ev tais edpécear T&v cidav, THv SE 
OptaTiKyy ev Tois ovowwdect Adyous, THY 5é arTO- 
Seuxtucny é€v Tots amd apyav eis ta Cyrodpeva 
petaBdaoeat, TP de dvahurucny év tats amo Tt&v 
Cnroupevay él Tas apyas avaotpodais. Kal pny 
Kai Ta ToiAa Ta&v avriotpodav «id Tay TE 
amovotépwv Kai TOV cuvlerwrépwr tkav@s earw 
év TH Tpaypateta Tavry SinkpiPwpyeva Oewpeiv, Kat 
Tiva pev 6Xa Grows avrotpépew Suvarat, riva, 6€ 
dha pepect Kat dvarrahw, tiva 8é ws HEpn pEépeow. 
éru de A€yopev THY ouvexeray Tov evpéoewy, Thy 
oixovopiay kai rH Tag Tay TE Tponyoupeveny kal 
TOV émropeveny, Thy Sbvapuy, pO Hs € exaoTa mapa- 
didwow. H Kal To TUXOV mpoobets 7) 7 dpedery ovK 
emLoTHLNS AavOdves a anoTecwy Kal eis TO evavTiov 
peddos Kal THv dyvorav brevexbeis; ered) dé 
TOAAG pavTdlerat pev ws THs aAnOeias avTeyoueva 
Kal Tais émoTynpovKais apyats axodcviodvra, 
déperat S€ eis THY amo THY apy@v mAavnY Kai TOUS 





« Lit. “ causes,’ * but afriov clearly means the same here 
as px}, | as often in Aristotle, cf. Met. 41, 1013 a 16, icaxds 
dé Kat Ta aira Aéyerat mwavrTa yap Ta airta dpyat. 

> Geometrical conversion is to be distinguished from 
logical conversion, as described by Aristotle, Cat. xii. 6 and 
elsewhere. An analysis of the conversion of geometrical 
propositions is given by Proclus (in Eucl. i., ed. Friedlein, 
252. 5 et eq.) In the leading form of conversion (1 mpo- 
yyoupery dvristpopy, also called conversion par eweellence, 
q Kupiws dytecrpogH) the conversion is simple, the hypo- 
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first principles,* some setting out from demonstrative 
proofs, all being irrefutable and accurate and in 
harmony with science. In addition to these he used 
all the dialectical methods, the divisional in the dis- 
covery of figures, the definitive in the existential 
arguments, the demonstrative in the passages from 
first principles to the things sought, and the analytic 
in the converse process from the things sought to the 
first principles. And the various species of conver- 
sions,® both of the simpler (propositions) and of the 
more complex, are in this treatise accurately set forth 
and skilfully investigated, what wholes can be con- 
verted with wholes, what wholes with parts and 
conversely, and what as parts with parts. Again, 
mention must be made of the continuity of the proofs, 
the disposition and arrangement of the things which 
precede and those which follow, and the power with 
which he treats each detail. Have you, adding or 
subtracting accidentally, fallen away unawares from 
science, carried into the opposite error and into 
ignorance? Since many things seem to conform 
with the truth and to follow from scientific principles, 
but lead away from the principles into error and 


thesis and conclusion of one theorem becoming the conclusion 
and hypothesis of the converse theorem. The other form of 
conversion is more complex, being that where several hypo- 
theses are combined into a single enunciation so as to lead to 
a single conclusion. In the converse proposition the con- 
clusion of the original proposition is combined with the 
hypotheses of the original proposition, less one, so as to lead 
to the omitted hypothesis as the new conclusion. An example 
of the first species of conversion is Euclid i. 6, which is the 
converse of Fuclid i. 5, and Heath’s notes thereon are most 
valuable (The Thirteen Books of Euclid’s Elements, vol. i. 
pp. 256-257); an example of partial conversion is given by 
Euclid i. 8, which is a converse to i, 4. 
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émutoAaiotépous e€aratd, pefddovs Tapadddwkev 
Kat ris tovTwy Stoparixhs ppovncews, as exovTes 
yupvalew pév dSuvnodpefa tods apxopévous Tijs 
fewpias tavrns mpos Tv ebpecw Ta&v Tapadoyt- 
copay, aveEardrynro: dé Siapeverv. Kai todro 81) 
70 ovyypappa, 8.” od THy TapacKkeuiy jpiv TadTHV 
évriOnot, Vevdapiwy éréypaisev, porous te adtav 
motkiAovs év Taéer SdtaptOpnodpevos Kat Kal? 
éxaoTov yupvacas Hudv tiv Sidvoiay mavtotous 
Oewprjpact Kal TH Pevder Td GAnbes mapabels Kai 
Th melpa tov édeyyov Tis andrns svvappdcas. 
Tobro pev obtv TO PBiBAiov KaBaprixdy eoTe Kai 
yupvaotikdv, 4 S€ Lrotxeiwous adbris ris ém- 
oTnpoviKs Oewpias TOr ev yewpetpia mpaypatwy 
dvedéyxrov exer Kal TeAdctav bhryyow. 
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deceive the more superficial, he has handed down 
methods for the clear-sighted understanding of these 
matters also, and with these methods in our posses- 
sion we can train beginners in the discovery of para- 
logisms and avoid being misled. The treatise in 
which he gave this machinery to us he entitled 
{the book] of Pseudaria,* enumerating in order their 
various kinds, exercising our intelligence in each 
case by theorems of all sorts, setting the true side 
by side with the false, and combining the refutation 
of the error with practical illustration. This book 
is therefore purgative and disciplinary, while the 
Elements contains an irrefutable and complete guide 
to the actual scientific investigation of geometrical 
matters. 


2 This book is lost. It clearly belonged to elementary 
geometry. 
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The circle is bisected by its diameter 
Procl. in Euel. i., ed. Friedlein 157. 10-13 

To pev odv dixoTopetobar Tov KvKAOV br THs 
Stapérpov mpatov Oadfy éxeivov anodci~ai dacw, 
airia 8€ ris SixoTopias 7 Tis edOeias dmapéyKAtTos 
dia Tob Kevtpou ywpyats. 
The angles at the base of an isosceles triangle are equal 

Ibid, 250. 22-251. 2 

Aéyerar yap 5% mp@ros exeivos emorioat Kal 
etreiv, ws dpa travTds taooxedods ai pos TH Bdcee 
ywviat icas ciciv, apxaixurepov S€ Tas toas dpotas 
TpooerpyKevar. 








@ The word ‘‘ demonstrate” (dzodeiéar) must not be 
taken too literally. Even Euclid 
did not demonstrate this property 
of the circle, but stated it as the 
17th definition of his first book. 
Thales probably was the first to 
point out this property. Cantor 
(Gesch. d. Math. i*., pp. 109, 140) 
and Heath (#.G.M. i. 131) sug- 
gest that his attention may have 
been drawn to it by figures of circles 
divided into equal sectors by a 
number of diameters. Such figures 
are found on Egyptian monuments 
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The circle ts bisected by its diameter 
Proclus, on Euclid i, ed. Friedlein 157. 10-13 


Tuey say that Thales was the first to demonstrate 4% 
that the circle is bisected by the diameter, the cause 
of the bisection being the unimpeded passage of the 
straight line through the centre. 


The angles at the base of an isosceles triangle are equal 
Ibid. 250. 22-251. 2 


[Thales] is said to have been the first to have 
known and to have enunciated [the theorem] that the 
angles at the base of any isosceles triangle are equal, 
though in the more archaic manner he described the 
equal angles as similar.® 


and vessels brought by Asiatic tributary kings in the time 
of the eighteenth dynasty. 

> This theorem is Eucl. i. 5, the famous pons asinorum. 
Heath notes (H.G.Af. i. 131): “It has been suggested that 
the use of the word ‘similar’ to describe the equal angles 
of an isosceles triangle indicates that Thales did not yet 
conceive of an angle as a magnitude, but as a figure having 
a certain shape, a view which would agree closely with 
the idea of the Egyptian se-get, ‘that which makes the 
nature,’ in the sense of determining a similar or the same 
inclination in the faces of pyramids.” 
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The vertical and opposite angles are equal 
Ibid. 299. 1-5 
Totro rou 76 Oedipnua Seixvucw, dre Svo 
edberav adAjAas Tepvovady at Kata Kopudny yw- 
viot ioat elolv, etpnpevov pév, ws dyow Evdypos, 
ind Oadod mpwrov, tis Sé emornpoviKys dio- 
SeiLews HEvwpevov mapa TH Lrovyewwrh. 


Equality of Triangles 
Ibid, 352. 14-18 


Evdnyos 5€ ev tats yewperpixats isropiats ets 
Oadrjv totro avdyer TO Oewpnua. Thy yap TeV 
év Oaratryn TAviwy andatacw dv ob tpdrov daciv 
adrov Sexvivat TovTw mpooxypyobai dyow dava- 
ykatov. 


The angle in a semicircle is a right-angle 


Diog. Laert. i. 24-25 


Ilapad te Alyurriwy yewperpeiy pabdyta dnai 
Tlapdidn mp@rov xataypaysay KiKdAov TO Tpiywvov 





@ It is Eucel. i. 15. 

> The method by which Thales used the theorem referred 
to, Eucl. i. 26, to find the distance of a ship from the shore, 
has given rise to many conjectures. The most attractive is 
that of Heath (he Thirteen Elements of Euclid’s Elements, 
i, p. 305, I.G.4. i. 133). He supposes that the observer 
had a rough instrument made of a straight stick and a cross- 
piece fastened to it so as to be capable of turning about the 
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The vertical and opposite angles are equal 
Ibid, 299. 1-5 


This theorem, that when two straight lines cut one 
another the vertical and opposite angles are equal, 
was first discovered, as EKudemus says, by Thales, 
though the scientific demonstration was improved 
by the writer of the Elements.* 


Equality of Triangles 
Ibid, 352. 14-18 


Eudemus in his History of Geometry attributes this 
theorem to Thales. For he says that the method 
by which Thales showed how to find the distance of 
ships at sea necessarily involves this method.? 


The angle in a semicircle is a right-angle 
Diogenes Laertius i. 24-25 


Pamphila says that, having learnt geometry from 
the Egyptians, he was the first to inscribe in a circle 


fastening in such a manner so that it could form any angle 
with the stick and would remain where it was put. The obser- 
ver, standing on the top of a tower or some other eminence on 
the shore, would fix the stick in the upright position and direct 
the cross-piece towards the ship. Leaving the cross-piece at 
this angle, he would turn the stick round, keeping it vertical, 
until the cross-piece pointed to some object on the land, 
which would be noted. The distance between the foot of the 
tower and this object would, by Eucl. i. 26, be equal to the 
distance of the ship. -\pparently this method is found in 
many practical geometries during the first century of printing. 
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ép0oyavov, Kai Bicar Bodv. ot dé Iv8aydpav 
f Ld > > La < A 
daciv, dv éotw “ArodAAdSwpos 6 AoyioTiKds. 





* Pamphila was a female writer who lived in the reign of 
Nero and won much repute by her historical commonplace 
book (Luppixrwy toropirdy tropynpdrwv Adyot). She may 
have been right in ascribing to Thales the discovery that the 
angle in a semicircle is a right angle, but the passage bristles 
with difficulties. The reference to the sacrifice of an ox is 
suspiciously like the better-attested story that Pythagoras 
sacrificed oxen when he discovered a certain theorem. This 
story is told in a distich by Apollodorus reproduced below 
(p. 176). In reproducing that distich Plutarch says it is un- 
certain whether the theorem was that about the square on 
the hypotenuse of a right-angled triangle or that about the 
application of areas ; he does not mention the theorem about 
the angle in a semicircle. Diogenes Laertius probably made 
a mistake in bringing in Apollodorus ; the reference to the 
sacrifice of an ox made him think of Apollodorus’s distich 
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a right-angled triangle, whereupon he sacrificed an 
ox. Others say it was Pythagoras, among them 
being Apollodorus the calculator.? 


about Pythagoras, forgetting that they referred to a different 
proposition. 

There are also difficulties on the way of believing that 
Thales could have discovered the theorem that the angle in 
a semicircle is a right angle. Euclid (iii. 31) proves this 
theorem by means of i. 32, that the sum of the angles of any 
triangle is two right-angles. Now Eudemus, as will be found 
below, pp. 176-179, attributed to the Pythagoreans the dis- 
covery of the theorem that in any triangle the sum of the 
angles is equal to two right-angles. The authority of 
Eudemus compels us to believe that Thales did not know 
this theorem. Could he have proved that the angle in a 
semicircle is a right angle without previously knowing that 
the sum of the angles of any triangle is two right-angles ? 
Heath (H.G. MM. i. 136-1387) shows how he could have done so; 
and so Pamphila, for all her late date, may have preserved a 
correct tradition. 
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VI. PYTHAGOREAN GEOMETRY 
. (a) GENERAL 
Apollon. Mirab. 6; Diels, Vors. i5. 98. 29-31 


TivOaydpas Mvyodpyouv vids 7é pév mpa@rov 
Stevoveiro wept ra pabypata Kai Tovs apiOpous, 
vorepov 5€ more Kai THs Depexvdouv Teparorrotias 
ovK anéorn. 


Aristot. Met. A 5, 985 b 23-26 


"Ev 8€ rovros Kai mpd TovTwy of Kadovpevou 
Tvdaydpevor Tay palnpdarwr dybdpevor mparot 
tabrd TE mporyayov, kal evrpaderres € ev adtois 7as 
Tobrwv dpyas TOv ovrwy apxas @7Onoav elvae 
TravTWwV. 


Diog. Laert. viii. 24-25 


@nai & 6 *Ad€Eavdpos ev tais T&v diAdocdduw 
dvadoyais Kai tatra evpykévar ev Ilu8ayopixois 
bropvypacw. apxnv pev amdvrwy povdda: é€x dé 
Tis: Hovddos ddproTov dudda ws av vAnv TH povdds 
arin OVTt broorivat: ex 6€é TAS povddos Kal Tis 
dopiarov duddos TOUS aprBpous: ex Oe Tay dpb pay 
Ta onpcta: ex S€ ToUTwWY Tas ypappds, e€ dv ra 
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Apollonius Paradoxographus, On Marvels 6; Diels, Vors. 
P, 98, 29-31 ¢ 

Pyriracoras, the son of Mnesarchus, first worked at 

mathematics and numbers, and later at one time did 

not hold himself aloof from the wonder-working of 

Pherecydes. 


Aristotle, Metaphysics A 5, 985 b 23-26 
In the time of these men [Leucippus and Demo- 
critus] and before them the so-called Pythagoreans 
applied themselves to mathematics and were the first 
to advance that science ; and because they had been 
brought up in it they thought that its principles must 
be the principles of all existing things. 


Diogenes Laertius viii. 24-25 
Alexander in The Successions of Philosophers says 
that he found in the Pythagorean memoirs these 
beliefs also. The principle of all things is the monad; 
arising from the monad, the undetermined dyad acts 
as matter to the monad, which is cause; from the 
monad and the undetermined dyad arise numbers ; 
from numbers, points ; from these, lines, out of which 
* Apollonius is quoting Aristotle’s book On the Pytha- 
goreans, now lost. 
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emimeda oxnpara: ex de Tov emimédwy TA oreped 
oxnpara: ék dé TovTwr 7a aioOyra cwMpara, av 
kal Ta oTotxeia elvat TéTTapa., Tip, vowp, viv, 
apa: peraBadrew S€ Kal tpémeobat bv ddov, Kat 
yiecOau ef avrav KOopov Epipuxo’, voepov, opat- 
poe.o7, peony TEpLEXOVTE THY yy Kal adriyy 
odatpoedy Kal mepiorkoupevyy. 


Diog. Laert. viii. 11-12 


Totrov Kai yewpetpiav emi mépas ayayeiv, 
Moipides mpwrov ecipdvros tas apxas THY oToL- 
yelwv adris, was dnow *Avrixdreidns ev Sevtépw 
Ilepi "Aref dv8pov. pdAtora dé oxohdoar tov Ilv- 
Baydpav epi 70 dpeBpnrenov eldos abras TOV TE 
Kavdva TOV eK pas xoporjs evpetv. ovK nuddAnoe 5° 
008’ tatpixfns. gyot 8 "AmoAAddwpos 6 AoyioTiKds 
éxar ou Bny Bicat avrov, etpovta drt tot dpbo- 
yeoviov Tpeydivov 7 dmoretvovca meupa ts ioov dvva- 
Tat Tals Teptexovoais. Kal CoTW emlypappa oUTwWS 
€xov" 


tia THubaydpns TO mepuchees EUpEeTO ypdupa, 
Kev” ef oTm KAewhy yyaye Bovfuainv. 
2 Procl. in Fuel. i., ed. Friedlein 84. 13-23 
"Oca 8é Tpayparerwdeatépav exet Bewpiav Kal 
auvteAel apes THY GAnv pirooogiay, ToUTwY 7Tpo- 
Nyoupevny mromaopeba Try dropynow, Endodyres 
Tous IIvbayopetous, ols TpOXELpov mv Kat Tobro 
avpBodrov “ cyaua Kai Baya, add’ od cyaua Kai 
tpiwBodrov” evderxvupevwv, ws dpa det Ti yew- 
petpiay éxeivny petadiudKkev, 4 Kal? éxaorov 
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arise plane figures : from planes, solid figures ; from 
these, sensible bodies, whose elements are four— 
fire, water, earth, air; these elements interchange 
and turn into one another completely, and out of 
them arises a world which is animate, intelligent, 
spherical, and having as its centre the earth, which 
also is spherical and is inhabited round about. 


Diogenes Laertius viii. 11-12 


He [Pythagoras] it was who brought geometry to 
perfection, after Moeris had first discovered the be- 
ginnings of the elements of that science, as Anti- 
cleides says in the second book of his History of 
Alexander. He adds that Pythagoras specially applied 
himself to the arithmetical aspect of geometry and 
he discovered the musical intervals on the mono- 
chord; nor did he neglect even medicine. Apollo- 
dorus the calculator says that he sacrificed a hecatomb 
on finding that the square on the hypotenuse of the 
right-angled triangle is equal to the squares on the 
sides containing the right angle. And there is an 
epigram as follows : 


As when Pythagoras the famous figure found, 
For which a sacrifice renowned he brought. 


Proclus, on Euclid i., ed. Friedlein 84. 13-23 


Whatsoever offers a more profitable field of research 
and contributes to the whole of philosophy, we shall 
make the starting-point of further inquiry, therein 
imitating the Pythagoreans, among whom there was 
prevalent this motto, ‘“ A figure and a platform, not a 
figure and sixpence,’’ by which they implied that the 
geometry deserving study is that which, at each 
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Oedpnpa Pipa 7iPnow «is dvoSov Kal amaipet THY 
poyty eis dybos, add’ obK év tois aicOyrois KaTa- 
Baivew adinow Kal tHv avvoiKov Tots Ovnrois 
xpetav dnonAnpoty Kal tadrns atoxalopevny Tis 
evred0ev Tepiaywyhs Katapereiv. 


Plut. Non posse suav. vivi sec. Epic. 11, 1094 8 


Kai Ilvdayépas eri 7@ Staypdppare Body eOvcev, 
ds dnow ’AmoAdAddwpos: 


jvica UvOaydpas 76 mepixdeés etpeto ypdppa 
xe’ ed” drw apmpiHy yyero Bovdvainv. 


elre rept ris imorewovons ds icov dvvarar Tais 
mepexovous tiv dpOnv, cite mpdprnpa mepi Tob 
xwpiov Tis mapaPodAjs. 


Plut. Quaest. Conv. viii. 2. 4, 720 4 


*Eore yap év Tois yewperpikwrdros Bewpipact, 
padAov S€ mpoPAjpaor, 7d Sveiv «iSdv Sobévrwy 
Mv f 7 a \ Ww ~ >, o 
do rpirov mapaBddAew 7H ev loov TH 3° dpotov: 
>7> e a > rs ~ A €. 
ed’ & xai pacw eLevpeBevre Jiaai tov Tlvdaydpar. 
TOAD yap apére yAadupwrepov Tobira Kai povat- 
Kwtepov exelvov Tod Oewpyparos, Oo THY tmo- 
reivovoay amédseke tats mept THv dpOjv iaov 


Suvapevyv. 


(6) Sum oF THE ANGLES OF A TRIANGLE 
Procl. in Eucl. i., ed. Friedlein 379. 2-16 
Evdnpos bé 6 TEPLTIATHTLKOS ets tovs ITvbayo- 
pelous dvaréumet riv todse Tot Oewpypatos «t- 


peow, St. tplywvov dav Svotv dpbais toas Exe 
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theorem, sets up a platform for further ascent and 
lifts the soul on high, instead of allowing it to descend 
among sensible objects and so fulfil the common needs 
of mortal men and in this lower aim neglect con- 
version to things above. 


Plutarch, The Epicurean Life 11, 1094 8 
Pythagoras sacrificed an ox in Virtue of his pro- 
position, as Apollodorus says— 


As when Pythagoras the famous figure found 
For which the noble sacrifice he brought “~ 


whether it was the theorem that the square on the 
hypotenuse is equa- to the squares on the sides con- 
taining the right angle, or the problem about the 
application of the area. 


Plutarch, Convivial Questions viii. 2. 4, 720 

Among the most geometrical theorems, or rather 
problems, is this—given two figures, to apply a third 
equal to the one and similar to the other; it was 
in virtue of this discovery they say Pythagoras 
sacrificed. This is unquestionably more subtle and 
elegant than the theorem which he proved that the 
square on the hypotenuse is equal to the squares on 
the sides about the right angle. 


(6) Sum or THE ANGLES OF A TRIANGLE 


Proclus, on Euclid i., ed. Friedlein 379. 2-16 
Eudemus the Peripatetic ascribes to the Pytha- 
goreans the discovery of this theorem, that any 
triangle has its internal angles equal to two right 


9 See supra, p. 168 n. a, and p. 174. 
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A 5S 4 ? X\ 4 ‘ > AY 
ras evTos ywvias. Kal dexvivat dyno atbrovs 
oe A a ” id 3 
oUTws TO mpokeievov. €otw tpiywvov vo ABT’, 
Kai 7x8w da rob A 7H BI mapddAndos 7 AE. 
émel ovv trapdAAndot efow ai BY, AE, kai ai 
évarra€ ioat eiaiv, ion dpa 7 pev bd AAB 79 76 
ABD, 7 5é€ dd EAT 7H b7d ATB. kow mpoo- 
xelaOw 4 BAD. ai dpa iad AAB, BAT, TAE, 
routéotw at b7o AAB, BAE, rourgotw ai dvo 
6pbai ioat eioi tais rob ABI’ rpuywvou tpiot yw 
¢ € v na ~ , ff > ~ 
vias. at dpa tpeis tod tprywvouv Saw dpbais 


> ” 
elouv toa. 


(c) ‘‘ Pyruacoras’s THEorEM ” 


Eucl. Elem, i. 47 


id ~ > 0 f ra ‘ > A ~ A 
v tots dpboywriots Tprydvois TO amd THs THY 
épOnv ywviav drorewovans mAcupas TeTPaywvov 
igov €oTt Tots amo T&v THY dpOiy ywviay Tept- 


sxova@v mAcup@v TeTpaywvots. 


"Eotw tpiywvov dpboydviov ro ABT dpbip 
éxov 77v b7d BAT ywvriav: Adyw dre 76 amd THs 
BI’ rerpaywvov icov éori tots dno tev BA, AT 


TeTpaywvots. 
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angles. He says they proved the theorem in question 


A A E 


B r 


after this fashion. Let ABI be a triangle, and 
through A let AE be drawn parallel to BI. Now 
since BI’, AE are parallel, and the alternate angles 
are equal, the angle \AB is equal to the angle ABT, 
and EAT’ is equal to AT'B. Let BAI be added to 
both. Then the angles AAB, BAT’, PAE, that is, the 
angles AAB, BAE, that is, two right angles, are equal 
to the three angles of the triangle. Therefore the 
three angles of the triangle are equal to two right 
angles. 


? 


(c) ‘‘ Pyruacoras’s THEoREM ’ 
Euclid, Zlements i. 47 


In right-angled triangles the square on the side sub- 
tending the right angle is equal to the squares on the sides 
containing the right angle. 


Let ABI be a right-angled triangle having the 
angle BAY right; I say that the square on BI is 
equal to the squares on BA, AT. 
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*Avayeypidlu yap amd pev tis BL retpdywvov 
76 BAED, dao 5€ rév BA, AT’ ra HB, OF, xai 
dua. rob A dnorépa tav BA, TE mapadAndos Hybw 
9 AA- kat évefedxfwov ai AA, ZDP. kat eel 


8 
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For let there be described on BI the square BAET, 
and on BA, AT the squares HB, OT [Eucl. i. 46], and 
through A let AA be drawn parallel to either BA or 
TE, and let AA, ZT’ be joined.* Then, since each of 


@ In this famous ‘‘ windmill”’ figure, the lines AA, BK, 
TZ meet ina point. Euclid has no need to mention this fact, 
but it was proved by Heron; see infra, p. 185 n. b. 

If AA, the perpendicular from 
A, meets BI in M, as in the de- A 
tached portion of the figure here 
reproduced, the triangles MBA, 

MAT are similar to the triangle 
ABL and to one another. It 
follows from Fucl. Elem. vi. 4 
and 17 (which do not depend on BM rT 
i. 47) that 
BA?=BM . BI, 
and AI?=IM. Br. 


Therefore BA? + AI? =BYr (BM +IM) 
=BIr. 


The theory of proportion developed in Euclid’s sixth book 
therefore offers a simple method of proving “‘ Pythagoras’s 
Theorem.” This proof, moreover, is of the same type as 
Fuel. Elem. i. 47 inasmuch as it is based on the equality of 
the square on BI to the sum of two rectangles. This has 
suggested that Pythagoras proved the theorem by means of 
his inadequate theory of proportion, which applied only to 
commensurable magnitudes. When the incommensurable 
was discovered, it became necessary to find a new proof 
independent of proportions. Euclid therefore recast Pytha- 
goras’s invalidated proof in the form here given so as to get 
it into the first book in accordance with his general plan of 
the Elements. 

For other methods by which the theorem can be proved, 
the complete evidence hearing on its reputed discovery by 
Pythagoras, and_ the history of the theorem in Egypt, 
Babylonia, and India, see Heath, The Thirteen Books of 
Euclid’s Elements, i.. pp. 351-366, A Manual of Greek 
Mathemat ics, pp. 95-100. 
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68 éotw éxatépa Tav bo BAY, BAH youve, 
™mpos 7) Tun ed0eia TH BA Kal TO mpos dry 
onpeiy TO A do edbeia ai AT, AH pa emi Ta 
avTa pépn Keipevas tas efeEjs ywrias dvalv 
dpbais tcas movodaw: én” edbeias dpa éoriv 47 TA 
7h AH. dia ra adra 579 Kai 7 BA 7H AO éorw 
én edletas. Kal éret ton éotlv 7) imo ABT ywvia 
7H 76 LBA: 6pOy yap éxatépa: Kow?h mpocKeiobw 
» bro ABI: ohn dpa q bo ABA ody 7H bro ZBI 
€orw ion. Kal eet ton éoriv » pev AB rH BI, 

9 d€ ZB 7H BA, dv0 oy) ai AB, BA 8vo rais 
ZB, BMI toa cioty Exarépa éExarépa: Kal ywvia F 
Snd ABA yovia TH b70 ZBP ton: Baots dpa 4 AA 
Baoee TH zr [eorey] t ton, Kal TO ABA Tplywvov TO 
ZBI STpeyeve éorly igov: cai [éor] rod pev ABA 
Tprywvov SutAdovov 70 BA mrapaddndoypapp.ov 
Bdow TE yap Thy adTyy exovar Thv BA Kai év tats 
avrats eiat mapadArjrots tats BA, AA: rod 8¢€ ZBI 
Tprywrou dimAdovv ro HB reqpayovey: Bdow re 
yap madw tiv adtiy éxovor Thy ZB Kai év rats 
adrais elou TrapaddrjAous rats ZB, HT. [ra dé 
Tay lowy dumAdava ts toa aAdAnAots oriv'] igov dpa 
€oTi Kal TO BA TraparAnAdypaypov 7@ HB rte- 
Tpaywvw.  dpoiws 8% emlevyvupevwy zvav AE, 
BK SdeyOjoerar kal ro TA Trapaddn Ady papeiov 
ioov 7@ OF TeTpayaiven- édov dpa 7d BAET re- 
Tpdywvov buat Tots HB, OF TETpayavors igov 
cotiv. Kal éore To pev BAEP TeTpdywvov amo THs 
Br dvaypadev, va de HB, OF a amo TOV BA, AD. 
70 dpa dard THs BI mleupas TeTpadyewvov igov €ort 
Tots amo tay BA, AT wievpav TeTpayavors. 

°Ev dpa rots Spboyesviois Tptywvois TO ATO THS 
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the angles BAT, BAH is right, it follows that with a 
straight line BA and at the point A on it, two straight 
lines AI, AH, not lying on the same side, make the 
adjacent angles equal to two right angles ; therefore 
TA is ina straight line with AH (Eucl. i. 14]. For 
the same reasons BA is also in a straight line with AO. 
And since the angle ABI’ is equal to the angle ZBA, 
for each is right, let the angle ABT be added to each ; 
the whole angle AB.\ is therefore equal to the whole 
angle ZBI’. And since \B is equal to BI’, and ZB to 
BA, the two [sides] \B, BA are equal to the two 
[sides] Br, ZB respectively : and the angle ABA is 
equal to the angle ZBI. The base AA is therefore 
equal to the base ZI’, and the triangle ABA is equal to 
the triangle ZBI [Eucl. i. +]. Now the parallelogram 
BA is double the triangle ABA, for they have the 
same base B-\ and are in the same parallels BA, AA 
{Kucl. i. 41]. And the square HB is double the tri- 
angle ZBI’, for they have the same base ZB and are 
in the same parallels ZB, Hl’. Therefore the paral- 
lelogram BA is equal to the square HB. Similarly, if 
AK, BK are joined, it can also be proved that the 
parallelogram [.\ is equal to the square OF, There- 
fore the whole square BAEIT is equal to the two 
squares HB, OI’. And the square BAET is described 
on BI’, while the squares HB, OI are described on 

BA, AT. Therefore the square on the side BI is 
equal to the squares on the sides BA, AT. 

Therefore in right-angled triangles the square on 





1 om. Heiberg. The words are equivalent to Common 
Notion 5, which must also be an interpolation as it is covered 
by Common Notion 2, xai éav icots toca mpooreff, ra 6Aa early 
ica, “if equals are added to equals the wholes are equal.” 
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Thy dpOnv ywriav brorewvovans TAEupas TeTpd-ywvov 
a ~ > A 
icov €oti Tois amo Ta&v tiv opOny [ywviar] Tept- 
~ ~ MF a“ 
exovody mAeupav TeTpaydvots* omep edew Setar. 


Procl. in Eucl. i., ed. Friedlein 426. 6-14 
Tév peév ioropeiv 7a apyata BovAopévwv dxovov- 
tas TO Oewpnua tobdto eis IvOaydpay avarep- 
irovrwy eotiv edpeivy kai Bovbdrny eyovTwv adrov 
3.4 ~ € 4 LJ a be cA x: ‘ A 
émi TH edpéce. eyw 5é€ Bavpalw pév Kat rods 
mpwrous emoravras TH Tovde TOO Dewpryparos 
adn beta 6 bé & « rov & qv, od 
mbeta, peldvws dé dyapar Tov UroryewwrHv, od 
povov rt dv’ amodei~ews evapyeardarys TobTo KarT- 
, > > o ‘ ‘A ri i “~ 
edjoaTo, GAA’ Ste Kal Td KaboAKdTepov adrod 
a > A > 
tois aveAdyxrous Adyous THs emorHpns enlecev ev 
Te Extw PiPrj{w. 
Ibid. 429, 9-15 
Tis 8é rob Lroryewrot amodei~ews ovens 
pavepds ovdev nyotpar Seiv mpoobeivar mepuirrov, 
aAda, apketobar Tots yeypappevos, ered Kal door 
4 ae / € c ‘\ oe \ 
mpooebeady tue mAcdv, ws ot mept “"Hpwva kat 
IIdarov, qvayxdcOncav mpoodafety te Tdv ev rH 
exTm Sederypevav, oddevos Evera mpaypareimdous. 





@ Euel. vi. 31. Ln right-angled triangles the figure on the 
side subtending the right angle is equal to the similar and 
similarly described figures on the sides containing the right 
angle, 

» By of wepi “Hpwva xai Wdazov Proclus doubtless means, in 
accordance with his practice elsewhere, Heron and Pappus 
themselves. Pappus, in Coll. iv. 1, ed. Hultsch 176-178, 
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the side subtending the right angle is equal to the 
squares on the sides containing the right angle; 
which was to be proved. 


Proclus, on Euclid i., ed. Friedlein 426. 6-14 


If we listen to those who wish to relate ancient 
history, we find some of them attributing this theorem 
to Pythagoras and saying that he sacrificed an ox 
upon the discovery. For my part, while I admire 
those who first became acquainted with the truth of 
this theorem, I marvel more at the writer of the 
Elements, not only because he established it by a 
most lucid demonstration, but because he insisted 
on the more general theorem by the irrefutable 
arguments of science in the sixth book.* 


Ibid. 429. 9-15 


The proof by the writer of the Elements being 
clear, I think that it is unnecessary to add anything 
further, and that we may be content with what has 
been written, since, in fact, those who have added 
anything more, such as Heron and Pappus, were 
compelled to make use of what is proved in the 
sixth book, with no real object.? 


generalized “‘ Pythagoras’s Theorem ” by proving that if any 
triangle is taken (nut necessarily right-angled), and any 
parallelograms are described on two of the sides, their sum 
is equal to a third parallelogram. Proclus’s words can, 
however, hardly refer to this elegant theorem. Heron is 
known from the Arabic commentary of an-Nairizi on Euclid’s 
Elements (ed. Besthorn-Heiberg 175-185) to have proved 
that in Euclid’s figure AA, BK, PZ meet ina point. Heron 
used three lemmas proved on the principles ot Book i. alone, 
but they would more easily be proved from Book vi. It is 
quite likely that Proclus reters to this proof. 
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(d) Tut Apprication or AREAS 


One of the greatest of Pythagorean discoveries was 
the method known as the application of areas, which 
became a powerful engine in the hands of successive 
Greek geometers. The geometer is said to apply 
(wapaBdéAAer) an area to a given straight line when a 
rectangle or parallelogram equal to the area is con- 
structed on that straight line exactly ; the area is said 
to fall short or be deficient (€XAeivevv) when the rect- 
angle or parallelogram is constructed on a portion of 
the straight line ; and to exceed (iwepBd\Acv) when 
the rectangle or parallelogram is constructed on the 
straight line produced. The method is developed in 
the following propositions of Fuclid’s Elements : 
i, dt, 455 i1.5, 6,115 vi. 27, 28,29. These proposi- 


Procl. in Euel, i., ed. Friedlein 419. 15-420. 12 

"Kort pev apxata, pactv of wept tov EvSypov, cat 
Tis Tav UWvbayopeiwy povons etpryyara tatra, 7 
te TapaBody T&v xwpiwv Kai 7 taepBody Kai 7 
EMeufus. amd dé TovTwY Kai ot vedTEepor Ta 
dvopata AaBdvres petiyayov attra Kal éml ras 
Kwvikas Aeyouevas ypaypds, Kal TovTwy Thy pév 
mapaBodjny, tiv Se drepBodjy Kadeaavres, TH 5é 
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tions are equivalent to the solution of quadratic 
equations, not only in particular cases but in the most 
generalform. The application of areas ( ru pitfBoXi) TOV 
xoplor) i is therefore a vital part of the “ geometrical 
algebra” of the Greeks, who dealt in figures as 
familiarly as we do in symbols. This method is the 
foundation of Euclid’s theory of irrationals and 
Apollonius’s treatment of the conic sections. The 
subject will be introduced by Proclus’s comment on 
Fucl. i. +4, and then the relevant propositions of 
Euclid will be given, with their equivalents in modern 
algebraical notation. Though the precise form of the 
later propositions cannot be due to Pythagoras, de- 
pending as they do ona theory of proportion invented 
by Eudoxus, there can be no doubt. as Eudemus said, 
that the method goes back to the Pythagorean 
school, and most probably to the master himself. 


Proclus, on Euclid i., ed. Friedlein 419, 15-420, 12 


These things are ancient, says Eudemus, being 
diseoveries of the Muse of the Pythagoreans, 
I mean the application of areas, their exceeding 
and their falling short. From these men the 
more recent gcometers took the names that 
they gave to the so-called conic lines, calling one 
of these the parabola, one the hyperbola and one 
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eMeupw, exeivav T&v Tadaidv Kai Oeiwy avdpav 
> > f inl f A > a CA 
ev emmédw Kataypadh ywpiwy mpos edbetay wpt- 
opevny Ta 70 TOUTWY ONnpaivdpeva THY dvopatw 
€ ? a x > , ? , i \ 
opwvrwyv. dorav yap edlelas éexxeyévns 76 Sobev 
xwpiov mdon TH <dleia ovprapareivys, TOTe Tapa- 
, > ~ 4 ft ca a cal A 
BddAew exelvo 76 ywpiov daciv, drav peilov Sé 
Toinans Too xwplov TO pHKos adbtis THs edbeias, 
/ 4 , a \ a € ~ , 
tore brrepBddrew, drav dé éhagaov, ws TOO ywpiov 
a, > / ~ i) , ? rd , b 
ypadévros elvai te tis edOelas exrds, réTe éA- 
Neirew. Kal odrws ev TH Extw BiPriw Kal ris 
brepBodjs 6 EddAcidns prvnuoveder Kal tis éA- 
Aeiibews, évraifa dé ris mapaBodAjs eeyjOn rh 
Sobévr. tpryévw Tapa tHv Sobcicay edOciav toov 
eGdrwv mapaPfarety [rapadAndAdsypappov], tva jp) 
povov atataow eéxwpev mapadAnroypdupov TB 
8 Od , ” LrAG \ > ? an” 
ofevre tprywvw tcov, adAdd Kal wap’ edletav 
Opiopevnv trapaBodAny. 


Euel. Elem. i. 44 

Ilapa rH S0bcicay edbeiav 7H S0bevTi tprydven 
isov mapaddAnAdypappov trapaBareiv ev 7H Sobeion 
yovia ed0vypdppw. 

"Korw } pev S00cioa edfcia 4 AB, 7d 5é S06ev 
tptywvov 76 1, 4 8€ S08etoa ywria edOvypappos 7 
A: det 8 mapa tiv Sobeicav <dOctay tiv AB 7h 
Sobevre tprydva 7@ T tcov mapadAnAdypappov 
mapapadeiv év ion TH A ywvia. 
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the ellipse, inasmuch as those god-like men of old saw 
the things signified by these names in the construc- 
tion, in a plane, of areas upon a finite straight line. For 
when a straight line is set out and you lay the given 
area exactly alongside the whole of the straight line, 
they say that you apply that area; but when you 
make the length of the area greater than the straight 
line, then it is said to exceed, and when you make it 
less, so that when the area is drawn a portion of the 
straight line extends beyond it, it is said to fall short. 
In the sixth book Euclid speaks in this way both of 
exceeding and of falling short, but here he needed 
only the application, as he sought to apply to the 
given straight line an area equal to the given triangle, 
in order that we might have not only the construction 
of a parallelogram equal to the given triangle, but 
also its application to a finite straight line. 


Euclid, Elements i. 44 

To a given straight line to apply in a given rectilineal 
angle a parallelogram equal to a given triangle. 

Let AB be the given straight line, I’ the given 
triangle and .\ the given rectilineal angle ; then it is 
required to apply to the given straight line AB, in an 
angle equal to the angle A, a parallelogram equal to 
the given triangle I’. 
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Luveordrw 7a 7 Tpryave@ igov mapadAnrs~ 
ypappov 76 BEZH ép yovia 7H tro EBH, Oo ear 
ion TH A’ kat Kelo8w dote én” cvdeias etvou THY 
BE 79 AB, Kai Bux 4 ZH emi 76 ©, wat da 
tou A Orrore pa vTav BH, EZ mrapddAn os 4x9w n 
AO, kai éeveledyOw 7 OB. Kai eel eis mrapahay- 
Aous tas AO, EZ edfeia evérecev 7, OZ, ai dpa 
bao AOZ, OZE ywviat Svat dpOais eiow toa. af 
dpa tro BOH, HZE 8vo dpOdv éddacovds «iow: 
ai d€ dad eAacodvwy 7 S00 dpOdy eis dzretpor 
éxBadAopevat ovpmintovaw: at OB, ZE dpa 
exBadAdpevat cuptecodvrar. éxBeBAncOwoay Kal 
oupminréerwoay Kata TO K, kai dia tod K onpetov 
énotépa THv EA, ZO mapadAnros 7yOw 4 KA, cat 
éxBeBAjoOwoav ai OA, HB emi 7a A, M onpeta. 
TrapadAnAdypappov dpa é€oti 76 OAKZ, diapetpos 
Sé adrot 7 OK, epi dé ryv OK tapaddAnAdcypappa 
pev ta AH, ME, 7a 5€ Acyopeva waparAnpdpara 
7a AB, BZ- icov dpa éori ro AB 7 BZ. adda 
76 BZ 7 T tprydvw early loov- Kai ro AB dpa 
7 T\ éorw ioov. Kai émet tan éoriv 7 tnd HBE 
yovia tH to ABM, adda 7 to HBE 7H A éorw 
ion, Kal 4 t7o ABM dpa 7H A ywvria €otiv ion. 

Tlapa ryv Sofcicay dpa edfetav thy AB 7 
dobevre Tpyeovep 7 T icov Geral (cae 
mapapeBAnrac 7o AB ép yeovig th two ABM, 


€or ion 7H A> 6mep dev movjout. 





@ Since any rectilineal figure can be divided into triangles. 
this proposition can be used to solve Euclid’s next problem 
(i. 45), which is: 7@ S00évr. edOvypdypw icov mapaddyrJ- 
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Let the parallelogram BEZH be constructed, equal 
to the triangle I’, in the angle EBH which is equal 
to A [i. 42]; and let it be placed so that BE is in a 
straight line with AB, and let ZH be produced to 0, 
and through A let AO be drawn parallel to either 
BH or EZ [i. 31], and let 6B be joined. Then, 
since the straight line 0Z falls upon the parallels 
AQ, EZ, the angles AOZ, OZE are equal to two right 
angles [i. 29]. Therefore the angles BOH, HZE are 
less than two right angles. Now the straight lines 
produced indefinitely from angles less than two right 
angles will meet. Therefore OB, ZE, if produced, 
will meet. Let them be produced and let them 
meet at K, and through the point K let K.\ be drawn 
parallel to either EA or ZO [i. 31], and let OA, HB 
be produced to the points .\, M. Then O.AKZ is a 
parallelogram, OK is its diameter, and AH, ME are 
parallelograms, .\B, BZ the so-called complements, 
about OK. Therefore AB is equal to BZ [i. 43]. 
But BZ is equal to the triangle I’, and therefore AB 
is equal to [Common Notion 1]. And since the 
angle HBE is equal to the angle ABM [i. 15], while 
the angle HBE is equal to A, therefore the angle 
ABM is also equal to A. 

Therefore the parallelogram .\B, equal to the given 
triangle I, has been applied to the given straight 
line AB in the angle ABM which is equal to A; which 
was to be done.? 
ypappov ovaryaacbar ev 7H Sobcion ywria edbvypdpyw (to 
construct, in a given rectilineal angle, a parallelogram equal 
toa given rectilineal figure). The method is obvious and will 
not here be repeated. Proclus (in Fuel. i., ed. Friedlein 
422, 24-493. 5, cited infra, p. 316) observes that it was in 
consequence of this problem that ancient geometers were 
led to investigate the squaring of the circle. 
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Fuel. Elem, ii. 5 


3 a 3 ~ xX lod > w 7 w A 

Eady edéeia ypaypn tun OF els toa Kal dvica, TO 
tao T&v dvicwy Tis GAns TUNMaTWwWY TEpLtexdpeEvoV 
dpboywuov peta Tob ard THS peTakd THY ToUdy 
Terpaywvouv igov €oTi TH amd THs Hyrocias Te- 
Tpayovw. 

Evéeta yap tis 7 AB rerpHc8w eis wév toa Kara 

A > \ »¥ \ A f o . Se A ~ 
76 I’, eis b€ dvica Kata To A: Xéyw, bt. 76 bd THY 
AA, AB zeptexdpevov dpPoywviov peta Tob azo 

~ - mw” 3 ‘ ~ > ‘ ~ 
ths TA rerpaywvouv icov dori 7@ amo rHs TB 
TETPAYAVY. 

’"Avayeypadlw yap amd tis TB retpdywvov 7d 
TEZB, kai éreledyOw 7 BE, xai dca pév tod A 
érorépa tov TE, BZ rapaAAydos yw 7 AH, dd 
8¢ tod © omoteépa trav AB, EZ rapddAndos maAw 
4x9w 4 KM, Kai wédAw 81a tod A omorépa Tov 
TA, BM zapddAndos 7x8w 4 AK. Kai émet icov 
‘3 . \ P , 7X ‘8 
éori 76 TO rapandAjpwpya tO OZ waparAnpdpare, 
Kowvov mpocketabw tro AM: GAov dpa ro TM dAw 
7® AZ ioov €oriv. adda 76 TM 7H AA ioov 
egriv, evel kat y AT 77 TB eorw ton: wai ro AA 
” ~ wv > ft ‘ , ‘ 
dpa 7@ AZ iaov €oriv. Kowdv mpocxeicbw 7d TQ: 
édov dpa to AO 7G MNE yrapou icov éeoriv. 


adda, 76 AO 70 bad tav AA, AB édotw: ton yap 7) 





@ Lit. “ between the sections.” 

> The gnomon is indicated in the figure of the uss. by the 
three points M, N, © and a dotted curve; there are thus in 
the figure two points M which should not be confused. In 
the next proposition a similar gnomon is described as NEO, 
and perhaps this is what Euclid here wrote, 
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Euclid, Klements ii, 5 


If a straight line be cut into equal and unequal segments, 
the rectangle contained by the unequal segments of the 
whole together nith the square on the line between the 
points of section % is equal to the square on the half. 

For let a straight line AB be cut into equal seg- 
ments at I’, and into unequal segments at A; I say 


A r A B 


M 





E H Z 


that the rectangle contained by AA, AB with the 
square on I’ is equal to the square on TB. 

For let the square PEZB be described on TB [i. 46] 
and let BE be joined, and through A let \H be drawn 
parallel to either 'E or BZ, and through 0 let KM 
again be drawn parallel to either AB or }Z, and again 
through A let AK be drawn parallel to either [A or 
BM [i. 31}. Then, since the complement I'O is equal 
to the complement OZ [i. 43], let AM be added to 
each ; therefore the whole PM is equal to the whole 
AZ. But I'M is equal to A.A, since AT is also equal 
to TB {i. 36]; and iherefare AA is equal to AZ. 
Let T'@ be added to each : therefore the whole AQ is 
equal to the gnomon MN=.° But AO is the rect- 
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AO@ 7H AB: cai 6 MNE dpa yraipowv isos éori TO 
vad AA, AB. xowsdv apookeicbw 76 AH, 6 éorw 
isov r@ amo THs TA- 6 dpa MNE yrodpwr kal 
76 AH ioa éeori 7@ br THY AA, AB weptexonerw 
> a 4 ~ > 5 ~ + , > A 
éploywriw Kal T@ and THs TA Terpaydvw. dAdAd 
6 MNE yooipwv cai ro AH ddov dori ro TEZB 
Terpaywvov, 6 eat amo THs TB: ro dpa bao téy 
AA, AB qeptexdpevov dpPoydyov peta Tod amo 
~ tA Ww > ‘7 ~ > 4 ~ 
ths TA retpaydvou tcov €oti 7H ano tis TB 
TeTpaywve. 

"Kav dpa Kr. 





@ If the unequal segments are p, g, then this theorem is 
equivalent to the algebraical proposition 


+ 2 + 1 
pat (?34-9) =(®3*) 


+ 2 = 2 
«(38 (58) aa 


This gives a ready means of obtaining the two rules, respect- 
ively attributed to the Pythagoreans and Plato (see supra, 
pp. 90-95) for finding integral square numbers which are the 
sum of two other integral square numbers. Putting p=n?, 


q=1, we have 
(ety aa) ‘ 
sae fa aa) ar 


In order that the first two squares may be integers, » must 
be odd. This is the Pythagorean rule. 
Putting p=2n*, g=2, 
we have (n? + 1)?- (n?- 1)? =4n?, 
This is Plato‘s rule, starting from an even number 2n. 
The theorem can be made to yield a result of even greater 


interest, namely, the geometrical solution of the quadratic 
equation 





ax— 2? =8?, 
as is shown by Heath (The Thirteen Books of Euclid’s Ele- 
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angle AA, AB ; for \O is equal to AB ; and therefore 
the gnomon MNZ& is equal to the rectangle AA, AB. 
Let AH, which is equal to the square on ['\, be added 
to each; therefore the gnomon MNE and AH are 
equal to the rectangle contained by A-\, \B and the 
square on TA. But the gnomon MNE and AH are 
the whole square TEZB, which is described on TB ; 
therefore the rectangle contained by AA, AB to- 
gether with the square on I'A is equal to the square 
on I'B. 
Therefore, etc.% 


ments, vol. i. p. 384, and H.G.M. i. 151, 152), following 
Simson; see also Loria, Le scienze esatte nell’ antica 


Grecia, pp. 42-45. 
If AB=a, AB=2, 


then the theorem shows that 
(a- 2).¢=the rectangle AO =the gnomon MN&. 


If the area of the gnomon is given ( =8?), then we have 
av ~ x? =b?, 
To solve this equation 
geometrically is to find 
the point A, and in Pyth- A ‘A B 
agorean language this is 
to apply to a_ given 
straight line (a) a rect- 
angle which shall be equal 
to a given square (b*) and 
shall fall short by a O 
square figure, that is, to 
construct the rectangle 
AO or the gnomon MNE. 
Draw TO perpendicu- 
lar to AB and equal to 6. 
With centre O and radius equal to 'B ( = $a) describe a circle. 
Provided that 6 is greater than 3a, this circle will cut AB in 
two points. One of these is the required point A, AB=2, and 
the rectangle A@ can be constructed. 
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Euel. Elem. ii. 6 

*Eav etOecia yeappen tpn OA dixa, mpooreb bé 
Tis abTH eveta én ev0eias, TO bd THs dAns ovv 
Th TpooKerpery Kal Tis Tpookewpevn)s TEplEXOEVOV 
opboycdveov pea Tob amo THs Huecetas TeTpayesvov 
tov éori T@ a7 Tis ovyKeperns ex Te THS 

hustocias Kal THs mpooKkepevns TeTpaywrvw. 
Eveia yap tis 7 AB retry oe dixa Kare 7o 
aba mpooxeiobw b€ Tis avry ed0eia em ” edBeias 
BA: Aéyw, 671 70 bd tHv AA, AB zepteyopevov 





E H Z 


dpBoycsviov pera TOU amo THs TB TeTpaywvov taov 
éort TH ano ths TA rerpaywvw. 





For by the proposition (ii. 5) just proved, 
AA .AB+ TA? =TB? 


=O? 
=OT?+TA? (i. 47) 
*, AA.AB =Or? 
or (a— xe = 


The two points in which the circle cuts AB give two real 
solutions of the equation, which are coincident when 6 = }a 
and the circle touches AB. 

There is no direct evidence that the Pythagoreans, or 
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Euclid, Elements ii. 6 


If a straight line be bisected. and a straight line be 
added to it in a straight line, the rectangle contained by 
the whole with the added straight line and the added 
straight line, together with the square on the half, is equal 
to the square on the straight line made up of the half and 
the added straight line. 

For let a straight line AB be bisected at the point I, 
and let a straight line BA be added to it in a straight 
line; I say that the rectangle contained by AA, AB 
with the square on IB is equal to the square on ['A.2 


Euclid tor that matter, used this proposition to solve geo- 
metrically the quadratic equation ar—2?=62. But, as will be 
shown below, the Pythagoreans must have solved a similar 
equation corresponding to ii. 11, and it may fairly safely be 
assumed that they solved the equations av—#?=6? corre- 
sponding to ii. 5 and the equations ax +2? =6? and # — ax =6? 
corresponding to ii. 6. 

2 The proof is on the lines of that in the preceding proposi- 
tion, the rectangle AM being shown equal to the gnomon 
N&O, and can easily be supplied by the reader. If AB =a, 
BA=a, and the gnomon NEO have a given value (=6?), 


then (a+a).uv=b? 
or av+a?  =6?, 
To solve this equation geometrically is fo apply to u given 
P 
A r B ra 


straight line (a) @ rectangle equal to a given square (b*) and 
exceeding by a square figure, in short, to find the point A. 


Continued on pp. 198-199} 197 
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Eucl. Elem. ii. 11 


Thy So8ctoay ev0eiav repetv Gore xe) ond THS 
oAns Kal Tob érépou Tov THNpdTov TE pleX[evov 
dpboydsvioy i icov elvar TH a6 TOO AowTod TuApaTos 


TETPAYOVY. 
“Eorw 7 dobeica edv0eia 7 AB: det 57) Ty AB 


Tepe @OTE TO Dre) THS 6Ans Kat TOD éTé€pou TOV 


Z H 


| 


r K a 


ta , > ~ 
TpNaTwy Teptexdpevov Gpfoydviov icov elvac TH 
74 n a , , 
amo Tob Aono TuHpaTos TeTpaywvy. 





Continued from p. 197.} 
Simson first showed how to do this. Let BP be drawn 
perpendicular to AB and equal to 8. With centre TP and 
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Euclid, Elements ii. 11 


To cut the given straight line so that the rectangle con- 
tained by the whole and one of the segments is equal to the 
square on the remaining segment. 

Let AB be the given straight line; then it is 
required to cut AB so that the rectangle contained by 
the whole and one of the segments is equal to the 
square on the remaining segment. 





radius [TP let a circle be drawn cutting AB produced in A. 
Then A is the required point. 
For by the proposition (ii. 6) just proved, 


AA .AB+ TB? =P? 


=TrP* 

=TB?+ BP* 
of AA.AB = BP? 
4.é. ax + x3 = 8%, 


Because the circle cuts AB produced in two points there 
are two real solutions, and as the circle always cuts AB pro- 
duced there is always a real solution. This bears out the 
algebraical proof that the equation 


ax + x? =}? 


always has two real roots, which are equal when 6 = 4a. 

When we come to deal with Hippocrates’ quadrature of 
lunes we shall come across the problem: To find x, when 2 is 
given by the equation 


Viae+ 2 =a? 


This could have been solyed theoretically by the above 
methods, and the solution was certainly not beyond the 
powers of Hippocrates. It seems more probable, however, 
from the wording of Eudemus’s account, that he used an 
approximate mechanical solution for his purpose. 

This same construction can be used to give a geometrical 
solution of the equation x?- ae=67, In the figure it has only 
to be supposed that AB=a and AA (instead of BA)=v. 
Then the theorem tells us that «(c- @)=the gnomon =60?. 
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Pees eine yap dd ths AB TeTpaywvov TO 
BAL, kai rerprjc8w 7 AY dixa KaTa TO E 
red Kal emelevy0w 7 BE, kai dinxOw 4 TA 
emt 76 Z, kal Ketobw 7H BE ton 7) EZ, kai dvaye- 
ypadbw amd this AZ terpaywrov to ZO, Kal 
67 xOw 4 HO emi ro K- Adyw, oti 4) AB rérpnra 
Kata 76 ©, dote 76 td THY AB, BO mepteydpevov 
6ployavov icov Toveiv TH a6 THS AO teTpayavw. 
°"Emet yap ed0cia 4 AT rérpnrar diya cata 70 H, 
mpdoxertat dé adTh % ZA, 76 dpa imo Trav TZ, ZA 
Treptexopevov dpboywrov peta Tod amo THs AE 
TeTpaywvov toov €oTl TO avo THS EZ rerpaywrw. 
ton dé 7) EZ 7H EB: 70 dpa imo tav TZ, ZA pera 
tot amo tis AE toov éori T@ amo EB. adda 7h 
a70 EB toa éori ta ard tHv BA, AE: p67) yap 
% mpos TO A ywvia: 76 dpa tro tov TZ, ZA pera 
Tob and THs AE toov éoti rots ano TeV BA, AE. 
Kowov adnpyobw TO a7o Tijs AE: dowmov dpa TO 
bro TOV PZ, ZA sreptexdpevov dpboydviov i lov 
earl 7@ ano ths AB TeTpaydvey. Kat € €oTt TO jLev 
urd tov TZ, ZA 76 ZK: ion yap 4 AZ rF ZH: 
To b€ amo TAS AB ro AA- 73 dpa ZK i ioov cork 
7@ AA, Kowov adn produ To AK: Aourav 4 apa TO 
ZO 7@ OA iooy €oriv. Kat €or. TO bey OA ro 
b70 7av AB, BO: ton yap 7 AB 7H BA: 70 5é ZO 
TO amo THs AO: 7d dpa to tav AB, BO weptexo- 
pevov dpfoyariov icov éoTi TH aro OA Tetpaywvw. 
“H dpa «ra. 





* If AB=a, AQ =a, then AB has been so cut at © that 
aa-2)=2? 
or ?+az=a?, 
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Let the square ABAT be described on AB, and 
let AL be bisected at the point E, and let BE be 
joined, and let TA be produced to Z, and let EZ 
be made equal to BE, and let the square ZO be 
described on AZ, and let HO be produced to K; 
I say that AB has been so cut at 0 as to make the 
rectangle contained by AB, BO equal to the square 
on AQ. 

For, since the straight line AI has been bisected 
at E, and ZA is added to it, therefore the rectangle 
contained by TZ, Z.\ together with the square on AK 
is equal to the square on EZ [ii. 6]. But EZ is equal 
to EB ; therefore the rectangle contained by PZ, ZA 
together with the square on AE is equal to the square 
on EB. But the squares on BA, AK are equal to the 
square on EB, for the angle at A is right [i. 47]; 
therefore the rectangle contained by 'Z, ZA together 
with the square on AE is equal to the squares on 
BA, AK. Let the square on AE be taken away from 
each; therefore the rectangle contained by I'Z, ZA 
which remains is equal to the square on AB. Now 
the rectangle ['Z, ZA is ZK, for AZ is equal to ZH ; 
and the square on AB is A\; therefore ZK is equal 
to AA. Let AK be taken away from each; there- 
fore the remainder ZO is equal to OA. Now OA is 
the rectangle AB, BO, for AB is equal to BA; and ZO 
is the square on AO; therefore the rectangle con- 
tained by AB, BO is equal to the square on OA. 

Therefore, etc.* 

In other words, the proposition gives a geometrical solution 
of the equation etacsa 
for it enables us to find AO or x. 

This equation is a particular case of the more general 
proposition w+rar=b? 
which, as was explained in the note on p. 197 n.a, can be solved 
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Euel. Elem. vi. 27 

Tldvrwy t&v mapa thy atti «dbeiav mapa- 
BaddAopeveay mapahdnroypap po Kal éMeurdvrany 
«ier Trapaddna oypdpyiors dpoios Te Kal Opotws 
Ketpevous TO dao Ths picetas avaypapopevas 
peéyvorov €oTt TO aT THs Hpiocias mapaBadAdpevov 
dpovov dv 7@ éMeipare. 

"Eorw edbcia % AB kai retpHcOw diya Kara 


Oe 


A r oK B 





by a method based on ii. 6. There is good reason to believe, 
as will be shown below, pp. 222-225, that the Pythagoreans 
knew how to construct a regular pentagon ABCDE, and it is 
probable that this theorem was used in the construction, as 
can be shown if CE is allowed to cut AD in F. 

For the Pythagoreans, knowing that the sum of the angles 
of any triangle is two right angles, would immediately have 
deduced that the sum of the internal angles of a regular 
pentagon is six right angles, and that each of the internal 
angles is therefore $ths of a right angle. It easily follows 
that the angles CAD, ADC, DCA are respectively ?ths, ths 
and #ths of a right angle, while the angles FCD, CDF, DFC 
are also respectively ?ths, #ths and 4ths of a right angle. 
From this it follows that the triangles ACD, CDF are similar, 
while AF = FC=CD. 
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Euclid, Elements vi. 27 

Of all the parallelograms applied to the same straight 
line and deficient by parallelogrammic figures similar and 
similarly situated to that described on the half of the 
straight line, that parallelogram is greatest which is 
applied to the half of the straight line and is similar to 
the defect.? 

Let AB be a straight line and let it be bisected 


Therefore AC:CD=CD: DF 
or AD: AF=AF:FD 
or AD.FD=AF? 
A 
B E 
Cc D 


The point F can therefore be found according to the method 
of 13. 6, and the pentagon constructed, starting from AD. 

* This proposition gives the conditions under which it is 
possible to solve the next proposition, and so full considera- 
tion will be left to the note on p. 210. It is the first example 
we have met of a Stopiopzds. It will be remembered that 
according to Proclus Leon discovered S:opicpoé (see supra, 
p. 150). 
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70 I’, kai mapaBeBaAjobw apa tiv AB edbeiav rd 
AA mapahrnAdypapypov éMetrrov eidet rapaddnho- 
yea TO AB  dvaypagevre a amo Tijs jyptocias Tijs 

, toutéote THs VB: rA€yw, ote wavtTwy Tov Tapa 
tv AB mrapaBadropevery TrapaAdnAoypappiay Kai 
édeurrovTwy etSear Spotous Te Kal Omolws KEyLevols 
TB AB péyrorov €oTt TO AA. mrapaBeBArjobw 
yap wapa thy AB edOciay 76 AZ mapardnrd- 
ypappov eMetmov elder mapadAnroypaye TO ZB 
opoiw Te Kal dpoiws Keynevyp 7@ AB- Aéyw, Se 
peilov éort TO AA Tob AZ. 

"Exel yap dpodv éori 76 AB mapahdnAdcypappov 
7H ZB mapaddnhoypdype, meplt TI abray elou 
Suderpov. 7x8u adtay Siduetpos 7 AB, Kal 
Kcarayeypapbar TO oXn-a. 

’Ezet obv ioov éori 76 TZ tO ZE, Kowev bé 76 
ZB, ddAov 4, dpa 7o TO ddw TO KE é éorw igov. adda 
TO re TO TH éorw igo, emret kai 7 AT wh UB. 
Kal TO HT 4 dpa TO EK corw igov. KOoUWdV 7poo- 
xeloOw 76 TZ- ddov dpa 76 AZ 7 AMN yvespovi 
€oTw igov' wote to AB mapaddAndAdypappov, 
rouréott TO AA, rob} AZ mapadAndoypappov 
petldv dor. 

Idvrwy dpa t&v mapa thy adriv edbetay mapa- 
BadAopevesy mapaddnAoypdapypay Kal éMeumovrasy 
etdeot mrapaMnroypappous Gpolois Te Kal dpoiws 
Kewpevous 7@ azo TAs Typrcetas avaypapopevay 
péyvatov eats TO amd Tis tpuceias mapaBAnbév- 
Omep der detéar. 


Eucl. Elem. vi. 28 


Ilapa ri Sobcicay edfeiav 7H S00dvr. edOv- 
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at I’, and let there be applied to the straight line 
AB the parallelogram A. deficient by the parallelo- 
grammic figure AB described on the half of AB, 
that is, TB. I say that, of all the parallelograms 
applied to AB and deficient by figures similar and 
similarly situated to AB, A\is the greatest. For let 
there be applied to the straight line AB the parallelo- 
gram AZ deficient by the parallelogrammic figure 
ZB similar and similarly situated to \B. I say that 
AQ is greater than AZ. 

For since the parallelogram AB is similar to the 
parallelogram ZB, they are about the same diameter. 
Let their diameter \B be drawn and let the figure be 
described. 

Then, since 1'Z is equal to ZE, and ZB is common, 
the whole ['@ is equal to the whole KE. But TO 
is equal to I'H, since AI is equal to TB. And 
therefore HT is equal to EK. Let I'Z be added to 
each. Then the whole AZ is equal to the gnomon 
AMN, so that the parallelogram \B, that is, AA, is 
greater than the parallelogram AZ. 

Therefore of all the parallelograms applied to this 
straight line and deficient by parallelogrammic figures 
similar and similarly situated to that described on the 
half of the straight line the greatest is that applied 
from the half; which was to be proved. 


Euclid, Elements vi. 28 


To the given straight line to apply a parallelogram 
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ypdupw tcov mapaddAnAcypappov mapaBadeiv €d- 
etzrov €iSer mapadAnAoypdppw dpoiw TH dobevre: 
det 5€é 7d SiSdpevov evOvypappov [@ det toov mapa- 
Badetv}) pr) petlov ecivar tod amd THs utoeias 
dvaypadopévov dpotov T@ éAXcipate [tod Te amd 
Tis Hceias Kai @ det duorov eAreivev].’ 

*Eorw 7 pev Sofcica «dbeia 7 AB, 76 5é do8ev 
evOvypappov, @ det tcov mapa THv AB mapaBareiv 
ro T pr) petlov [dv] 700 azo Tis ypecetas THs AB 
dvaypadopévov duotov Tm éAAetuparir, @ Se Sei 
Gpovov éeAreizew, 7d A- Set 51) mapa tiv S0betcav 
ev0ciav 77v AB 7@ Sobévrn edbvypdppw TO T toov 
TrapadAnAsypapnov trapaBadretv é€Adcirov cider Tap- 
adAnroypappw opoiw dvtr Td A. 

Terpjobw 4 AB diya xara tO E onueiov, Kai 
avayeypadOw amo ris EB 7@ A dGpotov Kai bpoiws 
xeiuwevov TO EBZH, xai cvpmerAnpdobw 76 AH 
TapadAnAdcypaptov. 

Ez peév odv ioov eori 76 AH 7 LT, yeyovos av ety 
70 emTaxGev- mapaBeBAnrat yap Tapa tiv Sofetcav 
evbeiav tHv AB 76 S00dvre edOvypdppw TH T iaov 
taparAnrAsypaypov to AH éAdetmov cider mapad- 
Androypdppw 7S HB opotw dvte 7H A. et SE od, 


1 The bracketed words are interpolations by Theon in his 
recension of the Elements (Heiberg). 
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equal to the given rectilineal figure and deficient by a 
parallelogrammic figure similar to the given one ; thus 
the given rectilineal figure must be not greater than the 
[parallelogram] described on the half [of the straight 
line] and similar to the defect. 

Let AB be the given straight line, I the given 
rectilineal figure, to which the figure to be applied 


8 H OZ 
\_N - 
VN “\ | 
A E = B&B K N 
to AB is required to be equal, being not greater than 
the [parallelogram] described on the half [of the 
straight line] and similar to the defect, and A the 
[parallelogram] to which the defect is required to be 
similar ; then it is required to apply to the given 
straight line AB a parallelogram equal to the given 
rectilineal figure I’ and deficient by a parallelo- 
grammic form similar to 4. 

Let AB be bisected at the point E, and on E let 
EBZH be described similar and similarly situated to 
A (vi. 18], and let the parallelogram AH be completed. 

If then AH is equal to I’, that which was enjoined 
will have been done; for there has been applied to 
the given straight line AB a parallelogram AH equal 
to the given rectilineal figure [ and deficient by a 
parallelogrammic figure HB similar to A. But if not. 
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petlov €orw 76 OE tod LT. icov 86 76 OK 7H HB: 
~ a x ‘ lod e ‘ ays ? 
petlov dpa cai T6 HB rod T. & 87 pet dv eore 
7o HB rod VT, ravtn 7H brepoyy toov, 7H 5é A 
Gpo.ov Kal dpoiws KElpLevov TO AUTO GUVEDTATW TO 
KAMN. ddAda ro A 7 HB [eorww] dpocoy: Kal rd 
KM dpa 7 HB eorw dpoiov. éorw odv ouddoyos 
4 pev KA 79 HE, 7 dé AM 797 HZ. Kat évei icov 
eort to HB rots T', KM, peilov dpa dort 76 HB 
Tob KM: peilwy dpa éeori cai 4 pev HE ris KA, 
9 8¢ HZ ris AM. xKetoOw rH wev KA ton » HE, 
7H 5€ AM ion 7 HO, kai cupmerAnpwofw 76 
=HOII wapardAnAdypappov: toov dpa Kat dpoidy 
eort [ro HII] 7@ KM [dAda ro KM 7G HB Gpoudy 
Ef a A ” ~ a , > \ 
eo7w|. xai ro HII dpa 7 HB opoidy eorw: mepi 

‘ > ‘ ” t , > A ~ 
Thy abtyv dpa didperpov eore to HII 7H HB. 
éoTw atrav diaperpos 77 HIIB, nai xarayeypaddw 
TO oXhpa. 

’Ezret obv icov éori 76 BH rots T, KM, dv 7d 
HII 7@ KM éorw igor, Aowros dpa d YX®O yrwpwr 
dour 7@ T toos eoriv. Kai émei icov éori ro OP 
7@ BL, Kxowdv mpooxetabw 7d IIB dAov dpa 76 
OB GAw 7@ EB toov €oriv. adda 76 EB 7H TE 
€otw toov, émel kat mAevpa 7 AE mAcvpa 7H EB 
? Ww ‘ s Nes ” ~ = uw ‘ 
éotw ton Kat To TE dpa 7 OB éorw isov. Kowov 

tA bh! rg 4 + 4 a ~ 
mpookeic0w TO BX: d6dov dpa to TX Aw 7h 
OXY yrdpovt éorw isov. add’ 6 OXY yrdipwv 

~ > ft ” \ § vu ” ~ 2 
TH VT éeix0n taos: kat 76 TN dpa rH T eorw 
igov. 

Hapa ri Sobcicay dpa edéeiav trav AB 7H 
Sobévr. edbvypduum 7H T icov mapaddnrdypap- 
pov mapaBeBAnrac 76 LT eAXeimov cider mapada- 
Anroypappw 7@ IIB spoiw dvr rH A [erresd7}j- 
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let GE be greater than I. Now OE is equal to HB 
and therefore HB is greater thanT’. Let KAMN be 
constructed at once equal to the excess by which HB 
is greater than I and similar and similarly situated 
to A [vi. 25]. But A is similar to HB; therefore KM 
is also similar to HB [vi. 21]. Let K.\ correspond to 
HE, AM to HZ. Now, since HB is equal to "+ KM, 
HB is therefore greater than KM. Therefore HE is 
greater than KA, and HZ than AM. Let HE be 
made equal to KA, and HO equal to AM, and let the 
parallelogram ZHOII be completed. Therefore it is 
equal and similar to KM. Therefore HII is also 
similar to HB. Therefore HII is about the same 
diameter as HB [vi. 26]. Let HIIB be their diameter, 
and let the figure be described. 

Then since BH is equal to [+ KM, and in these HII 
is equal to KM, therefore the remainder, the gnomon 
YX, is equal to TI. And since OP is equal to =X, 
let IIB be added to each. Therefore the whole of 
OB is equal to the whole of 3B. But =B is equal to 
TE, since the side AE is also equal to the side EB 
[i. 36]. Therefore TE is also equal to OB. Let EX 
be added to both. Therefore the whole of TS is equal 
to the whole of the gnomon ®XY, But the gnomon 
®XY was proved equal to. Therefore TY is also 
equal to TL. 

Therefore to the given straight line AB there has 
been applied the parallelogram ST equal to the given 
rectilineal figure I" and deficient by a parallelo- 
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mep TO IIB 7@ HII Spodv ear]: drep eet 
TroLnoa. 
Eucl. Elem, vi. 29 


Tapa Thy Sobcicav edOciay TH S00évri edbu- 
ypappw toov mapaddAnAdypappov mapaBadetv § bmep- 
BadAov elder Tapadnroypappu Spot TO dobre. 

“Eotw 7 pev S00eioa edbeia 7 AB, 76 Sé So0ev 
evdvypappov, @ Set icov mapa THv AB mapaBaretv, 





« Tf AB=a, XII =a, while the sides of the given parallelo- 
gram A are in the ratio 6:¢, and the angle of A is a, then 


xB= b and 
¢ 


8 H Z 


A E = B b 


(the parallelogram TZ) =(the parallelogram TB) 
— (the parallelogram ITB) 


=azr sina ~ @.2 sin a. 


If the area of the given rectilineal figure TP is S, the proposi- 
tion tells us that 


t) 
az sin a- ri sin a=S, 


To construct the parallelogram TZ is therefore equivalent to 
solving geometrically the equation 
6, S$ 
ax — —3? =. 
c sina 
Heath (The Thirteen Books of Euclid’ Elements, vol. ii, 
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grammic form IIB similar to 4; which was to be 
done.¢ 


Euclid, Elements vi. 29 


To the given straight line to apply a parallelogram 
equal to the given rectilineal figure and exceeding by a 
parallelogrammic figure similar to the given one. 

Let AB be the given straight line, T the given 


Z AM K 


rectilineal figure to which the figure to be applied to 


pp. 263-264), shows how the geometrical method is precisely 
equivalent to the algebraical method of completing the 
square on the left-hand side, and he demonstrates how the ¢vro 
solutions can be obtained geometrically, though Euclid, con- 
sistently with his practice, gives one only. 

For a real solution it is necessary, as every schoolboy 
knows, that 


ie. St ( : 5) (sin a) (3) 
ie. SHE sin a. EB 
ie. S parallelogram HB. 
This is precisely the result obtained in vi. 27. 
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76 VD, @ 8€ Set Gpowov brepBarrAew, To A> det 5H 
mapa HV AB edéciav 7H [ edOvypdppw icov 
TrapadAnAsypappov mapaBareiv dmepBaddAov cider 
mapadAnroypdppw opoiw TH A 

Tezrpnobw 7 AB diya kata 7d E, Kai dvaye- 
ypdplw amd ris EB 7@ A cuorov Kai dpoiws 
Keievov TapadAnAdypappov 76 BZ, Kai cvvapdo- 
Tépos pev tots BZ, VT icov, 7H 5é A Gpovov Kai 
opolws Keievoy TO adtTo auveotdtw ro HO. 
opodroyos Sé éotw 7 pev KO 7H ZA, 4 5€ KH 7H 
ZE. «ai émet peilov éort 76 HO 70d ZB, petlwv 
dpa €ati Kai 7 wev KO ris ZA, 4 Sé KH ris ZE. 
exPePAjobwoav ai ZA, ZE, wat 7H pev KO ion 
éorw 7 ZAM, 7H S€ KH ion 7» ZEN, xai ovp- 
metAnpwabw 76 MN- ro MN apa 7@ HO iow ré 
€ort Kat Guowov. adda 76 HO 7H EA eorw dporov: 
kat 70,MN dpa 76 EA Gpowdy éorw- wept ri 
abrtnv dpa Siudipetpdv éore ro EA 7@ MN. yOu 
attav didperpos 7 ZB, Kal xatayeypadbw 76 
oxTpa. 

*Ezet icov éoti 76 HO trois EA, T, adda 76 HO 
7@ MN ioov €oriv, kai to MN dpa rots EA, T toov 
eoTiy. Kowov adnpyc0w to EA: dowmds dpa 6 
YXO yopuw 7 VT eorw ioos. Kai énet ton 
cot 74 AE 7H EB, ioov éori kai ro AN r® NB, 
touteott TH AO. Kowdyv mpooKetabw 76 EE: ddov 
dpa to A& ioov €oti Tr OXY yrdipou. dda 6 
OXY yripwv 76 T ioos eoriv kai 76 AE dpa r& 
T icov éoriv. 

Tapa zyv Sobeicav dpa «ibciav riv AB 76 
Sobevre edOvypéupw 76 T icov mapaddAnAdypappov 
mapaBeBAnrat To AZ dzrepBdAdov cider mapaddnAo- 
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AB is required to be equal, and \\ that to which the 
excess is required to be similar ; then it is required to 
apply to the straight line AB a parallelogram equal 
to the rectilineal figure I and exceeding by a paral- 
lelogrammic figure similar to A. 

Let AB be bisected at E, and let there be described 
on EB the parallelogram BZ similar and similarly 
situated to A, and let HO be constructed at once 
equal to the sum of BZ, TP and similar and similarly 
situated to A. Let KO correspond to Z.\ and KH to 
ZE. Now since HO is greater than ZB, KO is there- 
fore greater than Z.\, and KH than ZE. Let ZA, ZE 
be produced, and let Z.\M be equal to KO, and ZEN 
equal to KH, and let MN be completed ; therefore 
MN is both equal to HO and similar. But H@ is 
similar to EA ; therefore MN is similar to E.A [vi. 21]; 
and therefore E.A is about the same diameter with 
MN [vi. 26]. Let their diameter ZZ be drawn, and 
let the figure be described. 

Since HO is equal to EA+T, while H@ is equal to 
MN, therefore MN is also equaltoEA+I, Let E.\ be 
taken away from each ; therefore the remainder, the 
gnomon VX@, is equal to I. And since AK is equal 
to kB, AN is also equal to NB [i. 36], that is, to 
AO [i. 43]. Let EE be added to each ; therefore the 
whole of AZ is equal to the gnomon PXW. But the 
gnomon ®XW is equal to I’; therefore \5 is also 
equal to [. 

Therefore to the given straight line AB there has 
been applied a parallelogram AZ equal to the given 
rectilineal figure I’ and exceeding by a parallelo- 
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, ~ c ‘4 2 ~ ? \ A ~ 
ypdupw 7@ ILO opotw dvr 7@ A, emet Kal 7H 
EA éorw dpoiov ro OIL- drep eu roujoar. 


(e) Tue IrrarionaL 


Schol. i. in Eucl. Zlem. x., Eucl. ed. Heiberg 
v. 415, 7-417. 14 

*HABov S€ tiv apyny ent ri Tis ocvppertpias 
tyrnow of WvOaydpeoe mpadrou adtiy e&evpdvres 
ex Ths TOV apiOuav Karavotjoews. Kolvod yap 
amdvtwy ovtTos pétpou THs povddos Kat ent Tov 
peyeO@v Kowov pérpov evpely ovk WdvvnOnoav. 
aittov 5é€ TO TavTa ev Kai dmroLovoby apiOucv Kal” 
érovacoby Topas Statpovpevov pdpiov Tt KaTa- 
Aytravew eAdxvoTov Kal Topis avemidextov, mav 
dé péyeDos én’ dreipov Siarpovpevov pt) KaTa- 
Aymdvew pdpiov, 6 dia 7d elvar eAdyiotov Topi 
ovK emdeEeTat, GAAG Kal éxeivo én’ Ametpov TEpLvd- 
fevov Troveiv Gmreipa dpa, dv Exacrov én’ admetpov 
TpnOnoerar, Kal amAds TO pev péyeBos Kata pev 
To pepilecbar petéxew Tis Tob ameipov apyis, 
kata 5€ THY OAdTHTA Tis Tot mépatos, TOV dé 
apiOpov Kata pev TO pepileaBar tis Tob mépartos, 








« If the angle of A is a and its sides are in the ratio 5: ¢, 
while AB=a and OE =a, then 


(parallelogram A=) =(parallelogram ATI) + (parallelo- 
gram B=) 


. 6 , 
=ar sin a+ -x.2 sin a. 
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grammic form IIO similar to A, since OIL is similar 
to EA ; which was to be done.* 


(e) Tue Inrationat > 


Euclid, Elements x., Scholium i., Eucl, ed. Heiberg 
v. 415. 7-417. 14 

The Pythagoreans were the first to make inquiry 
into commensurability, having first discovered it as 
a result of their observation of numbers ; for though 
the unit is a common measure of all numbers they 
could not find a common measure of all magnitudes. 
The reason is that all numbers, of whatsoever kind, 
howsoever they be divided leave some least part 
which will not suffer further division ; but all magni- 
tudes are divisible ad znfinitum and do not leave some 
part which, being the least possible, will not admit of 
further division, but that remainder can be divided 
ad infinitum so as to give an infinite number of parts, 
of which each can be divided ad infinitum; and, in 
sum, magnitude partakes in division of the principle 
of the infinite, but in its entirety of the principle of 
the finite, while number in division partakes of the 


But by the proposition, if S is the area of I 
(parallelogram AZ) =S, 
a, S$ 
at + -a" = = + 
e sina 
To construct the parallelogram A& is therefore equivalent 
to solving geometrically this quadratic equation. There is 
always a real solution, and so no 8:opicpds is necessary as 
in the case of the preceding proposition. Heath (The Thir- 
teen Books of Euclid’s Elements, vol. ii. pp. 266-267) again 
shows how the procedure is equivalent to the algebraic 
method of completing the square. Euclid’s solution corre- 
sponds to the root with the positive sign. 
* For further notices see supra, pp. 110-111, p. 149 n. c. 
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Kara, dé THY dAdTHTA THs TOD amreEipov . . . TOV yap 
Tlu€ayopetwy Adyos Tov mpOrov tiv wept rovTwv 
Gewpiay eis rodpdaves eEayaydvra vavayiy mepi- 
TEceEw, 


(f) Tue Five Reeurar Sots 


Phil. ap. Stob. Fel. 1, proem. 3, ed. Wachsmuth 18. 5; 
Diels, Vors. i>. 412. 15-413. 2 
Kai 7a pev tas odaipas owpata mévre évti, ra. 
ev 74 odaipa wip <xal) tdwp Kat ya Kal arp, 


1 @ a , € 41 , 
Kal 6 Tas adaipas OAKds,’ wéTrTov. 


Aét. Plac. ii. 6.5; Diels, Vors. i. 403. 8-12 


TluOaydpas mévre oxnpdrwv ovtwy orepedv, 
Garep Kadetrat Kat pabnuatixd, ex pev tod KUBou 
dyot yeyovévas Tv yi, éx 5€ THs mupapidos 76 
mip, ex S€ Tob dKxraédpou rov dépa, ex S€ rod 
eikooaddpov 76 vdwp, ex 5€ Tob SwdeKaddpou Tip 
Tob mavTos odaipay. 

1 SAxds: dAxds coniecit Wilamowitz. 





* A regular solid is one having all its faces equal polygons 
and all its solid angles equal. The term is usually restricted 
to those regular solids in which the centre is singly enclosed. 
There are five, and only five, such figures—the pyramid, 
cube, octahedron, dodecahedron and icosahedron. They 
ean all be inscribed in a sphere. Owing to the use made of 
them in Plato's 7’imaeus for the construction of the universe 
they were often called by the Greeks the cosmic or Platonic 
figures. As noted above (p. 148), Proclus attributes the 
construction of the cosmic figures to Pythagoras, but Suidas 
(infra, p. 378) says Theaetetus was the first to write on them. 
The theoretical construction of the regular solids and the 
calculation of their sides in terms of the radius of the circum- 
scribed sphere occupies Book xiii. of Euclid’s Elements. It 
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finite, but in its entirety of the infinite. . . . There 
is a legend that the first of the Pythagoreans who 
made public the investigation of these matters 
perished in a shipwreck. 


(f) Tue Five Recurar Sorips 4 . 


Philolaus, cited hy Stobaeus, Extracts 1, proem. 3, ed. 
Wachsmuth 18. 5: Diels, Vors. %. 412. 15-413, 2 


There are five bodies pertaining to the sphere—the 
fire, water, earth and air in the sphere, and the vessel 
of the sphere itself as the fifth.’ 


Aétius, Placita ii. 6.5; Diels, Pors. i®. 403, 8-12 
Pythagoras, seeing that there are five solid figures, 
which are also called the mathematical figures, says 
that the earth arose from the cube, fire from the 
pyramid, air from the octahedron, water from the 
icosahedron, and the sphere of the universe from 
the dodecahedron.° 


calls for mathematical knowledge which the Pythagoreans 
did not possess ; but there is no reason why the Py thagoreans 
should not have constructed them practically in the manner 
of Plato by putting together triangles, squares or pentagons, 
‘The passages here given almost compel that conclusion. 

The subject is fully treated in Dre fiinf Platonischen Kérper, 
by Eva Sachs (Philologische Untersuchungen, 2les Heft, 
1917). Archimedes, according to Pappus, Coll. v., ed. 
Hultsch 352-358, discovered thirteen semi-regular solids, 
whose faces are all regular polygons, but not all of the same 
kind. 

* In place of dAxds Wilamowitz suggests dAKdés, which is 
derived from éAcw and could be translated “* envelope.” This 
fragment, it will be noted, does not identify the regular solids 
with the elements in the sphere, but it is consistent with that 
identification, for which the earliest definite evidence is 
Plato’s Timaeus. 

© Aétius’s authority is probably Theophrastus. 
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Plat. Tim. 53 c-55 c 


Tp&rov pev 67) mip Kat yj Kai ddwp Kat anp OT 
odpara éort, SfAdv qrov Kat mavrt. TO 6€ TOU 
adwparos «idos wav Kat Babos éyer. to 5é Bdbos 
abd madoa avayKn TH emimedov treprecAndevar pow. 
% Sé p07 THs emimédov Bdoews ex Tprywvey 
ovvéornke. ra de Tptywva mavra ek Svoiv dpxerau 
Tprysvow, piav pev opOiy €, ExovTos éxatépou yuviav, 
Tas dé ofetas: av TO pev €TEpov éxatépwlev é; éxet 
pépos yowias opOijs meupais t toats Sunpyyevys, 70 
6€ €repov avicos duica PEpn. vevepnHerns. wie 

Totv 57 dvoiv _Tpryesvow TO pev toooxe)es pilav 
etAnxe duow, 70 de mpounres dmepdvrovs. mpo- 
aiperéov ovv ad TaY dtreipwy TO xdMorov, et 
perAropev dp&eofar Kara tpdmov. dv odv ms 
” / >? , > a 3 ‘ ud 4 
éyn KdAdov éxAcEduevos eizeiv eis tiv TodTwv av~ 

> ~ 2 > 4) ‘ “a iAAG ir a 
oraow, éxelvos ovK €xOpos dv adda didos Kparet: 
Tidueba 8 obv THY TOMAGY Tprywvwy KdACTOV 
o c , GAA > a ; ae , r £ 
ev, bmepBavres Tala, e& od To iadmAeupov Tpiywvov 

, 
€x TpiTov ouvéoTnKev. . . . 
e 1 o¢ a A s +, 2? 

Ofov dé Exacroy adbtdv yéyovev elSos Kat && 
dow ovptecdvrwy apiOudv, Aéyew dv émopevov 
ein. dp&er 57 To Te mp@rov eldos Kai aptxporarov 
ouvictdpevov: otoyelov 8 adbtoi ro THY boTei- 
vovoay THs eAdrrovos mAcupds SimdAaciay éyov 
pyKe atvduo 5€ TowovTwy Kata SidpeTpov ovyTi- 
Oepévwy Kai tpis TovTov yevopévov, Tas dtapéTpous 





* This passage is put into the mouth of Timaeus of Locri, 
a Pythagorean leader, and in it Plato is generally held to be 
reproducing Pythagorean ideas. 

® i.e., the rectangular isosceles triangle and the rectangular 
scalene ‘triangle. 
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Plato, Timaeus 53 c-55 c * 

In the first place, then, it is clear to everyone, I 
think, that fire and earth and water and air are 
bodies. Now in every case the form of a body has 
depth. Further, it is absolutely necessary that depth 
should be bounded by a plane surface; and the 
rectilinear plane is composed of triangles. Now all 
triangles have their origin in two triangles, each 
having one right angle and the others acute ; and 
one of these triangles has on each side half a right 
angle marked off by equal sides, while the other has 
the right angle divided into unequal parts by unequal 
sides? ... 

Of the two triangles, the isosceles has one nature 
only, but the scalene has an infinite number ; and of 
these infinite natures the fairest must be chosen, if 
we would make a suitable beginning. If, then, any- 
one can claim that he has a fairer one for the con- 
struction of these bodies, he is no foe but shall prevail 
as a friend ; but we shall pass over all the rest and 
lay down as the fairest of the many triangles that 
from which the equilateral triangle arises as a third 
when two are conjoined. . . .¢ 

In the next place we have to describe the form in 
which each kind has come into existence and from 
what numbers it is compounded. A beginning must 
be made with that kind which is primary and has the 
smallest components, and its element is the triangle 
whose hypotenuse is twice as long as the lesser side. 
When a pair of these triangles are joined diagonally 
and this is done three times, by drawing the hypo- 


© qe, the ‘ fairest ’’ of rectangular scalene triangles is half 
of an equilateral triangle, the sides being in the proportion 

1, V3, 2. 
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Kal tas Bpayeias wAeupas eis tabrov ws KévTpoy 
epecodvrwy, év iodmevpov tpiywyov e& €&€ Tov 
apilpov évrwy yéyovev. 

Tptywva. S€ isdrAevpa ovvaTdpeva rérTapa Kara 
ovvrpers éemimédous ywvias piay orepedy ywviav 
mou, THs apBAvtatns Tav emmédav ywudy 
epef is yeyovuiay: TOLOUT@Y be amoTeAcobero@y 
TETTApwWV TpOTOv eldos orepedy, dAov mepupepois 
dvaveuntiKov ts ioa. répn Kal Opota, ouvioraras. 
Sevtepov dé ex pev THY alTay Tprywvwy, Kara 
Sé icdmrevpa tpiywva éKxTw ovoTdvTwr, pilav 
amepyacapevwy oTepeay ywviav é€k retrapwv émt- 
méswv Kat yevouevwy €€ TovovTwy TO SeUTEpOV ad 
o@pa ovtws eaye téAos. Td dé Tpitov ex Sis 
eEjKovTa THY oaToLyelwy ouptayévTwy, oTepedr 
8é ywridv dddexa, UO wévTe emimédwv Tpryw@ve 
loomAcUpwv meptexouerns éxdorys, eixoat Bacets 
éxov laomAevpous Tprywrous yéyovev. 

Kai 76 pev erepov amjd\axtro av ato.yeiwy 





@ As in the accompanying diagram, the triangles AOF, 
COD, AOF, BOD, COE, BOF 
A are joined together so as to form 
the equilateral triangle ABC. As 
Plato has already observed, an 
equilateral triangle can also be 
made out of two such triangles. 


e A. E. Taylor (-t Commentary 

on Plato's Timaeus, pp. 874-375), 

first pointed out the correct mean- 

ing of xara Siaperpov, ‘ diagon- 

B D c ally.” Previously, following 
Boeckh, editors had supposed that 

it meant ‘so that their hypotenuses coincide,” ¢.g., triangle 
AOF is placed xara Sidyerpov with triangle AOE; Plato almost 


certainly meant that triangles AOF, COD are kara didperpov. 
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tenuses and shorter sides to a common centre, from 
those triangles, six in number, there is produced one 
equilateral triangle.* 

Now when four equilateral triangles are put to- 
gether so that the three plane angles meet in a point. 
they make one solid angle, which comes next in order 
to the most obtuse of the plane angles ®: and when 
four such angles are formed, the first solid figure ¢ is 
constructed, dividing the whole of the circumscribed 
sphere into equal and similar parts. The second 
solid 7 is formed from the same triangles, but is con- 
structed out of eight equilateral triangles, which 
make one solid angle from four planes; when six 
such solid angles have been produced, the second 
body is in turn completed. The third solid ¢ is made 
up of twice sixty of the elemental triangles and of 
twelve solid angles, each solid angle being comprised 
by five plane equilateral triangles, and the manner 
of its formation gives it twenty equilateral triangular 
bases. 

Now the first of the elemental triangles was dropped 


> The three plane angles together make two right angles, 
which is ‘‘ the most obtuse of the plane angles.” 

° de, the regular tetrahedron or pyramid, which has four 
faces, each an equilateral triangle, and four solid angles, each 
formed by three of the equilateral triangles: Plato later 
makes it the element of fire. 

4 i.e., the regular octahedron, which ha» eight faces, each 
an equilateral triangle, and six solid angles, each formed by 
four of the equilateral triangles; Plato later makes it the 
element of air. 

* i.e, the icosahedron, which has twenty faces, each an 
equilateral triangle (and is therefore made up of 120 elemental 
rectangular scalene triangles, inasmuch as six such triangles 
are put together to form one equilateral triangle), and twelve 
solid angles, each formed by five of the equilateral triangles ; 
Plato later made it the element of water. 
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radra yewijcay, TO O€ ioooxenes Tpiywvov eyewa 
Thy ToD Terdprou guow, Kara TérTapa ounard- 
pevov, els TO KevTpov tas 6p0as ywrias ovvdyov, 
&y idm Aeupov TeTpaywvoy | dmrepyacdpevov: é€ de 
ro.adra. oupmayevra ywvias oxTd@ oTepeds am 
erédeve, KaTa, Tpets émumédous opbas ovvappobetons 
éxdorns: to 8€ oyfjpa Tob avoTavTos odp.aros 
yéyove KuBixor, ef émimédous TeTpaydvous igo- 
mevpous Bdoets éxov: ert be ovons avaTdcews 
pds TELTTYS, emt 70 Tay 6 Oeds abrH Karexpr- 
aato éxetvo Sialwypadav. 


Iamb]l. De Vita Pythag. 18. 88, ed. Deubner 52. 2-8 


Tlept 8 ‘Immacov pddiora, ws Fv pev Tav 
TvOayopeiwy, da S€ 70 eEeveynety Kat ypdibacbar 
mpwtws apaipay tiv éx Tov SWdeka TEvTaywvean 
> tA A 4 e > *. td A 
arwAeto Kata OdAatrrav ws daoeBryoas, Sd€av dé 
AdBou ws etpwv, elvar Sé mavra éxeivov Tod avipds’ 





* Asin the accompanying figure, the four isosceles scalene 
triangles AOB, DOC, BOC, DOA 
placed about the common vertex 
O form the square ABCD. The 
fourth figure is the cube, which 
has six faces, each a square (and 
is therefore made up of twenty- 
tour of the elemental rectangular 
isosceles triangles), and eight solid 
angles, each formed by three of 
D C the squares; Plato later makes it 
the element of earth. 
> i.e. the regular dodecahedron. This requires, however, 
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when it had produced these three solids, the nature 
of the fourth being produced by the isosceles triangle. 
When four such triangles are joined together, with 
their right angles drawn towards the centre. they 
form one equilateral quadrangle*; and six such 
quadrangles, put together, made eight solid angles, 
each composed of three plane right angles ; and the 
shape of the body thus constructed was cubic, having 
six plane equilateral quadrangular bases. As there 
still remained one compound figure, the fifth,? God 
used it for the whole, broidering it with designs.* 


Iamblichus, On the Pythagorean Life 18. 88, 
ed. Deubner 52, 2-8 


It is related of Hippasus that he was a Pythagorean, 
and that, owing to his being the first to publish and 
describe the sphere from the twelve pentagons, he 
perished at sea for his impiety, but he received credit 
for the discovery, though really it all belonged to 


a new element, the regular pentagon. It has twelve faces, 
each a regular pentagon, and twenty solid angles, each 
formed by three pentagons. The following passages give 
evidence that the Pythagoreans may have known the pro- 
perties of the dodecahedron and pentagon. A number of 
objects of dodecahedral form have survived from pre-Pytha- 
gorean days. 
¢ This has often been held, following Plutarch, to refer to 
the twelve signs of the Zodiac, but A. F. Taylor (4 Com- 
mentary on Plato’s Timaeus, p. 377) rightly points out that 
the dodecagon, not the dodecahedron, w ould be the appropri- 
ate symbol for the Zodiac. He finds a clue to the nieaning 
in Timaeus Locrus 98 ©, where it is pointed out that of the 
five regular solids inscribable in the same sphere the dode- 
cahedron has the maximum volume and “ comes nearest ”” 
to the sphere. Burnet finds the real allusion to the mapping 
of the apparently spherical heavens into twelve pentagonal 
regions, 
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mpooayopevovat yap otrw rov Ilvbaydpav Kai od 
kadotow dévopatt. 


Lue. Pro Lapsu inter Salut. 5, ed. Jacobitz i. 330. 11-14 


Kai 76 Ye Tputhoby abrois Tpiywvov, 70 bu 
aAAjAwy, To TevTadypapLov, @ oupBorys ™pos Tous 
GpoddEous € €xpOvrTo, tyie ™pos avTav @voualero. 





2 Tamblichus tells the same story, almost word for 
word, in De communi Mathematica Scientia ce. 25 (ed. 
Festa 77. 18-24); the only substantial difference is the 
substitution of the word €faywvwv for mevraydvwv, which 
is a slip. The story recalls the passage given above 
(p. 216) Spent the Pythagorean who perished at sea for re- 
vealing the irrational. He may very well have been the 
same person as Hippasus, for the irrational would quickly 
come to light in a study of the regular solids. 
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HIM (for in this way they refer to Pythagoras, and 
they do not call him by his name).* 


Lucian, On Slips in Greetings 5, ed. Jacobitz i. 330. 11-14 


The triple interlaced triangle, the pentagram, 
which they (the Pythagoreans) used as a password 
among members of the same school, was called by 
them Health.® 


’ Cf. the scholium to Aristo- 
phanes, Clouds 609. The penta- 
gram is the star-pentagon, as in the 
adjoining diagram. The fact that 
this was a familiar symbol among 
them lends some plausibility to the 
belief that they know how to con- 
struct the dodecahedron out of twelve 
pentagons. 
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VII. DEMOCRITUS 
Plut. De Comm. Notit. 39. 3, 1079 = 


"Ext rotvuy dpa tiva Tpomov dmivTnoe Anpoxpire, 
Svamopodvre poids kat emrvx@s, ei K@vos Té- 
pevouro Tape. thy Bdow émimédw, Té xen Svavociofar 
Tas TOV Tpnpdrev émaveias, ioas 7 dvigous 
ywopévas; avico pev yap otaat Tov Kavov av- 
wpadov mapefovar, mods dmoyapagers AapBdvovra 
Babpoedets Kat Tpuxvrnras: tow 8’ oteav, toa 
TpHpaTa éorat, Kal pavetrar TO 708 KvdivSpou 
merrovOas 6 K@vos, €€ lowy avyKeipevos Kal ovK 
avicwy Kikhwy, dmep eotiv aroTruwTatov. 


Archim. Meth., Archim. ed. Heiberg ii. 430. 1-9 


~ hA 
Audrep Kai TOv Oewpnudtwv Tovtwr, dv Hido€os 
efnupynkey mp@ros Thy amddekw, mepl Tou Kwvov 
Kal THs mupapioos, Ste TpiTov pépos 6 pev KadVOS 








? Plutarch tells this on the authority of Chrysippus. 
Democritus came from Abdera. He was born about the 
same time as Socrates, and lived to a great age. Plato 
ignored him in his dialogues, and is said to have wished to 
burn all his works. The two passages here given contain all 
that is definitely known of his mathematics, but we are 
informed that he wrote a book On the Contact of a Circle and 
a Sphere; another on Geometry; a third entitled Geometrica ; 
a fourth on Numbers; a fifth On Irrational Lines and Solids; 
and a sixth called *Exzeracpara, which would deal with the 
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Plutarch, On the Common Notions 39. 3, 1079 & 


Consiper further in what manner it occurred to 
Democritus,? in his happy inquiries in natural science, 
to ask if a cone were cut by a plane parallel to the 
base,®? what must we think of the surfaces forming 
the sections, whether they are equal or unequal? 
For, if they are unequal, they will make the cone 
irregular, as having many indentations, like steps, 
and unevennesses ; but if they are equal, the sections 
will be equal, and the cone will appear to have the 
property of the cylinder, and to be made up of equal, 
not unequal, circles, which is very absurd.° 


Archimedes, Method, Archim. ed. Heiberg 
ii. 430. 1-9 


This is a reason why, in the case of those theorems 
concerning the cone and pyramid of which Eudoxus 
first discovered the proof, the theorems that the cone 


projection of the armillary sphere on a plane. As his mathe- 
matical abilities were obviously great, it is unfortunate that 
our information is so meagre. 

> A plane indefinitely near to the base is clearly indicated 
by what follows. 

¢ This bold inquiry first brought the conception of the 
indefinitely small into Greek mathematics. The story har- 
monizes with Archimedes’ statement that Democritus gave 
expressions for the volume of the cone and pyramid. 
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roi KvAivdpou, 7 5€ mupayis Too Tpicpatos, TOV 
LA 7 Ef \ 3 4 4 ” > ‘ 

Bdow éxdvrwy tiv adriy Kat tibos igov, ob pixpav 

arovera dv tis Anpoxpitw pepida mpwrw Ti 

anddacw THY epi TOO eipnudvou axtjuatos xwpis 

3 f > ta 

dmodeifews anopnvapevan. 
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is a third part of the cylinder, and the pyramid of the 
prism, having the same base and equal height, no 
small share of the credit should be given to Demo- 
critus, who was the first to make the assertion with 
regard to the said figure,* though without proof. 


* So the Greek. Perhaps “‘ type of figure.” 
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VIII. HIPPOCRATES OF CHIOS 


(a) GENERAL 
Philop. in Phys. A 2 (Aristot. 185 a 16), ed. Vitelli 
31. 3-9 
e uA ast hal ww ~ ‘ 
Inmoxpatns Xtds TLS WV e€p7ropos, Anotpiky vyt 
A ‘ 4 3 f > > ta 
mepimecwv Kal mdavra amodéoas, AGev *AOjvale 
yparbdpevos Tods Anotds, Kal woAdy trapapévey ev 
"AOrvais dua THY ypadiy xpdvoy, epoirnaev eis 
diroaddous, Kai eis TooobdTov EEews pewpeTpiKys 
WAbev, ws emyerphaat edpeiv Tov KUKAOU TeTpayw- 
viopov. Kal adrov prev ody edpe, TeTpaywriaas bé 
Tov pnvickov @70n pevdds é€k TovTov Kal Tov 
KUKAov Tetpaywrilew: ex yap Tod TeTpaywriapod 
Too pnvickouv Kal Tov Tod KUKAOU TEeTpAywrLopoY 
aes , 
@HOn svrdoyilecbar. 


(6) QuapRaTuRE or Lunes 


Simpl. in Phys. A 2 (Aristot. 185 a 14), ed. Diels 
60. 22-68. 32 
‘O perros Evdnuos ev tH Tewperpixq toropia 
ovK éml TeTpaywvikyns mAevpas SeiEat grow tov 
‘Inmoxparny tov Tob pnviokov TeTpaywviopdv, 
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(a) GENERAL 


Philoponus, Commentary on Aristotle's Physics A 2 
(185 a 16), ed. Vitelli 831. 5-9 


Hiprocrates of Chios was a merchant who fell in 
with a pirate ship and lost all his possessions. He 
came to Athens to prosecute the pirates and, staying 
a long time in Athens by reason of the indictment, 
consorted with philosophers, and reached such pro- 
ficiency in geometry that he tried to effect the quad- 
rature of the circle. He did not discover this, but 
having squared the lune he falsely thought from this 
that he could square the circle also. For he thought 
that from the quadrature of the lune the quadrature 
of the circle also could be calculated. 


(6) QuaDRATURE oF LuNEs 


Simplicius, Commentary on Aristotle's Physics A 2 
(185 a 14), ed. Diels 60. 22-68. 32 


Eudemus, however, in his History of Geometry says 
that Hippocrates did not demonstrate the quadrature 


* A lune (meniscus) is the figure included between two 
intersecting arcs of circles. It is unlikely that Hippocrates 
himself thought he had squared the circle, but for a discus- 
sion of this point see infra, p. 310 n. 6, 
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> a a € LA Me = x ~ , 
GdAa Kabddrov, ws av tis cimor. ei yap Tas pnvi- 
okos THY exTos Trepideperay 7) tony Eyer HuLKVKALOU 
” z nn 2 tA é A e¢ 

9 peilova 4% éAatrova, Tetpaywrile. dé 6 “Inm0- 
Kpdrns Kai tov lonv apixukAlov éxovra Kal Tov 

i a A > , , n we ‘ 

peilova Kai tov éAdrrova, xabdXov av ein Sederyas 
€ a > 4 5 AS eo ~ 3O 7 ns 
ws Soxet. exOjoopar Sé ra bd TOO Evdypov Kara 
Adéw Aeydpeva odlya Twa mpoaTiHeis eis)’ cad7- 
verav amo tis Tay EdxAeiSov Uroyeiwy avaprv7- 
cews Sia Tov dTopynpaTiKoy Tpdmov TOD Evsijpyou 
Kara TO apxaixov €bos cuvtdépous éxOewévou tas 
amoddaets. éyer bé Bde ev 7H Sevtépw BiPriw 
rijs Tewperpixfs toropias. 


1 eis add. Usener. 





* As Alexander asserted. Alexander, as quoted by 
Simplicius in Phys. (ed. Diels 56. 1-57. 24), attributes two 
quadratures to Hippocrates. 


(s) 
E Z 
A A BA B T A 
q) q@) 


In the first, AB is the diameter of a circle, AT, TB are 
sides of a square inscribed in it, and AET is a semicircle 
described on AT. Alexander shows that 


lune AET =triangle ATA. 
In the second, AB is the diameter of semicircle and on IA, 
equal to twice AB, a semicircle is described. TE, EZ, ZA 
are sides of a regular hexagon, and THE, EOZ, ZKA are 
semicircles described on TE, EZ, ZA. Alexander shows that 
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of the lune on the side of a square ® but generally, as 
one might say. For every lune has an outer circum- 
ference equal to a semicircle or greater or less, and 
if Hippocrates squared the lune having an outer 
circumference equal to a semicircle and greater 
and less, the quadrature would appear to be proved 
generally. I shall set out what Eudemus wrote word 
for word, adding only for the sake of clearness a few 
things taken from Euclid’s Elements on account of the 
summary style of Eudemus, who set out his proofs 
in abridged form in conformity with the ancient 
practice. He writes thus in the second book of the 
History of Geometry.” 


lune THE + lune EOZ + lune ZKA + semicircle AB = 
trapezium TEZA. 


The proofs are easy. Alexander goes on to say that if the 
rectilineal figure equal to the three lunes (‘ for a rectilineal 
figure was proved equal to a lune ”’) is subtracted, the circle 
will be squared. The fallacy is obvious and Hippocrates 
could hardly have committed it. This throws some doubt on 
the whole of Alexander’s account, and Simplicius himself 
observes that Eudemus’s account is to be preferred as he was 
“‘ nearer to the times ”’ of Hippocrates. 

» It is not always easy to distinguish what Eudemus wrote 
and what Simplicius has added. The task was_ first 
attempted by Allman (Hermathena iv., pp. 180-228; Greek 
Geometry from Thales to Euclid, pp. 64-75). Diels, in his 
edition of Simplicius published in 1882, with the help of 
Usener, printed in spaced type what they attributed to 
Eudemus. In 1883 Tannery (Wémoires scientifiques i., pp. 
339-370) edited what he thought the Eudemian passages. 
Heiberg (Philologus xliii., pp. 336-344) gave his views in 1884. 
Rudio discussed the question exhaustively in 1907 (Der 
Bericht des Simplicius tiber die Quadraturen des Antiphon 
und Hippokrates), but unfortunately his judgement is not 
always trustworthy. Heath (H.G..M. i. 183-200) has an 
excellent analysis. In the following pore I have given only 
such passages as can safely be attributed to Eudemus and 
omitted the rest. 
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“ee 4 ce ~ td + 7 8 , 
Kai of trav pyvioxwy 5é TeTpaywvicpot do- 
éavres elvat Tadv odKk émmoAaiwy Siaypapparwv 
A A > ¢ x x ¥. a © > = 
Sud THY oikerdTyTA THY Mpos TOV KUKAOV id’ ‘Iao- 
Kpdtous eypddnody Te mpatov Kal Kata TpdoTrov 
mw > ~ , > . , iz , , 
Zotav drodoPAva- Sidwep eri mA€ov abopeba 
- \ 
re kal S:eAOwyev. apxijv pev obv €ToLnaaTo Kal 
~ m”, ~ \ 
mparov ero trav mpos adtods xpnoipwr, Ott TOV 
adrov Adyov exer TA TE Spowa Tay KKAwY TLTLATO. 
mpos dAAnAa. Kat at Baces avrta&v Suvdper. TovTo 
Hd ~ a 
Sé eSedevuev ex Tod Tas Staperpous SeiEau TOV avTov 
> a 
Adyov éxovoas Suvdjer Tots KUKAoLS. 
ce A 0 td PS) X td ~ a ~ .y Mu 
etxOévros 5é adT@ TovTOv mpATov pev éypade 
, w rs 
pnvicxoy TI éxTos Trepibéperav éxovros juiKcuKdAtov 


riva tpémov yévoito av TeTpaywriopds. amedidov 
8é tofro mepl tplywvov dpboywriev Te Kai too- 
axedés HyxdAov meprypayias Kal mept THY Baow 
Tuna KUKAOV Tois tO THY emlevyJevody apat- 
povpévors Spovov. dvtos Se Tob zepl thy Baow 
tprypatos taov rots mepi Tas érépas apporépors, 
Kai Kowod mpoorebévros Tob pdpovs Tob Tprywvov 
706 iaep 76 TuApA TO Tepi THY Bdow, isos éoTat 6 
pnvicxos 7 Tpryovw. itoos obv 6 pyviakos 7H 
rprydavw SerxOeis teTpaywriloito dy. otrws peev 
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“ The quadratures of lunes, which seemed to belong 
to an uncommon class of propositions by reason of the 
close relationship to the circle, were first investigated 
by Hippocrates, and seemed to be set out in correct 
form; therefore we shall deal with them at length and 
go through them. He made his starting-point, and 
set out as the first of the theorems useful to his pur- 
pose, that similar segments of circles have the same 
ratios as the squares on their bases. And this he 
proved by showing that the squares on the diameters 
have the same ratios as the circles.® 

‘“* Having first shown this he described in what way 
it was possible to square a lune whose outer circum- 
ference was a semicircle. He did this by circum- 
scribing about a right-angled isosceles triangle a 
semicircle and about the base a segment of a circle 
similar to those cut off by the sides.© Since the 
segment about the base is equal to the sum of 
those about the sides, it follows that when the part 
of the triangle above the segment about the base is 
added to both the lune will be equal to the triangle. 
Therefore the lune, having been proved equal to 
the triangle, can be squared. In this way, taking 

2 Lit. *‘ as the bases in square.” 

> This is Eucl. xii. 2 (see ingra, pp. 458-465). Euclid proves 
it by a method of exhaustion, based on a lemma or its equi- 
valent which, on the evidence of Archimedes himself, can 
safely be attributed to Eudoxus. We are not told how 
Hippocrates effected the proof. 

©*\s Simplicius notes, this is the problem of Euel. iii. 33 


and involves the knowledge that similar segments contain 
equal angles. 
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obv Hpixurriov Thy é€w Tod pnvicKov mepupeperav 
bmoepevos eretpaywvcev 6 ‘Inmoxparns Tov 
pnvickov edkdAws. 

* Etra edeEfs peilova Hpucurdion brotiberat 
ovoTnodpevos tparéliov ras pev Tpels Exov TAEvpas 


Z 


©, 
Ee tree 


toas aAAjAas, THY Sé piav Thy peilw Tov Tapada- 
Ajdwy tpirAaciav éxeiver éExdorys Suvdper, Kal Td 
Te TparéLiov mepthaBay | KvKA@ Kal Tept THY pe- 
yiorny avrob heupay _Spotov THAwa. mepvyparbas 
Tois 1d THY towv Tpucdv dtroTepvopevots dé Too 
xtKrov. are dé peilov é €orw Hptkukdriov 76 AexGev 
THAEA, diAov axBeions € €v TO Tpamreticn Svaperpov. 
dvaynn yap Taurny i716 880. meupas v droretvovcay 
TOU tparreCiov THs dioAotzov peas peilova 7 q b- 
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a semicircle as the outer circumference of the lune, 
Hippocrates readily squared the lune. 

“‘ Next in order he assumes [an outer circumference] 
greater than a semicircle [obtained by] constructing a 
trapezium having three sides equal to one another 
while one, the greater of the parallel sides, is such that 
the square on it is three times the square on each of 
those sides, and then comprehending the trapezium 
in a circle and circumscribing about ® its greatest side 
a segment similar to those cut off from the circle by 
the three equal sides.» That the said segment ¢ is 
greater than a semicircle is clear if a diagonal is 
drawn in the trapezium. For this diagonal, sub- 
tending two sides of the trapezium, must be such that 
the square on it is greater than double the square on 


* i.e, ‘ describing on.” 


* Simplicius here inserts a proof that a circle can be de- 
scribed about the trapezium. 


* i.e., the segment bounded by the outer circumference. 
Eudemus is going to show that the angle in it is acute and 
therefore the segment is greater than a semicircle. 
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mAaciay elvar Suvaper. 7 apa BI petlov 7 SemAdovov 
Sdvaras éxarépas Tav BA, AT’, wore Kai ris PA. 
Kal THY peyloTny dpa Ta&v Tod Tparreliov mAEupav 

‘ > ~ a 3 ~ 
tiv BA dvayxaiov Aartov Sdvacba rijs Te dta- 
pérpou Kal rev érépwy mAcupay éxeivns, bh’ Tv 
broreives pera THs Siapérpou 7 AexOeioa. ai yap 
BI, TA petlov 4 tpumAdovov Svvavta TAS TA, 7 

A , > na uv ? ‘ € ? \ ~ 
dé BA rpemAdowov. dfeia dpa éotiv 4 emt Tis 
petlovos Tob tpameliou tAcupas BeByxvia ywvria. 
peilov dpa nuixvKAlov éeotl To Tuna ev @ €oTww. 
émep eat 7» Ew mrepipepera Tod pnvioKov. 

“et > \ > rg ia f uw 7 

Ei 8€ éAdrrwv jyuxvxAiov ein, mpoypdibas 

tovee tt 6 ‘“Immoxpatns rotro Kareckevacer’ 








éotw KUKAos ob SidueTtpos &¢’ 7 [7] AB, xévrpov 

dé adrod ef’ @ K- cai H pev ef # TA diya re 

‘ A 3 A f \ 24> a ¢ a. 24? 

Kal mpos opbas Teuvérw tiv ef 7 BK: 7 dé ep 

R EZ xeicbw ravtns merakd Kal tis Trepipepelas 

émi 76 B vevovoa Tav €k TOO KévTpou Hutodia otca 
1 4 om. Diels. 





* A proof is supplied in the text, probably by Simplicius 
though Diels attributes it to Eudemus. The proof is that, 
since BA is parallel to AT but greater than it, AT and BA 
produced will meet in Z. Then ZAT is an isosceles triangle, 


242 


HIPPOCRATES OF CHIOS 


one of the remaining sides. Therefore the syuare on 
BY is greater than double the square on either BA, 
AI’, and therefore alsoon 'A.* Therefore the square 
on BA, the greatest of the sides of the trapezium, 
must be less than the sum of the squares on the 
diagonal and that one of the other sides which is 
subtended by the said [greatest] side together with 
the diagonal.’ For the squares on BI’, are greater 
than three times, and the square on B.A is equal to 
three times, the square on F\. Therefore the angle 
standing on the greatest side of the trapezium © is 
acute. Therefore the segment in which it is is greater 
than a semicircle. And this segment is the outer 
circumference of the lune. 

“Tf (the outer circumference] were less than a 
semicircle, Hippocrates solved @ this also, using the 
following preliminary construction. Let there be a 
circle with diameter AB and centreK. Let T'A bisect 
BK at right angles ; and let the straight line KZ be 
placed between this and the circumference verging 
towards B so that the square on it is one-and-a-half 
so that the angle ZAT is acute, and therefore the angle BAT 
is obtuse. 

> je, BAT<BI? + TA’, 

* i.e. the angle BPA. 

@ Simplicius notes that Eudemus has omitted the actual 
squaring of the lune, presumably as being obvious. Since 

B.A? =3BA? 
(segment on BA) =3 (segment on BA) 
=sum of segments on BA, AT, TA. 

Adding to each side of the equation the portion of the tra- 
pezium included by the sides BA, AT and IA and the cireum- 
ference of the segment on BA, we get 

trapezium ABAT =lune bounded by the two circumferences 
and so the hine is ** squared.” 

¢ Lit. ** constructed.” 
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Suvdper. 4 8¢ ed’ F EH AyOe mapa riv ed? f AB, 


kal a6 Tod K érelevxyPwoav emi ra E, Z. over 
mrétw dé éxBadropévn 7) emi 7o Z émlevybecioa 7H} 
é?’ 7 EH xara 76 H xai waAw azo rod B én 
ra Z, H éreledyOwoav. davepdv 5% dre 7 pev ed’ 
H EZ éxBaddopévn emi to B receira (dmoKerrat 
yap i EZ éi 76 B vevouaa), 4 5é éd’ 4 BH ton 
éora: TH é¢’ 7 EK. 

“ Tovrwv obv ottws éxdvrwy 76 Tpamélidy dye 
éf’ ob} EKBH zepiAnberas KvKdos. 

“ TlepuyeypapOw' $7 wept ro EZH tpiywvov 
Tuya KUKAov, SiAov oti Exdtepov tov EZ, ZH 
dpovov éxdorw t&v EK, KB, BH tynpdrwv. 

“ Tottwy otrws éydvTwy 6 yevouevos pnviokos 
ob éxros tepipépera 7 EKBH loos éorat 7 ed- 
Ovypdupw TH ovyceyevy ex TOV Tpi@v Tprywrav 
tov BZH, BZK, EKZ. 7a yap amo ra&v edbeudv 
é¢ ais EZ, ZH adaipovpeva evros Trot pnvioxov 
amo Tod edOvypdupov Tunpara loa earl Tots ExTOS 

1 Tlepiyeypdddw ...7nudrwv. In the text of Simplicius this 
sentence precedes the one above and Simplicius’s comments 


thereon. It is here restored to the place which it must have 
occupied in Eudemus’s /Tistory. : 





* This is the first example we have had to record of the 
type of construction known to the Greeks as vetoes, inclina- 
tions or vergings. The general problem is to place a straight 
line so as to verge towards (pass through) a given point and 
so that a given length is intercepted on it by other lines. In 
this case the problem amounts to finding a length x such that, 
if Z be taken on TA so that BZ=« and BZ be produced to 
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times the square on one of the radii. Let EH be 
drawn parallel to AB, and from K let [straight lines] 
be drawn joining E and Z. Let the straight line 
[KZ] joined to Z and produced meet EH at H, and 
again let [straight lines] be drawn from B joining Z 
and H. It is then manifest that EZ produced will 
pass through B—for by hypothesis EZ verges towards 
B—and BH will be equal to EK. 

“This being so, I say that the trapezium EKBH 
can be comprehended in a circle. 

““ Next let a segment of a circle be circumscribed 
about the triangle EZH ; then clearly each of the 
segments on EZ, ZH will be similar to the segments 
on EK, KB, BH. 

“ This being so, the lune so formed, whose outer 
circumference is EKBH, will be equal to the recti- 
lineal figure composed of the three triangles BZH, 
BZK, EKZ. For the segments cut off from the 
rectilineal figure, inside the lune, by the straight lines 
KZ, ZH are (together) equal to the segments outside 


meet the circumference in E, then EZ*=?AK?, or EZ=4/3 
AK. If this is done, EB. BA=AB. Br =AK? 


or (w+ 4/$ a).a=a*, where AK =a, 
In other words, the problem amounts to solving the quadatric 
equation 2+ 4/fae =a? 


This would be recognized by the Greeks as the problem of 
“applying to a straight line of length 1/3.a, a rectangle 
exceeding by a square figure and equa! in area to a’,” and 
could have been solved theoretically by the Pythagorean 
method preserved in Eucl. ii. 6. Was this the method used 
by Hippocrates? Though it may have been, the authorities 
prefer to believe he used mechanical means (4.G. 0. i. 196, 
Rudio, loc cit., p. 59, Zeuthen, Geschichte d. Math., p. 80). 
He could have marked on a ruler a length equa! to fF AK 
and moved it about until it was in the required position. 
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Tot edbuypadypou Tunpacw adatpovpevois bird THY 
EK, KB, BH. ékdrepov yap ta&v évrds tusdAcdv 
~ rf , 
€or éxdotrov TaY ExTds. HLoAia yap’ brdKeTat 
¢ EZ ~ > ~ ta , na EK A 
77] THs €x Too KévTpov, TouTéoTe THS Kal 
s ? 
KB xai BH. ef ody 6 peév pnvioxos ra Tpia 
TunpaTa éoTt Kat Tod edlvypdppov TO Tapa Ta. 
bvo Tunpata, To bé edOvypappov pera taV B0o 
TpnaTrwy €otl ywpis TaV Tpidv, éoTt 5é Ta Svo 
TEnwaTa Tots Tpiotv toa, loos av ein 6 pHvickos 
TH evOvypappw. 
“se "0 de ko e a 2 , € VA 
rt Sé ONTOS O pNVickos €AdTTOVA HuLKUKALOU 
Thv exTos exer mepipeperav, deikvuat dia Tod TH 
EKH yowviav év 7@ éxtos otoav Tunpart ayPr«Eiav 
Ss oa 5 > 2, al > c c \ EKH - 
elvar. Ore de aupdrcta earw % v70 ywvia, 
ry if 4 > YQ J \ 24? = EZ € Ne 
etxyuow oUTws: Emel? 9 pev ef” 7 pecorsa. 
’ 1 ~ > “~ EA 5 4 € de 24> a KB 
earl td ex Too Kévtpov Suvdpet, n 5 dp?” H 
petlwv ths éf 4h BZ 7} SurAacia duvduer, davepov 
drt kai n ef 7 KE dora ris ed’ 4 KZ dpa petlwv 
7 Sitracia Suvdue. 7 dé ef 7 EZ peifwy eort 
duvdper THY ef ais EK, KZ. apPrcta dpa éotiv 
9 mpos TH K ywvia, eAarrov dpa jyixuKrlov Td 
TEAWA Ev @ eoTw. 
ae Od. \ > e¢ 2 , , 
trws pev odv 6 ‘Inmoxparns mavTa pnvioKor 
éreTpaywvoev, eimep Kal Tov tpiKuKAlov Kal Tov 


1 Suvdyes must be understood after jytodta yap, as Bret- 
schneider first pointed out, but Diels and Rudio think that 
Simplicius probably omitted it as obvious, here and in his 
own comments. 

2 evel... €orw, Eudemus purports to give the proof in 
Hippocrates’ own words. Unfortunately Simplicius’s ver- 
sion is too confused to be worth reproducing. The proof is 
here given as reconstructed by Rudio. That it is substanti- 
ally the proof given by Hippocrates is clear. 


246 


HIPPOCRATES OF CHIOS 


the rectilineal figure cut off by EK, KB, BH. For 
each of the inner segments is one-and-a-half times 
each of the outer, because, by hypothesis, the square 
on EZ is one-and-a-half times the square on the radius, 
that is, the square on EK or KB or BH. Inasmuch 
then as the lune is made up of the three segments 
and the rectilineal figure less the two segments—the 
rectilineal figure including the two segments but not 
the three—while the sum of the two segments is equal 
to the sum of the three, it follows that the lune is 
equal to the rectilineal figure. 

“That this lune has its outer circumference less 
than a semicircle, he proves by means of the angle 
EKH in the outer segment being obtuse. And that 
the angle EKH is obtuse, he proves thus. 


Since EZ? =3 EK? 
and ¢ KB2> 2BZ2, 
it is manifest that EK2> 2KZ?, 
Therefore EZ?> EK2 + KZ?, 


The angle at K is therefore obtuse, so that the seg- 
ment in which it is is less than a semicircle. 

“ Thus Hippocrates squared every lune, seeing that 
[he squared] not only the lune which has for its outer 
circumference a semicircle, but also the lune in which 


@ This is assumed. Heath (H.@.M. i. 195) supplies the 
following proof : 
By hypothesis, EZ? = ¢KB?. 
Also, since A, E, Z, I are concyclic, 


° EB.BZ=AB. BI =KB? 
or EZ. ZB + BZ? =KB? =3EZ2, 


It follows that EZ> ZB and that KB*>2BZ3, 
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petlova Hyuxvxdlov Kal Tov éAdtrova éxovra THY 
> A fA 
exros mrepipéperav. 

“Aa pnviokov dpa Kal KdKAov érerpaydvicev 
ovrws: éoTwaav Tmepi Kévrpov ed” od K S¥o KiKAot, 
¢ A ~ ? 4 , ¢ , 4, ~ 
4 S€ tod éexrds Stdperpos éfarAacia Suvdper Tijs 

~ ? A 4 € - > , > A > LJ 
Tob évros Kal éaywvou éyypadevros eis Tov evTos 
KuKAov Tob ef” od} ABTAEZ al re ef’ dv KA, KB, 
KIT’ ék rod Kévrpou émlevybeioa: éxBeBAjocOwoav 
o a a? \ , , Y er>7> @ 
€ws Tis TOO éexTds KUKAOU TEpipepEias Kai ai Ep’ dv 
HO, OI, (HI) éemeledy@woav Kai SHAov ote Kai at 
HO, OI é£aysvou eiai wAeupai Tod eis Tov peilova 
KUKAov éeyypadopevov. Kal mepi tiv ef # HI 
TEA Gpowov TO adatpovperw bro rhs &f F HO 
TreptyeypdpOw. eet ody rH pev ed 4H HI zpi- 
mAaciav davayKn elvar Suvdper THs ef 7 OH rod 
éLaywvou mAevpas (} yap bad S00 Tot é€aywvou 
TAeupas Uroreivovaa peta GAAns pds opOryv Trepi- 

1 HI add. Usener. 
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the outer circumference is greater, and that in which 
it is less, than a semicircle. 

“ But he also squared a lune and a circle together 
in the following manner. Let there be two circles 








with K as centre, such that the square on the diameter 
of the outer is six times the square on the diameter 
of the inner. Let a [regular] hexagon ABPAEZ be 
inscribed in the inner circle, and let KA, KB, KT be 
joined from the centre and produced as far as the 
circumference of the outer circle, and let HO, OJ, 
HI be joined. Then it is clear that HO, OI are sides 
of a [regular] hexagon inscribed in the outer circle. 
About HI let a segment be circumscribed similar to 
the segment cut off by HO. Since then HI? =30H? 
(for the square on the line subtended by two sides of 
the hexagon, together with the square on one other 
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éxouca. yeoviay Thy év hutxvkriw toov Sdvarat TH 
Suaperpy, y Se Sedjerpos TeTpamAdovov dvvarae 
Tis 708 eLayavon i ions ovons Th ex Tob Kévrpov bea 
73 Ta pnker dirAdova elvar dvvdper tetpamAdava), 
H Se OH éLamdacia Tijs ed’ 4 AB, Sijdov 6 ort TO 
TUAUA TO mepl Thy eb 9 HI cmenypanet igov eivar 
oupBaiver Tois Te GO TOU eKTOS Kuxdov bo Tov 
ef ais HO, OL adaipoupevors kat tots amo rob 
évros U6 tev Tob éEayavou TAcupav anacdv. 
A lol 7 a, Ww A ~ 
yap HI ras HO tpimAdoiov Sdvvara, toov bé TH 
HO dvvarae 4} OI, Svvarar 8€ Exarépa rTovTwy 
” \ ea a ~ > ‘\ ¢ a / 
igov Kat at €€ Acvpat Tob evrds éEaywvov, didTe 
‘ ¢ / a > A 7 < /, e La 
Kal 7 Sudpeetpos Tod exTds KvKAOV éEaTrAdotov b76- 
Keitat Ouvagbat Tis TOD evTds, Wore 6 pev pyVvioKoS 
Le he) ko lol ’ > , nv Ww 27? a 
ef ob HOI rod tprywvouv éAdtrwv av cin ep” ob 
Ta atta ypdupata Tots bm} TOV rob éLayavou 
mAeupa@v dadatpovpevors THILAoW dir6 Tod evTds 
KUKAoVv. TO yap ent Tis HI THAjpa igov tv Tots TE 
Ho, ol TH BACL Kat Tots b70 Tob éEaywvou dipou~ 
poupevors. ra otv HO, OF tyjpara eAdtTw earl 
TOU mept TH HI (rprjaros tots)’ tyrjpace [xai 
tots bod Tob éLaycvou adatpoupevors. Kowoo ouv 
mpoorebevros TOU orep | TO THRO. TO mept Thy HI 
HEépous Too Tpiycvou, ex pev TOUTOU Kat Tod mept 
id HI TH LATOS TO Tplywvov éorau, €K be Tob 
adrob Kat TOV HO, Ol TENA 6 pqvioxos. 
éatat obv éAdtTwv 6 pyvioKos Tob Tpuyavou Tots 
bro Tob eEaywvov adatpoupévois TUnMaoW. 6 apa. 


1 tunuaros trois add. Bretschneider. 
2 xai om. Bretschneider. 





* If HA be a side of the hexagon, then IA is a diameter 
and the angle THA is right. Therefore HI?+HA?=IA2, 
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side, is equal, since they form a right angle in the 
semicircle, to the square on the diameter, and the 
square on the diameter is four times the side of the 
hexagon, the diameter being twice the side in length 
and so four times as great in square *), and OH?= 
6 AB?, it is manifest that the segment circumscribed 
about HI is equal to the segments cut off from the 
outer circle by HA, OI, together with the segments 
cut off from the inner circle by all the sides of the 
hexagon.’ For HI?=3 HO?, and GO]? = HO?, while OI? 
and H@? are each equal to the sum of the squares 
on the six sides of the inner hexagonal, since, by 
hypothesis, the diameter of the outer circle is six times 
that of the inner. Therefore the lune HO] is smaller 
than the triangle HOI by the segments taken away 
from the inner circle by the sides of the hexagon. For 
the segment on HI is equal to the sum of the segments 
on HO, OI and those taken away by the hexagon. 
Therefore the segments [on] HO, OI are less than the 
segment about HI by the segments taken away by 
the hexagon. If to both sides there is added the part 
of the triangle which is above the segment about HI,¢ 
out of this and the segment about HI will be formed 
the triangle, while out of the latter and the segments 
fon] HO, OI will be formed the lune. Therefore the 
lune will be less than the triangle by the segments 
taken away by the hexagon. For the lune and the 


and so HI? + OH?=IA?=4@H? (since IA=20H). Conse- 
quently HI? = 30H. 
® For (segment on HI) =3 (segment on HO) 
=2 (segment on HO)+6 (segment 
on AB) 
=(segments on HO, OI)+ (all seg- 
ments of inner circle). 
* j,e., the figure bounded by HO, OI and the are IH. 
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pavioxos Kat ra bmo Too eEayesvov adatpovpeva. 
TpHpaTa toa early TH Tpeydivep. Kal Kowvow mpoo~ 
televros Tob ééaydvou TO Tptywvov | totro Kal 7} 
éLdywvoy i io éort T@ TE panvioxe 7 AexBevre Kal 
TH KUKAwW 7T@ evTds. Et odv TA etpnpeva evdv- 
YpapupLe. Suvardv Terpaywvrabivar, Kal Tov KUKAov 
dpa peta Too pyvioxov.’ 


(c) Two Mean Proportionats 
Procl. in Eucl, i., ed. Friedlein 212. 24-213. 11 


‘H 8€ draywyi) petaBacis éotw dm’ dAdov 
mpoBAxjparos 7 Dewprparos en Mo, ob yrw- 
abévros 7} mopuabevros Kal TO TpoKeipevoy EoTat 
Katapaves, olov womrep Kal Tob Sumhacvacpod Tob 
KvBov Syrnbevros perecav Thy lnrnow els dMo, 
@ ToUTO €meTaL, THY <Upeow Ta&v dvo péowv, Kal 
TO Aowrov elyrovv, mas av S00 do08ccav edbeav 
dvo pécat avadoyov cdpefeiev. mpatov dé pact 
TOV amopoupevwy Siaypapparwv THY amaywyiy 
rowjoaobat ‘Iamoxparny tov Xiov, és kai pyviokov 
eretpaywvice Kai aA\a moAAd Kata ‘yewperpiav 
edpev edduns mepi Ta Staypappara eizrep Tis dAAos 
yevdpevos. 





* What Hippocrates showed was that if <= 
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segments taken away by the hexagon are equal to 
the triangle. When the hexagon is added to both 
sides, this triangle and the hexagon will be equal to 
the aforesaid lune and to the inner circle. If then 
the aforementioned rectilineal figures can be squared, 
so also can the circle with the lune.” 


(ec) Two Mean Proporrionats 
Proclus, on Euclid i., ed. Friedlein 212. 24-213, 11 


Reduction is a transition from one problem or 
theorem to another, whose solution or construction 
makes manifest also that which is propounded, as 
when those who sought to double the cube transferred 
the investigation to another [problem] which it 
follows, the discovery of the two means, and from that 
time forward inquired how between two given straight 
lines two mean proportionals could be found. The 
say the first to effect the reduction of the difficult 
constructions was Hippocrates of Chios, who also 
squared a lune and discovered many other things in 
geometry, being unrivalled in the cleverness of his 
constructions.* 


3 
Sp so that if 6=2a, a cube of side a is twice the size of 
acube of side a. For a fuller discussion, see infra, p. 258 n. b. 
It has been supposed from this passage that Hippocrates dis- 


covered the method of geometrical reduction, but this is 
unlikely. 


* 
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IX. SPECIAL PROBLEMS 
1. DUPLICATION OF THE CUBE 


(a) GENERAL 
Theon Smyr., ed. Hiller 2. 3-12 


*Eparoobevns pev yap &v Te emuypapopevyy 
Tarwving gyow tt, AnAlots Tod Oeob ypyoavros 
éri dnadrayy Aowod Bwov tot dvros durAaciova 
KaTacKevdcat, TOMY apxiTéKToow éeureaciv a7o- 
ptav Cyrovow omws xpi) aTepedv orepeod yeveobou 
durAdatov, adixéabar te mevoopevous mrEept TovUTOU 
TlAdrwvos. tov 8€ ddvat adtois, ws dpa od b- 

4 lol i ‘ / ~ , 
mAraciov Bupod 6 Beds Sedpevos totro AnAlous 
> , # ‘\ . > , ~ a 
épavrevoaro, mpodepwr Sé Kai dveidilwy tots “EA- 
Anow aperotor pabnudtwv Kal yewpetpias &A- 
ywpnkoow. 

Eutec. Comm. in Archim. de Sphaera et Cyl. ii., Archim. 
ed. Heiberg iii. 88. 4-90. 13 


Baouret Trodepatep *Epatoobérns yaipew. 
Tar | dpxaiov TWa TpaywooToayv dacw eicaya- 
yelv tov Mivw tH TAratxw xatackevalovra tadov, 








* Wilamowitz (Gott. Nachr., 1894) shows that the letter is 
a forgery, but there is no reason to doubt the story it relates, 
which is indeed amply confirmed ; and the author must be 
thanked for having included in his letter a proof and an 
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1. DUPLICATION OF THE CUBE 


(a) GENERAL 
Theon of Smyrna, ed. Hiller 2. 3-12 


In his work entitled Platonicus Eratosthenes says 
that, when the god announced to the Delians by 
oracle that to get rid of a plague they must con- 
struct an altar double of the existing one, their 
craftsmen fell into great perplexity in trying to 
find how a solid could be made double of another 
solid, and they went to ask Plato about it. He 
told them that the god had given this oracle, not 
because he wanted an altar of double the size, but 
because he wished, in setting this task before them, 
to reproach the Greeks for their neglect of mathe- 
matics and their contempt fur geometry. 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii., Archim. ed. Heiberg iii. 88. 4-90. 13 
To King Ptolemy Eratosthenes sends greeting.* 
They say that one of the ancient tragic poets 
represented Minos as preparing a tomb for Glaucus, 


epigram, taken from a votive monument, which are the 
genuine work of Eratosthenes (infra, pp. 294-297). The 
monarch addressed is Ptolemy Euergetes, to whose son, 
Philopator, Eratosthenes was tutor. 
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muOopevov Sd, dtr. mavraxod éxardpmedos etn, 
elreiv- 
puxpov y édeEas BactAxod onxov tadov- 
dutAdoos éotw, Tod Kadod Sé pi) adareis 
Bimdal? Exacrov K@dAov év Taxes Tago. 


eddxee S€ SunuapryKévac: TOV yap mAeupav SurrAa- 
ovacbevacy 76 peev errimedov yiverat TetpamAdatov, 
TO dé oTepedv OxTanmAdo.ov. elyreiro dé Kal Tapa 
Tots yewperpais, tiva dv tis tpdmov To Sober 
oTepedv Siapévoy ev TH abT@ oxyjpate SurAaowd- 
oevev, Kal exaXeito TO Towwdrov mpoBAnua KUBou 
SiAaciacpds: Urofeuevor yap KUBov éljrovv TotTov 
SurAacidcat. mavrwy dé Scatopovvtwv emt moddy 
Xpovov ap@tos ‘Inmoxparns 6 Xios 5 Emevonae, tt, 
eav edpeD7 duo ed0er@v ypappadv, dy q peilwy THs 
eAdaoves €or. dirAacia, dvo pécas dvdhoyov 
AaBeiv ev ovveye? avadoyia, SimAactacOjcera 6 
kvBos, wore TO arrdépnua adt@ eis Erepov ovK 
fraccov aTropnp.a Katéarpedev. pera. xpdvov b€ 
twas daciw AnAious émBaMopevovs Kara Xpnopwor 
durdacidoa Twa TOY Bwpdy é epmreceiv els TO avro 
anépnua, Statreppapevovs 5é€ tods apa TH TAd- 
tw ev "Axadnuia yewpérpas abvobv adbrots etpety 
70 Cnrovpevov. Tav. dé didordvws emdiddvTwv 
éavrovs Kat Cntotvytwv S00 THv Sobeicdv Svo pécas 





® Valckenaer attributed these lines to Euripides, but 
Wilamowitz has shown that they cannot be from any play by 
Aeschylus, Sophocles or Euripides and must be the work of 
some minor poet. 

> For if x, y are mean proportionals between a, 6, 


aene“ey 


then ao ri 5 
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and as declaring, when he learnt it was a hundred feet 
each way: “Small indeed is the tomb thou hast 
chosen for a royal burial. Let it be double, and thou 
shalt not miss that fair form if thou quickly doublest 
each side of the tomb.’’* He seems to have made a 
mistake. For when the sides are doubled, the surface 
becomes four times as great and the solid eight times. 
It became a subject of inquiry among geometers in 
what manner one might double the given solid, while 
it remained the same shape, and this problem was 
ealled the duplication of the cube; for, given a cube, 
they sought to double it. When all were for a long 
time at a loss, Hippocrates of Chios first conceived 
that, if two mean proportionals could be found in 
continued proportion between two straight lines, of 
which the greater was double the lesser, the cube 
would be doubled,’ so that the puzzle was by him 
turned into no less a puzzle. After a time, it is 
related, certain Delians, when attempting to double 
a certain altar in accordance with an oracle, fell into 
the same quandary, and sent over to ask the geo- 
meters who were with Plato in the Academy to 
find what they sought. When these men applied 
themselves diligently and sought to find two mean 
proportionals between two given straight lines, 


Therefore y= x _ab 
a @ 
and, eliminating y, a —a% 
a a 
so that ia 


This property is stated in Eucl. Elem. v. Def. 10. 

If 6 =2a, then @ is the side of a cube double a cube of side a. 
Once this was discovered by Hippocrates, the problem was 
always so treated. 
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AaBetv "Apyvras pev 6 Tapavrivos déyerar Sia TH 
Tucvadivdpwv edpynKévat, Evdofos dé dua THY Ka- 
Aovpéve KapTUAwy ypappav: cvpBeBynKe S€ maow 
abrois drodexTiKds yeypapevat, Xetpoupyfjoat de 
Kal eis ypeiav Tecety oy Svvacbae ANY emi Bpaxd 
tt Tov Mevatypov Kal Tatra Sucyepas. ézriwevdonrat 
dé ris bd” Nudv dpyavixh AAs padia, di” Fs 
etpjoopev S00 THY doPctoav ov povov dvo péoas, 
GAN’ doas dv tis éemraén. 


() Sotutions Given By Evutocivs 


Eutoc. Comm. in Archim. de Sphaera et Cyl. ii. Archim. 
ed. Heiberg iii. 54. 26-56. 12 


> A uA a ’ 
Kis tiv odtvbeow Tod a 


Todrou Andbevtos eel 80 dvadrdcews adtd 

i A ~ ta /, a > a 
mpoéBy Ta Tob mpoBAjparos, AnEdons THs avadv- 
sews els TO Seiv dU0 do0ecdv Svo pécas avddoyov 
mpoceupetv ev ovvexet avadoyia dnoiv ev TH ouv- 
Bécer “‘ cipioPwoav.”’ Thy dé etpeaw TovTwr br’ 
adrot pev yeypaypevnv ovdé ddws cbploxopev, 
modhey dé KAcwadv avdpav ypadais é evreTUXnKapeV 
TO mpoBAnpa tobro émayyeMopevats, dy Ti 
Edvddfou rob Kvidiov TapyTncdweba ypapny, 
erred} onow pev év mpooyrtors da KayerrdAwy 
ypappav adrny nipynkévar, ev S¢ rH amodeifer mpos 
T@ py Kexphoba KapymvAas ypaypais aAdd Kal 





2 “ Given a cone or cylinder, to find a sphere equal to the 
cone or cylinder” (Archim. ed. Heiberg i. 170-174). 

> This is a great misfortune, as we may be sure Eudoxus 
would have treated the subject in his usual brilliant fashion. 
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Archytas of Taras is said to have found them by the 
half-cylinders, and Eudoxus by the so-called curved 
lines ; but it turned out that all their solutions were 
theoretical, and they could not give a practical con- 
struction and turn it to use, except to a certain small 
extent Menaechmus, and that with difficulty. An easy 
mechanical solution was, however, found by me, and 
by means of it I will find, not only two means to the 
given straight lines, but as many as may be enjoined. 


(6) SotvtTions Given By Evrocius 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii, Archim. ed. Heiberg iii. 54. 26~56. 12 


On. the Synthesis of Prop. 1% 


With this assumption the problem became for him 
one of analysis, and when the analysis resolved itself 
into the discovery of two mean proportionals in con- 
tinuous proportion between two given straight lines 
he says in the synthesis: “ Let them be found.” 
How they were found we nowhere find described by 
him, but we have come across writings of many 
famous men dealing with this problem. Among 
them is Eudoxus of Cnidos, but we have omitted his 
account,” since he says in the preface that he made 
his discovery by means of curved lines, but in the 
demonstration itself not only did he not use curved 


Tannery (Mémoires scientifiques, vol. i. pp. 53-61) suggests 
that Eudoxus’s construction was a modified form of that by 
Archytas, for which see infra, pp. 284-289, the modification 
being virtually projection on the plane. Heath (41.G.M. i. 
249-251) considers ‘Tannery’s suggestion ingenious and 
attractive, but too close an adaptation of Archytas’s ideas 
to be the work or so original a mathematician as Eudoxus. 
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Senpnuevyy dvahoyiav cpa ws ouvexet Xpirac 
Orrep Ty dromov trovojoat, vt Aéyeo qepi Evddgov, 
aAAa mept TeV Kat peTpins Tmepl yewpeTpiav av- 
coTpappevwv. iva 89 9 TaV els Hpds eAndAvOdrwr 
avép@v evvoia eudavis yévnrar, 06 éxdotov THs 
evpécews Tpdtos Kai evTadla ypadyoeras. 


Ibid. 56. 13-58. 14 
‘Os TAdrev 


Avo d00cacdv edfedv Svo péoas avddoyov etbpeiv 
€v avvexet avadoyia. 





“Eotwoav ai do0cica do ebbeiar at ABT apds 





* The complete list of solutions given by Eutocius is: 
Plato, Heron, Philon, Apollonius, Diocles, Pappus, Sporus, 
Menaechmus (two solutions), Archytas, Eratosthenes, 
Nicomedes. 

® It is virtually certain that this solution is wrongly attri- 
buted to Plato. Eutocius alone mentions it, and if it had 
been known to Eratosthenes he could hardly have failed to 
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lines but he used as continuous a discrete proportion 
which he found. That would be a foolish thing to 
imagine, not only of Eudoxus, but of any one moder- 
ately versed in geometry. In order that the ideas 
of those men who have come down to us may be made 
manifest, the manner in which each made _ his 
discovery will be described here also.¢ 


Ibid. 56. 13-58. 14 
(i.) The Solution of Plato ® 


Given two straight lines, to find two mean proportionals 
in continuous proportion. 


A 


a 
Let the two given straight lines be AB, BI’, per- 


cite it along with those of Archytas, Menaechmus and 
Eudoxus. Furthermore, Plato told the Delians, according to 
Plutarch’s account, that Eudoxus or Helicon of Cyzicus 
would solve the problem for them: he did not apparently 
propose to tackle it himself. And Plutarch twice says that 
Plato objected to mechanical solutions as destroying the 
good of geometry, a statement which is consistent with his 
known attitude towards mathematics. 
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épbas dAAjAas, dv det SU0 péoas avddoyov edpeiv. 
exBeBAjobwoav én edOeias emi ta A, EH, xal 
kateckevadabw 6p0} ywvia 7 td ZHO, cat év évi 
oxéAa, olov 7@ ZH, xweic8w xavwv 6 KA év 
owhivi tue dvte ev TH ZH odrws, wore mapda- 
Androv adrov Siapever 7@ HO. ara dé robo, 
éav Kal Erepov Kavdviov vonfh cvpdues Ta OH, 
mapaddAndrov 5¢ 7@ ZH, ws 7d OM. awAnvucberody 
yap Tav dvwhev empaverdv trav ZH, OM owAjow 
meAckivoedeow Kai TUAWY cupdudy yevopevun TH 
KA els rods eipnpevovs owdivas éorar 4 Kivnats 
rod KA mapddAnios det 7 HO. rovrwv odv 
, tf 1, 4 Lf ~ if 

Kateckevacpevwy KeicOw Td év oxddos THs ywvias 
tuxov To HO padov rob T, kat peradepécbw 7 Te 

f ‘ ¢ ‘A > 8 ~ ” bay \ 
ywria Kat 6 KA xavev émt tocobrov, dxpis av To 
pev H onpeiov emi ris BA cdOeias 7 rod HO 
axédous Yavovros rob T', 6 8é KA Kava Kara pev 
70 K pavn ris BE ev@eias, kata 5€ To Aotmov pépos 

~ AA e € Mv a> 4 a ~ 

rod A, wore civar, ws exer emt ris Kataypadis, 


‘ 4 > ‘ iy f w € 4 ¢ ‘ 
Thy pev opOiy ywvriav Béow Exovoayv ws THY vTrO 
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pendicular to each other, between which it is required 
to find two mean proportionals. Let them be pro- 
duced in a straight line to A, E, let the right-angle 
ZH be constructed, and in one leg, say ZH, let the 
ruler KA be moved in a kind of groove in ZH, in such 
a way that it remains parallel to HO. This will come 
about if another ruler be conceived fixed to OH, but 
parallel to ZH, such as OM. If the upper surfaces of 
ZH, OM are grooved with axe-like grooves,* and there 
are notches on KA fitting into the aforementioned 
grooves, the motion of KA will always be parallel to 
H®. When this instrument is constructed, let one leg 
of the angle, say HO, be placed so as to touch I’, and 
let the angle and the ruler KA be turned about until 
the point H falls upon the straight line BA, while the 
leg HO touches I, and the ruler K.\ touches the 
straight line BE at K, and in the other part touches A, 
so that it comes about, as in the figure, that the right 
angle takes up the position of the angle TAK, while 


* The grooves are presumably after the manner of the 


accompanying diagram, or, as we should say, the notches 
and the grooves are dove-tailed. 
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PAE, Tov S¢ KA xavova Odow € Exelv, otav exet 7 
EA- ToUrwy yap yevapeveny €oTat TO TpoxkelLevov. 
épbdv yap otcdv ta&v mpos tois A, E éoriw, ws 


4 U'B zpes BA, 7) AB zpos BE xai 7) EB pds BA. 


Ibid. 58. 15-16 
‘Qs "Hpwr ev Mnyavixais cicaywyais Kai ev trois 
BeAozroukots 
Papp. Coll. iii. 9. 26, ed. Hultsch 62. 26-64. 18; Heron, 
Mech. i. 11, ed. Schmidt 268. 3-270. 15 
"Eotwoav yap ai dobeioa edOciac af AB, BI 
mpos opbas adAnjAas Keipevar, dv Sef d¥o pécas 
dvdhoyov edpeiv. 
° The account may become clearer from the accompany- 
ing diagram in which the instrument is indicated in its final 
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the ruler KA takes up the position EA. When this 
is done, what was enjoined will be brought about. 
For since the angles at A, E are right, TB: BA= 
AB:BE=EB:BA. [Eucl. vi. 8, coroll.] 


Ibid. 58. 15-16 


(ii.) The Solution of Heron in his “‘ Mechanics” and 
“ Construction of Engines of War’? 


Pappus, Collection iii. 9. 26, ed. Hultsch 62. 26-64. 18 5 
Heron, Mechanics i. 11, ed. Schmidt 268. 3-270. 15 


Let the two given straight lines between which it 
is required to find two mean proportionals be AB, BI 
lying at right angles one to another. 


position by dotted lines. H® is made to pass through I’ and 
the instrument is turned until the point H lies on AB pro- 
duced. The ruler is then moved until its edge KA passes 
through A. If K does not then lie on I'B produced, the 
instrument has to be manipulated again until all conditions 
are fulfilled: (1) HO passes through I; (2) H lies on AB 
produced ; (3) KA passes through A; (4) K lies on TB 
produced. It may not be easy to do this, but it is possible. 

> Heron’s own words have been most closely preserved by 
Pappus, whose version is here given in preference to Eutocius’s, 
which includes some additions by the commentator. Schmidt 
also prefers Pappus’s version in his edition of the Greek frag- 
ments of Heron’s Mechanics in the Teubner edition of Heron’s 
works (vol. ii., fasc. 1). The proof in the Belopoeira (edited 
by Wescher, Poliorcétique des Grees, pp. 116-119) is extant. 
Philon of Byzantium and Apollonius gave substantially 
identical proofs. 
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LvptenAnpadcbw 76 ABTA rapadAnrAdypappor, 
kat éxBeBAjabwoay at AT, AA, kat évelevxPwoav 
at AB, TA, xal mapaxeicOw Kavdviov mpds TO 


B onpeiw nai xweicOw téuvov tras TE, AZ, dypus 


ob 4 amo rob H (axSeioa)' emi tiv TAS TE ropyy 
w ve a > ‘ ~ 74 UY a , 
ion yévntar TH a6 Too H ent thy ris AZ topyy. 

P A ww ¢ A ~ , , 2 
yeyoverw, Kal €oTw 7 pev Tod Kavoviou Odors 7 
EBZ, toa: 8€ af EH, HZ. dAdyw odv dr ai AZ, 
TE péoa avadoydv ciow tév AB, BY. 

*Ezrel yap dpboydudv éorw té6 ABTA zapad- 
AnAdypappov, at téccapes edOeiae ai AH, HA, 
HB, HI toa addjAas eiciv. éret otv ton % 
AH 79 AH kai dupxrar 4 HZ, 76 dpa dd AZA 
pera tod amo AH ioov édorlvy 76 amo HZ. &a 
Ta atta 8) Kat TO trod AET pera tod azo TH 
ioov eotiy TH ad HE. kai eiolv icat ai HE, 


1 dyGetca add. Hultsch. 


® The full proof requires H© to be drawn perpendicular to 
AZ so that © bisects AA. 


Then AZ. ZA+ AQ?=ZO* (Euel. ii. 6 
Add H©? to each side. 
Then AZ. ZA+ AH? =HZ?, {Eucl. i. 47 
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Let the parallelogram ABA be completed, and 
let AT, AA be produced and let AB, PA be joined, 


Z 





A r E 

and let a ruler be placed at B and moved about 
until the sections [E, AZ cut off [from AI, AA 
produced] are such that the straight line drawn 
from H to the section IE is equal to the straight 
line drawn from H to the section AZ. Let this 
be done, and let the position of the ruler be EBZ, 
so that EH, HZ are equal. I say that AZ, TE are 
mean proportionals between AB, BI’. 

For since the parallelogram ABTS is right-angled, 
the four straight lines AH, HA, HB, HI are equal 
one to another. Since AH is equal to AH, and HZ 
has been drawn (from the vertex of the isosceles 
triangle AHA to the base), therefore * 

AZ. ZA+ AH?=HZ?, 
For the same reasons 
AE. EY +TPH?=HE?, 
But HE, HZ are equal. 
269 


GREEK MATHEMATICS 


HZ. icov dpa xai 76 trod AZA peta tod amd 
AH 76 io AET pera rod dwo TH. dv 7a amd 
TH toov dori 7@ avd HA. Aoimov dpa 76 bd 
AET Uoov éoriy 7H bd AZA. ws dpa % EA apos 
AZ, 4 ZA mpos TE. as Se % EA apos AZ, 7 re 
BA zpos AZ xat 7 ED apos TB, dore gorat Kai 
ws 7 AB apes AZ, 7 re ZA apos TE wai 7 TE 
ampos TB. rév dpa AB, BI péoa avadoydv ecicw 
ai AZ, TE.] 


Eutoc. Comm. in Archim. De Sphaera et Cyl. ii., Archim. 
ed. Heiberg iii, 66. 8-70. 5 


‘Qs AcvoxdAfjs ev 7H epi rupiwv 


*Ev Kikrdw 7xPwoav Svo Sidpetpor mpos dpbas 
ai AB, TA, kai 8vo0 mepipéperar ioae azretd)- 
pOwoav ef’ éxdtepa tod B ai EB, BZ, xai dd 
rod Z mapddAndos 7H AB 7yOw 4 ZH, Kai éx- 
eledxOw 7 AE. Aéyw, dre Trav TH, HO dvo péoa 
avdAoyov eiow ai ZH, HA. 

"Hy$w yap da tod E 7H AB aapdAdydos 7 





® Another fragment from the [epi avpiwy of Diocles is 
preserved by Eutocius (pp. 160 et seg.). It contains a solu- 
tion by means of conics of the problem of dividing a sphere 
by a plane in such a way that the volumes of the resulting 
segments shall be in a given ratio, and refers both to Archi- 
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Therefore AZ .ZA + AH? =AE. KT 4TH? 
And AH?2= TIP, 
Therefore AZ.ZA=AE.ETL. 
Therefore EA : AZ=ZA : TE. 


But (by similar triangles) 
EA : AZ=BA : AZ=ET : TB, 
so that AB: AZ=ZA :TE=TE: TB. 


Therefore AZ, TE are mean proportionals between 
AB, BI] 


Eutocius, Commentary on Archimedes’ Sphere and Cylinder 
ii, Archim. ed. Heiberg iii. 66. 8-70. 5 


(iii.) The Solution of Diocles in his Book 
“ On Burning Mirrors” ¢ 


In a circle let there be drawn two diameters AB, 
TA at right angles, and on either side of B let there 
be cut off two equal arcs EB, BZ, and through Z let 
ZH be drawn parallel to AB, and let AE be joined. 
I say that ZH, HA are two mean proportionals 
between I'H, HO. 

For let EX be drawn through E parallel to AB; 


medes and to Apollonius. Diocles must therefore have 
flourished later than these geometers. It appears also, from 
allusions in Proclus’s commentary on Eucl. i., that the curve 
known to Geminus as the cissoid was none other than the 
curve here described and used by Diocles for finding two 
mean proportionals, though the identification is not certain 
(see Loria, Le scienze esatte nell’ antica Grecia, pp. 410-415, 
Heath, ALG.M. i. 264). In that case, Diocles preceded 
Geminus, who flourished about 70 8.c. It is probable there- 
fore that Diocles lived towards the end of the second century 
or the beginning of the first century B.c. 
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EK: ion dpa éoriv 7 pev EK 7H ZH, 4 5é KE 77 
HA. éora yap roito S%Aov amd tod A ent ta 
E, Z éemlevyfercdv edOerdv: toa yap yivovrat 
ai tro TAE, ZAA, Kat dp8ai ai mpos tots K, H- 
Kal mdavra dpa maow dia 76 tv AE rH AZ tony 
elvat: xai Aour dpa 7 TK 7H HA ton éoriv. 
éret odv eotw, ws 7) AK apos KE, 4 AH zpos 
HO, ad’ ws % AK ampos KE, 7 EK apos KT: 
péon yap avddoyov y EK ra&v AK, KI: ws dpa 
% AK apes KE kai 4 EK apés KT, odrws 4 AH 
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EK will therefore be equal to ZH, and KT to HA; 
this will be clear if straight lines are drawn joining 


A 





A to E, Z; for the angles PAE, ZAA are equal, 
and the angles at K, H are right; and therefore, 
since AE= AZ, all things will be equal to all; and 
therefore the remaining element IK is equal to HA, 
Now since 
AK : KE=AH : HO, 
but Ak :KE=EK:KI (for EK is a 
mean proportional between AK, KT), 
therefore AK : KE=EK ; KT =AH : HO. 
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mpos HO. Kai éorw ton 7 pev AK rH TH, 7 5e 
KE 79 ZH, 4 5é KT 7H HA: ws dpa 4 TH zpos 
HZ, 4 ZH apos HA kai 4 AH zpos HO. édv 37 
nap’ éxdrepa Tod B Andbdow mepipeperar toa at 
MB, BN, cat dua péev tod N mapddAnaos axOH rij 
AB 7 NE, enilevy6A 5é 7 AM, eoovra: mdédAw radv 
TS, EO peéoa dvddoyov ai NE, BA. mAcidvwv 
obv oUTws Kal ovvexv mapaddArjAwy éexBdrnberodv 
peragd) trav B, A Kali rais dmoAapBavopevats 
in’ adbrav mepipepetats mpos TH B towv treferodv 
amo Tob B ds emi ro T kal emi ta yevapeva onpeta 
emlevybecav ediedv amo Tob A, ws Ta&v dpoiwy 
tats AE, AM, tpyOijcovra: ai mapaAAnAot at 
petafd trav B, A Kard twa onpeia, emi ris 
mpokeievns Katraypagis ta O, ©, éf? a Kavdvos 


ta > #, > , a 
mapabécer émlevgavtes ctOcias eLouev KaTaye- 
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And AK =TH, KE=ZH, KT =HA; 


therefore TH : HZ=ZH : HA=AH : HO. 


If then on either side of B there be cut off equal ares 
MB, BN, and N& be drawn through N parallel to AB, 
and AM be joined, N=, 2A, will again be mean pro- 
portionals between T'S, ZO. If in this way more 
parallels are drawn continually between B, A, and 
ares equal to the arcs cut off between them and B are 
marked off from B in the direction of I’, and straight 
lines are drawn from A to the points so obtained, 
such as AE, AM, the parallels between B and A will 
be cut in certain points, such as O, 0 in the accom- 
panying figure. Joining these points with straight 


lines by applying a ruler we shall describe in the 
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ypapperny év to KvKA® Tid YpapeY, ep Hs 
éav Andy TuXOV onpetov Kat ov avrod mrapaAdAnros 


ax TH AB, éora % axfeioa Kal 7) drrohapBavo- 
pen im adriis amd ths Staperpov mpos TH A 
péoae dvdhoyov THs TE drroAapBavoperns tn 
abris azo Tis. Siapérpou moos TQ T° onpetyp Kal 
Tob pépous airis Tob ano TOU ev TH ypaypy 
onpeiov emi tv TA Suderpov. 

Tovrwy mpoxareoxevacpevwy eoTwaav at do- 





* Lit. “line.” It is noteworthy that Diocles, or Eutocius, 
conceived the curve as made up of an indefinite number of 


A 





B 


small straight lines, a typical Greek conception which has 
all the power of a theory of infinitesimals while avoiding its 
logical fallacies. The Greeks were never so modern as in 
this conception. 

The curve described by Diocles has two branches, sym- 


276 


SPECIAL PROBLEMS 


circle a certain curve,* and if on this any point be 
taken at random, and through it a straight line be 
drawn parallel to AB, the line so drawn and the 
portion of the diameter cut off by it in the direction 
of A will be mean proportionals between the portion 
of the diameter cut off by it in the direction of the 
point I and the part of the parallel itself between the 
point on the curve and the diameter TA. 

With this preliminary construction, let the two 


E 
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Oetoat duo etv0etat, dy det Svo pécas avdAoyov 
evpelv, at A, B, Kat éorw KBxdos, ev @ dvo bid- 
peeTpot mpos opbas adnras at TA, EZ, Kat 
yeypadben év ada q Sua. TOv ovvexdv onpietov 
YPAppem ws mpoetpyrar, 7 AOZ, Kat yeyoverwr, 
ws 7 A mpos tiv B, 4 CH mpos HK, «ai ém- 
CevySeion 4 TK xai éxBdnbcica repvérw ri 
ypappny Kata To ©, kat dia tod O 7H EZ rrapar- 
Andros AyOwm 4% AM: bia dpa ta rpoyeypappéva 
tov TA, AO péoa avddoydv elow ai MA, AA 
Kal eet €otw, ws 4 TA mpos AO, otrws 4 TH 
mpos HK, ws dé 4 [TH awpos HK, odtws 7) A mpds 
tiv B, éav ev 7H adt@ Adyw rats TA, AM, AA, 
AQ mapepBddwpev pecas trav A, B, ws tas N, 
H, €oovrar eiAnupevar tov A, B péoa avadoyov 
al N, &: dep eder edpeiv. 


Ibid. 78, 13-80, 24 
‘Qs Mévatypos 


"Eorwoav ai Sofetcar So edfetac ai A, E- de? 
87 tTOv A, E do pwéoas avddoyov cdpeiv. 
Teyovérw, kai éorwoav ai B, T, nat exxeiobe 
Bécer edOcia 7 AH memepacpévn xara ro A, Kal 
1 ~ ~ a e La ee A 
mpos T@ A rH TD ton xeicOw % AZ, Kai yw mpos 
opbas 7 ZO, Kai 7H B ton KeioOw 4 ZO. énel 
= oe DA ay < , oe. 
obv tpets ed0etar avddoyov ai A, B, I, r6 tao 
~ W > \ - > ‘ ~ A ” € ‘ 
tév A, T toov €ori 7H azo tHs B- 70 dpa bro 





metrical ahout the diaineter CD in the accompanying figure, 
and proceeding to infinity. There is a cusp at C and the 
tangent to the circle at Dis an asymptote. If OC is the axis 
of x, and O.4 the axis of y, while the radius of the cirele is 
a, then by definition the Cartesian equation of the curve is 
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given straight lines, between which it is required to 
find two mean proportionals, be A, B, and let there be 
a circle in which A, EZ are two diameters at right 
angles to each other, and let there be drawn in it 
through the successive points a curve AOZ, in the 
aforesaid manner, and let A: B=TH : HK, and let 
I, K be joined, and let the straight line joining them 
be produced so as to cut the line in 9, and through 9 
let AM be drawn parallel to EZ; therefore by what 
has been written previously M.A, AA are mean pro- 
portionals between A, AO. And since A : AO= 
TH: HK and TH: HK=A: B, if between A, B we 
place means N,& in the same ratio as I‘A, AM, AA, 
AO0,2 then N, & will be mean proportionals between 
A,B; which was to be found. 


Ibid. 78. 13-80. 24 
(iv.) The Solutions of Menaechmus 


Let the two given straight lines be A, KF; it is re- 
quired to find two mean proportionals between A, E. 
Assume it done, and let the means be B, I’, and let 
there be placed in position a straight line AH, with an 
end point A, and at A let \Z be placed equal to I, 
and let ZO be drawn at right angles and let ZO be 
equalto B. Since the three straight lines A, B, Tare 
in proportion, A. =B*; therefore the rectangle com- 

ee. oO ea \olaare 

Vaca @ or y? (a+2)=(a- 2). 

The curve was called by the Greeks the cissoid (xtocoedis 
ypoppy) because the portion within the circle reminded them 
of a leaf of ivy (xicgos). 

* fe. if we take TA: AM=A:N, AM: AA=N:& and 
AA: AQ=E:B. 
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Sobelons tis A Kal tis T, rouréore tHs AZ, toov 
€oTt T@ amd tis B, rovréors 7H and rhs ZO. 
éni mapaBoAjs dpa To © ba Tob A yeypapperns. 
Hxowoav mrapddAAnror ai OK, AK. kai évet d00ev 
76 b70 B, T—icov ydp éort TH tro A, E—So00ev 
dpa kat ro b16 KOZ. emi brepBodjs dpa 7d O 
év dovpnrwtos tats KA, AZ. 800ev dpa ro @: 
aore Kal To Z, 

LuvreOyjoerar 57 otrws. eorwoav ai pev So- 
Oetoar edOcias at A, E, 7 8€ rH Ose 7) AH ze- 
mepacpevn kata ro A, Kat yeypadbw Sia tod A 
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prehended by the given straight line A and the 
straight line I, that is, AZ, is equal to the square on 


A 





A Z 3 


B, that is, to the square on ZO. Therefore 0 is on 
a parabola drawn through 4. Let the parallels OK, 
AK be drawn. Then since the rectangle B .T is given 
—for it is equal to the rectangle A . E—the rectangle 
KO.0Z is given. The point O is therefore on a 
hyperbola with asymptotes KA, AZ. Therefore 0 
is given ; and so also is Z. 

Let the synthesis be made in thismanner. Let the 
given straight lines be A, E, let AH be a straight line 
given in position with an end point at A, and let 
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mapapoAyn, As déwy pev 7 AH, dpOia dé Tob eidous 
mrevpa A, ai Sé Karaydopevar emt tiv AH ev 
6pbA ywvria Suvdcbwoay ta Tapa tiv A mapa- 
keieva ywpia mAdtTn éxovra tas amoAapBavo- 
pévas tn’ abtdv mpos TH A onpeiw. yeypaddw 
Kai €orw 7 AO, kat p07 %) AK, kai év dovparwrtots 
tais KA, AZ yeppadOw depBory, ad’ is at rapa 
tas KA, AZ ayOeitoas rowujcovow 7d xwpiov tsov 
t@ bo A, E- repet 8 tiv mapaBodjv. Tepverw 
Kata 76 ©, kal xaBeTror HYPwoav ai OK, OZ. 
énel odv TO amd ZO ioov éorit TH bad A, AZ, 
gor, ws y A mpos tiv ZO, 4 OZ mpos Za. 
nda, énmet To to A, E toov eort 7@ tro OZA, 
éatwv, ws » A mpos tv ZO, 4 ZA ampos tiv E. 
aa ws » A mpos tiv ZO, ZO mpos ZA: Kai 
ws dpa 7 A mpos thy ZO, 7 ZO mpos ZA Kai 7 
ZA mpos E. xeicOw 7H pev OZ ton 7 B, rH Se 
AZ ton 4 T. €orw dpa, ws 4 A mpos tiv B, 7 
B apos tiv T xat 7 Po ampds E. at A, B, VT, E 


wu ten /, , > a. 
dpa é&ijs avdAoydv eiow: omep Eder evpetiv. 
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there be drawn through A a parabola whose axis is 
AH, and latus rectum A, and let the squares of the 
ordinates drawn at right angles to AH be equal to 
the areas applied to A having as their sides the 
straight lines cut off by them towards A. Let it be 
drawn, and let it be \O, and let AK be perpendicular 
{to AH], and in the asymptotes KA, AZ let there 
be drawn a hyperbola, such that the straight lines 
drawn parallel to KA, \Z will make an area equal 
to the rectangle comprehended by A, E. It will 
then cut the parabola. Let it cut at 0, and let 
OK, OZ be drawn perpendicular. Since then 


ZO2=A . AZ, 
it follows that 
A:Z0=0Z : ZA. 
Again, since A\.E=0Z. ZA, 
it follows that 
A:Z0=ZA:E. 
But A:ZO0=Z0:ZA, 
Therefore A: ZO=ZO : ZA=ZA: E, 
Let B be placed equal to OZ, and P equal to AZ. 
It follows that 
A:B=B:P=T:E. 
A, B, I’, E are therefore in continuous proportion ; 
which was to be found.* 


° Ifa. x, y, 6 are in continuous proportion, 


Got _y ses ee ee 
cari and x* =ay, y?=br, ry =ab. 
Therefore x, y may be determined as the intersection of 
the parabola y? =bx and the hyperbola ry=ab. This is the 
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Ibid. 84. 12-88. 2 
"H ’Apytrov etpnois, ws Evdnuos toropei 


"Eorwoav at Sofeica: Svo edbeia ai AA, Ts 
bet 87 tev AA, T dto0 pécas avddoyov etpeiv. 

Teypadfw mepi tiv peilova tiv AA KvKdos 
6 ABAZ, kai 79 T ton evyppdodw 7 AB nai éxBdn- 
Ocica ovpmintérw TH amd rob A édanropévn tod 


KukaAov kata 76 Il, mapa 8€ rv TIAO Fybw % 





analytical expression of the solution given above, where 
E=a and A=b. Menaechmus gave a second solution, 
reproduced by Eutocius, determining 2, y as the intersection 
of the parabolas x? =ay, y? =be. 

This is the earliest known use of conic sections in the 
history of Greek mathematics, and Menaechmus is accord- 
ingly credited with their discovery. But the names parabola 
and hyperbola were not used by him; they are due to 
Apollonius; Menaechmus rere have called them, with 
Archimedes, sections of a right-angled and obtuse-angled 
cone. 

From the equations given above it follows that 


w+ y?- be-ay=0 
is a circle passing through the points common to the parabolas 
v=ay, y?=bey. 


It follows that x, y may be determined by the intersection 
of this circle with the hyperbola vy =ab. 

This is, in effect, the proof given by Heron, Philon and 
Apollonius. For, in the figure on p. 269, if AZ, AE are the 
co-ordinate axes, AB=a, BF =d, then 27+ y?— br—ay=0 is 
the circle passing through A, B, T, and zy =ab is the hyper- 
bola having AZ, AE as asymptotes and passing through B. 
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Ibid. 84, 12-88. 2 
(v.) The Solution of Archytas, according to Eudemus 


Let the two given straight lines be AA, I’; it is 
required to find two mean proportionals between 
AA, T. 

Let the circle ABAZ be described about the greater 
straight line AA, and let AB be inserted equal to I and 
let it be produced so as to meet at II the tangent to 
the circle at A. Let BEZ be drawn parallel to AO, 


A 
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BEZ, Kai vevonoben | Tpexvdiv8 prov épbov emi rob 
ABA _puxvraion, é emt d¢ tis AA ayuKdKAvoy opBov 
év T@ Tob Tpuxvdw8pion mrapadrndoypappp Kel- 
pievov- TodTo oy TO apexdedov TEpuaydpevov ws 
dm6 tod A éni 76 B péevovtos Tob A wépatos ris 
Stapérpou Teper tiv KvdAwdpuxny eémddverav ev 
TH meplaywryh Kat ypayser ev avri Ypappery TWO, 
addw 8é, éav THs | AA pevovans zo AITA Tptywvov 
meprevex Of Thy evavtiay TH hurkveAiw Kivyow, 
Kwrikypy troujoe. éempdveray 7H AIL edOeta, 7 89 
me playopevn ovpBanet TH KvAWOpLKH ypappy Kara 
Tt onpetov" dua. d€ kal 76 B Trepuyparset Tpurvichiov 
ev TH Tob Kasvou empaveia. exeTw 57) Oéow xara 
Tov TOTOY THs CUUTT@EwWS TOV ypappav TO jLev 
Kwovpevov HytKKALOY ws THv Tob AKA, ro dé 
dvrumeptaydpevoy Tplywvov Thy Tob AAA, 73 be 
Tis cipnperns oupnTadcews onpeiov éorw To K, 
€oTw dé Kad dua Tob B ypagpdpevov HpKdKAvov TO 
BMZ, Kou?) de abrod Top Kal Tob BAZA KUKXOU 
éorw 4 BZ, kal dad tod K éni 76 rod BAA 
TueuxcvncAon Caled KaBetos xOw: Teceira 87 
emt may rob KUKXov mepupeperav Sud TO opbov 
éordvat TOV xvAwépov. minrérw Kal €orw 7% KI, 
Kal 7) G76 708 Le em 76 A emlevxeioa cupPadérw 
TH BZ Kata, To ©, 7 dé AA Tt BMZ HyeevKai@ 
Kara TO M, eneletySooay dé kat ai KA, MI, MO. 
érret oby éxdrepov tav AKA, BMZ jpercor deo 
opOdv €or mpos TO brrokelprevov emimebov, Kal 7 
Kou} apa adtav Top 4) MO mpos op8ds éare Tt 
Tob KUKAoU  emumedep: ware Kat mpos ayy BZ 

6p0} éorw 4 MO. 76 dpa tro trav BOZ, rov- 
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and let a right half-cylinder be conceived upon the 
semicircle ABA, and on AA a right semicircle lying 
in the parallelogram of the half-cylinder. When this 
semicircle is moved about from A to B, the end point 
A of the diameter remaining fixed, it will cut the 
cylindrical surface in its motion and will describe in it 
acertaincurve. Again, if AA be kept stationary and 
the triangle AIJA be moved about with an opposite 
motion to that of the semicircle, it will make a conic 
surface by means of the straight line AI, which in its 
motion will meet the curve on the cylinder in a certain 
point ; at the same time B will describe a semicircle 
on the surtace of the cone. Corresponding to the 
point in which the curves meet let the moving semi- 
circle take up a position A’KA,* and the triangle 
moved in the opposite direction a position A.AA ; 
let the point of the aforesaid meeting be K, and let 
BMZ be the semicircle described through B, and let 
BZ be the section common to it and the circle BAZA, 
and let there be drawn from K a perpendicular upon 
the plane of the semicircle BAA; it will fall upon 
the circumference of the circle because the cylinder 
is right. Let it fall, and let it be KI, and let the 
straight line joining I to A meet BZ in 6; let AA 
meet the semicircle BMZ in M, and let KA, MI, MO 
be joined. Therefore since each of the semicircles 
AKA, BMZ is at right angles to the underlying 
plane, their common section MQ is also at right angles 
to the plane of the circle ; so that MO is also at right 
angles to BZ. Therefore the rectangle contained by 

9 In the text and figure of the mss. the same letter is used 
to indicate the initial and final positions of A; for con- 
venience they are distinguished in the figure and translation 


as A, A’. It would make the figure easier to grasp if A could 
he written II’ (for A is the final position of IT). 
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réort TO br AOI, icov dori 7H avd MO- Sporov 
dpa é€otit to AMI zpiywrov éxatépw trav MIO, 
MAO, kati 6p0) 4) tad IMA. éorw 5é Kat 4 bid 
AKA 6p6y. mapadAdAndot dpa cicivy ai KA, MI, 
Kat €orat avddoyov, ws 7 AA mpos AK, touréoTrw 
% KA zpos AI, otrws 4 JA apos AM, dia ri 
OpoleTnTa TeV pihueit: Tésoapes dpa ai AA, 
AK, AI, AM €€ijs5 avddoydv etow. Kat eorw % 
AM ion 77 1, éret kai 7H AB- dvo0 dpa Sofecadv 
tav AA, T bo péoat dvddoyov nipyvra ai AK, 
Al. 





* The above solution is a remarkable achievement when it 
is remembered that Archytas flourished in the first half of 
the fourth century 8.c., at which time Greek geometry was 
still in its infancy. It is quite easy, however, for us to repre- 
sent the solution analytically. If AA is taken as the axis 
of x, the perpendicular to AA at A in the plane of the paper 
as the axis of y, and the perpendicular to these lines as the 
axis of z, and if AA=a, I =, then the point K is determined 
as the intersection of the following three curves : 


(1) The cylinder et+y=aa, 


(2) the curve formed by the motion of the half-circle about A 
(a tore of inner diameter nil) 


e+ yt 2=ay/rxry, 


(3) the cone eyyr+zt= ee 
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BO, OZ, which is the same as the rectangle contained 
by AO, OI, is equal to the square on MO ; therefore 
the triangle AMI is similar to each of the triangles 
MIO, MAO, and the angle IMA is right. The angle 
A’KA is also right. Therefore KA’, MI are parallel, 
and owing to the similarity of the triangles the 
following proportion holds : 


A’A: AK=KA : AI=IA: AM. 


Therefore the four straight lines AA, AK, AI, AM 
are in continuous proportion. And AM is equal tol’, 
since it is equal to AB; therefore to the two given 
straight lines AA, T', two mean proportionals, AK, 
AI, have been found.4 


Since K is the point of intersection, 
AK =Verxte, Al=Veity. 
From (2) it follows directly that 
AK? =a. AI 
a _AK 
AK” AT* 
From (1) and (3) it follows that 


té., 


2 2\3 
e+ yen 


=a tt Y 
< P< ey: es ee 
we Vattyttz 3 


AP 
(eo oar § 
AK_ Al 


or Al 
a _AkK_AI 
AK AI” 6’ 
and AK, Al are mean proportionals between a and b. 
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Ibid. 88, 3-96. 27 
£Qs *Epatoobévns Soy 
AcSécbwoav S00 dvico. eddcia, dv Set 8vo 
péoas dvddoyov ctpeiv év avvexet? avadoyig, al 
AE, AO, kal xeicOw eri twos <dleias tis EO 
A ‘A I 


| 
E Zz H 98 


apos opbas 7 AE, kai ent ris EO tpia ovveotarw 
maparAnrdypappa edeEis ta AZ, ZI, 10, Kat 
7xX9woav Sidperpor ev adrois ai AZ, AH, I0- 
€covrar 67) adtrar mrapdAAnAot. peévovros 5% Tob 
péoov trapadAnroypappov tot ZI ovvwobrjrw 73 
pev AZ éendvw tod péoov, ro b€ 10 drroKdry, 
Kabanep emt tod Sevtépov oytparos, ews ob 
yevnra Ta A, B, YT, A kar’ evfetav, kai dinyfw 
oa Tay A, B, VT, A onpeiwy edOeia Kal ovp- 
manréta TH EO éexBrnbeion Kata 7d K- eorae 3%, 
ws 7 AK apos KB, év pev rats AE, ZB zapaA- 
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Ibid. 88. 3-96. 27 ¢ 


(vi.) The Solution of Eratosthenes . .. 


Let there be given two unequal straight lines AK, 
AO between which it is required to find two mean 
proportionals in continued proportion, and let AK be 
placed at right angles to the straight line EO, and upon 
EO let there be erected three successive parallelo- 
grams ® AZ, ZI, 10, and let the diagonals AZ, AH, 10 
be drawn therein ; these will be parallel. While the 
middle parallelogram ZI remains stationary, let the 
other two approach each other, AZ above the middle 
one, IO below it, as in the second figure,° until A, B, 
I, Alie along a straight line, and let a straight line be 
drawn through the points A, B, I, A, and let it meet 
EO produced in K ; it will follow that in the parallels 
AE, ZB 

AK : KB=EK : KZ 

@ This is the letter falsely purporting to be by Eratosthenes of 
which the beginning has already been cited, supra, pp. 256-261. 
The extract here given (3cSdcPwoarv . . .) starts in Heiberg’s 
text at 90. 30. Eratosthenes’ solution is given, with varia- 
tions, by Pappus, Collection iii. 7, ed. Hultsch 56. 18-58. 92. 

> Pappus says triangles in his account; it makes no 


difference. 
* See p. 294. 
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Arrows 7 EK pos KZ, év S€ rats AZ, BH mapaa- 
Ajdos 4 ZK mpos KH. as dpa » AK apos KB, 
% EK apos KZ nat 4 KZ mpos KH. waduw, éret 
éoTw, ws % BK zpos KT’, ev peév tats BZ, [TH 
mapadArAos 4 ZK mpos KH, ev S€ traits BH, Fo 
mapardrjrots 7 HK mpds KO, &s dpa % BK zpos 
KT’, 4 ZK apos KH xai HK aps KO. add’ dis 
4 ZK apos KH, % EK zpos KZ: kai ws dpa 7 EK 
apos KZ, 4 ZK zpos KH xai 7 HK zpos KO. 
GA as % EK zpos KZ, 4 AE apos BZ, ws 5€ 7 
ZK apes KH, 7 BZ mpos TH, ais 5€ ) HK pos 
KO, 4 TH zpos AO: Kai ds dpa 4 AE zpos BZ, 
4 BZ ampds TH nat 4 TH mpos AQ. gdpyvrar 
dpa tav AH, AO dvo0 péoa 7 re BZ wai 7 TH. 

Tatra obv émi ré&v yewperpoupevwn éemipaverav 
amodedekTau tva S€ Kal dpyavixds duvwpcba Tas 
dv0 péaas AapBavew, SiarHyvuTar wAWBiov EvAwov 
 eAchavrivov 7) yaAKkoiv éxov rpeis mvakioKous 
igous ws Aerrordrous, av 6 meV peaos evr}ppLooTa, 
ot dé S00 emworot claw ev yoAddpais, Tois dé pe- 
yébeow Kai rats ovpperpiats Ws exacrot éavTovs 
meiovow Ta prev yap THs dmodcifews waatTws 
ouvreAcirat: mpos S€ To axpiBorepov Aap Bavecbar 
Tas ypaypas dirorexvnréov, iva ev TH ovvdyecbar 
Tovs TvaKicKkous TapadAAnda diayévy mavTa Kal 
doxacTa Kal duadas ouvarropeva adAjAas. 

°"Ev 5€ 7@ avabhpare 7d pev dpyavixdv xaAKoodv 
€oTw Kai KaOypuoota ba’ adtyy tiv oredavyy 
THs oTHANS mpoopeoAvPdSoxonpevov, bm’ attod d5é 
} amrode€is ovvTopcitepov ppalopervyn Kai TO coxa, 
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and in the parallels AZ, BH 
AK : KB=ZK : KH. 
Therefore AK: KB=EK :KZ=KZ: KH. 


Again, since in the parallels BZ, [TH 
BK: KI'=ZK:KH 
and in the parallels BH, TO 
BK : KI'=HK: ko, 
therefore BK :KI=ZK:KH=HK: kO@ 
But ZK : KH=EK : KZ, and therefore 
EK : KZ=ZK : KH=HK : KO. 
But EK : KZ=AE: BZ, ZK : KH=BZ:TH, 
HK : KO=TH : AQ, 
Therefore AE :BZ=BZ:TH=TH: AO, 


Therefore between AE, AO two means, BZ, TH, 
have been found. 

Such is the demonstration on geometrical sur- 
faces ; and in order that we may find the two means 
mechanically, a board of wood or ivory or bronze 
is pierced through, having on it three equal tablets, 
as smooth as possible, of which the midmost is fixed 
and the two outside run in grooves, their sizes and 
proportions being a matter of individual choice—for 
the proof is accomplished in the same manner; in 
order that the lines may be found with the greatest 
accuracy, the instrument must be skilfully made, so 
that when the tablets are moved everything remains 
parallel, smoothly fitting without a gap. 

In the votive gift the instrument is of bronze and is 
fastened on with lead close under the crown of the 
pillar, and berieath it is a shortened form of the proof 
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per adro Sé émiypappa. troyeypdpbw obv got 
Kal Tabra, iva éyns Kal ws ev TO avabypate. TaYV 
an , 
€ bvo oxnpdtuv 76 Sedrepov yéyparrat ev TH OTHAN. 
nn ~ ~ , 
“ Ado trav S00ecav ed0edv Sv0 écas avdAoyov 
~ a e 
etpeiv ev cvvexet dvadoyia. Sdeddc8woav ai AE, 
S Es 
AO. cvvdyw 3} robs ev TH dpydvw mivaKas, Ews 
n > ? a vA A a 
dv kar’ ed0eiay yévyrar ta A, B, T, A onpeia. 
voetaOw 81, ws exer eal tod Sevtépov axnparos. 
” my + ¢€ A > A ~ E 
éorw dpa, ws 4 AK apds KB, & peév tais AE, 
BZ zapaddrjAous % EK apos KZ, ev S€ trais AZ, 
€. 
BH # ZK zpos KH- cis dpa 7% EK apos KZ, 9 


A 


E ib H 8 
KZ ampos KH. as dé atta mpos aAAjAas, Wy TE 
AE zpos BZ xai 4 BZ apds TH. woadrws dé 
SetEopev, dT Kal, ws % ZB apos TH, 7 TH zpos 
AO: avadoyov dpa at AE, BZ, TH, AO. yupnvra 
dpa dvo Tav Sofeady S00 péoa. 

“Hay d€ al dobeioat 7) icat Sow tais AE, AO, 
momoarvres adtais avdAoyov tas AE, AO tovTwv 
Anpopela Tas péoas Kal émavoicopev én” exeivas, 
Kal eooucla semounKoTes TO éemitaylév. éav dé 
mAeiovs pécas emitaxOH ctpeiv, dei evi mAelous 
mTwakigkous KatacTnooucda ev TH dspyaviw TaV 
AnPOynoopevwy pecwr: 7 S€ amdderkis 4) aby: 
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and the figure, and along with this is an epigram. 
These also shall be written below for you, in order that 
you may have what is on the votive gift. Of the two 
figures, the second is that which is inscribed on the 
pillar. 

“Between two given straight lines to find two 
means in continuous proportion. Let AE, AO be the 
given straight lines. Then I move the tables in the 
instrument until the points A, B, I’, A are in the same 
straight line. Let this be pictured as in the second 
figure. Then AK : KB is equal, in the parallels AE, 
BZ, to EK : KZ, and in the parallels AZ, BH to 
ZK : KH; therefore EK : KZ=KZ: KH. Now this 
is also the ratio AE : BZ and BZ: 1H. Similarly we 
shall show that ZB :TH=TH:A@; AE, BZ, TH, 
AO are therefore proportional. Between the two 
given straight lines two means have therefore been 
found. 

“Tf the given straight lines are not equal to AE, 
AQ, by making AE, 49 proportional to them and 
taking the means between these and then going back 
to the original lines, we shall do what was enjoined. 
If it is required to find more means, we shall con- 
tinually insert more tables in the instrument accord- 
ing to the number of means to be taken; and the 
proof is the same. 


@ The short proof and epigram which follow are presum- 
ably the genuine work of Eratosthenes, being taken from 
the votive gift. The reference to the second figure cannot, 
however, be genuine as there was only one figure on the votive 
offering ; perhaps Sevrepov should be omitted. 


295 


GREEK MATHEMATICS 


“Ei xdBov é€ dAtyou SinAjowov, dyabe, redyew 
dpdlea 7) orepeny macav és dAdo diow 
ed perapoppioa, Tdde Tor mapa, Kav av ye 
pdvdpny 
H olpov 7 KotAov ppetaros evpo KUTOS 
THO dvapetpyaao, péoas Gre Téppaciw aKpots 
ovvdpopddas dvood@v évTos eAns, Kavovey. 
pndé ov y’ “Apytrew Svoprxave. ¢; épya KvAvSpwv 
pode Mevatypetous KwvoTopely Tpiddas 
biljon, pnd ef te Peovddos Evddgouo 
Kaprrddov € ey yeappais elSos dvaypdperar. 
Toiade yap ev muvdKeoot peodypaga pupta Tevxots 
(petd Kev €x Travpov mb nevos dpxyopevos. 
evaiwy, IroAepaie, TATHp ore mail cuvnpaev 
dvi? , 60a Kal Movoats kat Baotretor dida, 
abros edwprjow" 76 roe és dorepoy, odpdve Led, 
Kal oKirTpey ek offs avridcee yxepds. 
kal 7a pev ws TeA€ouro, A€you Sé Tis avPeua Acvo- 
owv 
tod Kupnvaiov rotr’ ’Epatoabéveos.”” 


Ibid. 98. 1-7 
‘Qs Nexouydns ev 7H epi xoyyoedav ypappav 


T'pdges Sé kat Nixopydys ev TO emuyeypapyLevp 
™pos avrob Tlepi KoyxoeO@v ovyypappate opydvou 
KaTagKenny Thy abray atrom7Anpotvros xpetav, é 
@ kal peydha peev oepvuvdpevos paiverac 6 avi, 
TOMA dé Tors *"Epatoobévous éreyyedAadv etpjpuacw 





* Or * with a small effort,” Heiberg. i 
> Perhaps so called because there are three conic sections 
~-of an acute-angled, right-angled and obtuse-angled cone 
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“Tf, good friend, thou thinkest to produce from a 
small [cube] one double thereof, or duly to change 
any solid figure into another nature, this is in thy 
power, and thou canst measure a byre or corn-pit or 
the broad basin of a hollow well by this method, when 
thou takest between two rulers means converging 
with their extreme ends. Do not seek to do the 
difficult business of the cylinders of Archytas, or to 
cut the cone in the triads ® of Menaechmus, or to 
produce any such curved form in lines as is described 
by the divine Eudoxus. Indeed, on these tablets thou 
couldst easily find a thousand means, beginning from 
a small base. Happy art thou, O Ptolemy, a father 
who lives his son’s life in all things, in that thou hast 
given him such things as are dear to the Muses and 
kings; and in the future, O heavenly Zeus, may 
he also receive the sceptre from thy hands. May 
this prayer be fulfilled, and may anyone seeing this 
votive offering say : This is the gift of Eratosthenes 
of Cyrene.” 


Ibid. 98. 1-7 


(vii.) The Solution of Nicomedes in his Book 
** On Conchoidal Lines ”’ ¢ 


Nicomedes also describes, in the book written by 
him On Conchoids, the construction of an instrument 
fulfilling the same purpose, upon which it appears 
he prided himself exceedingly, greatly deriding the 


(ellipse, parabola and hyperbola). If so, this proves that 
Menaecchmus discovered the ellipse as well as the other two. 

© It follows from this extract that Nicomedes was later 
than Eratosthenes ; and as Apollonius called a certain curve 
“ sister of the cochloid ” (infra, p. 334), he must have been 
younger than Apollonius. He was therefore born about 
270 s.c. 
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ws apnydvos Te dpa Kal yewpeTpiuqs eLews 
éorepnpevors. 


Papp. Coll. iv. 26. 39-28. 43, ed. Hultsch 242. 18-250. 25 


ns’. Ets tov SirAactacpov Tot KiBov mapdyerat 
ris tao Nixopydous ypappn Kat yeveow ever 
TowauTny. 

"Exxetobw deta 7 AB, cai adr mpds dpbas 
9 TAZ, kai <idjpOw te onpelov emt ris TAZ 
do8ev to E, kat pévovros tod E onpetou ev & 
éorw torm 4 TAEZ cdtdcia depéobw Kara ris 
AAB edfelas éAxopéevn dia tod E onpeiov ovrws 
wote Sta travtos dépecbar to A emi ris AB 
evbetas Kal py exminrew éAxoperns THs TAEZ 
dua Tod E. Tovadrys Aa KWHcEews yevomerns ep 
éxdrepa. pavepor 6 étue 70 T onpetov ypdiper yeappny 
ota eoriy » ATM, xai éorw adrijs TO ovpmrepa 
Towwtrov. ws av evleia mpoorintn tis amo rob 
E onuciov mpos THY ypappyy, thy dtrokapBavo- 
peernv peta€d ths te AB cdOeias Kal rs ATM 
ypappts tonv civar TH TA eddeia: pevovons yap 
ths AB Kai pevoytos Tob E onpetou, drav yévnras 
To A emt ro H, 7 TA edécta 7H HO edappdce 
kat 70 TV onpetov emi to © (mecetrat)': ion dpa 
eoriv 7 TA rH HO. 6poiws nai dav érépa tis 


1 weceirat add. Hultsch, 





2 Eutocius proceeds to describe Nicomedes’ solution; we 
shall give an alternative account by Pappus. 
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discoveries of Eratosthenes as impracticable and 
lacking in geometrical sense.* 
Pappus, Collection iv. 26. 39-28. 43, ed. Hultsch 
242, 13-250. 25 

26. For the duplication of the cube a certain line 
is drawn by Nicomedes and generated in this way. 

Let there be a straight line AB, with PAZ at right 
angles to it, and on AZ let there be taken a certain 





given point Ek, and while the point E remains in the 
same position let the straight line TAEZ be drawn 
through the point E and moved about the straight 
line AAB in such a way that A always moves along 
the straight line AB and does not fall beyond it while 
TPAEZ is drawn through E. The motion being after 
this fashion on either side, it is clear that the point I 
will describe a curve such as AIM, and its property is 
of this nature: when any straight line drawn from 
the point E falls upon the curve, the portion cut off 
between the straight line AB and the curve AIM is 
equal to the straight line TA; for AB is stationary 
and the point E fixed, and when A goes to H, the 
straight line I'A will coincide with HO and the point 
T will fall upon ©; therefore PA is equal to HO. 
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dmé tod E onpetov mpos TH ypappny mpooréon, 
tiv amorenvoperny b70 THs ypappys Kal THs AB 
ed0cias tony noc 7H TA [ered tatty toot 
eicly af mpooninrovoa).’ Kareicbw 8€, g¢yotr, 
% pev AB edOcia Kavwv, 7d S€ onyciov Todos, 
Sidornpa Sé 4 TA, émecdy tavrn toate elotv at 
mpoorimrovea mpos THY AIM ypappry, adr 
Sé 4 ATM ypappr KoxAoedys mpurn (€retdy Kat 
 Seurépa Kai 7 Tpitn Kal ) Terapryn exriBerat cis 
dda Oewpipata xpnoedovaat). 

Kl’. “Ore 8€ dpyavuxds Sdvara ypadecdar 7 
ypaupy Kai em €dattov det ovprropevderar -T@ 
Kavovt, TouTéoTw Ort Tac@v TeV amd TIWHWY 
onpetwy ris ATO ypappis emt tiv AB edbetay 
kabérwv peylorn éotlv 7 TA Kaberos, dei 8€ 7 
éyyiov ris TA dyouévn Kdbetos tis amwrepov 
peilwy €oriv, Kat dri, eis Tov perakd témov Tob 
Kavovos Kai Tis KoyAoedots édv tis H €dOeia, 
exBaddropevn tunOnoetar bro THs KoxAoetdods, 

> 1 os e nr , vie a? ~A 2 
adros amédergev 6 Nixoprdns, Kat ypels ev TH els 
76 "AvdAnipa Atodapou, tpixya Tepeiv THY ywviay 
BovAdpevor, Keyprucla TH mpoeipnuern ypappy. 


1 érei8i) . . . mpoominrovcat “ ex proximis inepte huc trans- 
lata’ del. Hultsch. 





@ Let a be the interval or constant intercept between the 
curve and the base, and 6 the distance from the pole to the 
base (EA). If © is any point on the curve, and E@=7, 
4 TEO =4, then the fundamental equation of the curve is 

t=b sec d+a. 
If ais measured buckiwrards from the base towards the pole, 
then another conchoidal figure is obtained on the same side 
of the base as the pole, having for its fundamental equation 
t=b see d- a. 

This takes three forms according as a is greater than, 

300 


SPECIAL PROBLEMS 


Similarly, if any other straight line drawn from the 
point E falls upon the curve, the portion cut off by the 
curve and the straight line AB will make a straight 
line equalto TA. Now, says he, let the straight line 
AB be called the ruler, the point [E] the pole, PA the 
interval, since the straight lines falling upon the line 
ATM are equal to it, and let the curve AIM itself be 
called the first cochloidal line (since there are second 
and third and fourth cochloids which are useful for 
other theorems).4 

27. Nicomedes himself proved that the curve can 
be described mechanically, and that it continually 
approaches closer to the ruler—which is equivalent 
to saying that of all the perpendiculars drawn from 
points on the line AIO to the straight line AB the 
greatest is the perpendicular PA, while the perpen- 
dicular drawn nearer to l'\ is always greater than 
the more remote; he also proved that any straight 
line in the space between the ruler and the cochloid 
will be cut, when produced, by the cochloid; and we 
used the aforesaid line in the commentary on the 
Analemma ® of Diodorus when we sought to trisect an 
angle. 
equal to, or less than 6. These three forms are probably 
the ‘‘ second, third and fourth cochloids,” but we have no 
direct information. When a is greater than 4, the curve has 
a loop at the pole; when a equals 6, there is a cusp at the 
pole ; when ais less than 5, there is no double point. 

The original name of the curve would appear to be the 
cochloid (xoxAoedis ypaypyy), as it is called by Pappus, from 
a supposed resemblance to a shell-fish (xéxAos), Later it was 
called the conchoid (koyxoedys ypapp7), the“ mussel-like” curve. 

> Diodorus of Alexandria lived in the time of Caesar and 
is commemorated in the Anthology (xiv. 139) as a maker of 
gnomons, Ptolemy also wrote an Analemma, whose object 
is : graphic representation on a plane of parts of the heavenly 
sphere. 
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Aud 8% rév elpnuévwr davepov ws Svvardv é€oTw 
td # € ~ € L3 .7 ? 
ywrias Sobeions ws tis tivo HAB xat onpetov 
a” “A “ A 
exrés abris Tod T Sidyew riv TH Kai rovety tyv 
KH pera€d rijs ypappis Kat THs AB tony 7H 
do08eion. 


A 





"HyOw KdBeros aro tod T onpeiou ent rhv AB 
9 TO Kat éxBeBrAjobw, Kat TH Sobeion ton EoTw 
7 AO, Kat worAw pev 7H T, dtaorjpare b€ 7H 
Sobévr, rovréorw 7H AO, Kavou dé TH AB ye- 
ypadbw Koxdoeidis ypaypn mpoétn % EAH: 
oupBddra dpa 7H AH 81a 7d mpodexOév. cup- 
Baddérw Kata ro H, Kat éereledyOw 4 TH: ion 
dpa kal » KH 77 dodeion. 

xy’. Twes 8€ ris ypticews evexa maparibérvres 
xavova T@ I’ xwotow adrdv, €ws dv €x THs meipas 
Hh peragéy amoAapBavopern ths AB edOetas Kai 
ths EAH ypappis ton yévytat rH S00cion’ tovrou 
yap dvros TO mpoKeipevov e& dpyifs SelkvuTat 
(Aéyw 8é€ KvBos xuBov Simddows edpioxerat). 
mpotepov S€ dvo dobcicdv edberd@v Svo péoat KaTa 
70 auvexés avddoyov AapBdvovtrar, av 6 pev 
Nixoundyns thy KatacKkeuny e&Bero pdvov, pels 
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Now by what has been said it is clear that if there 
is an angle, such as HAB, and a point I outside the 
angle, it is possible so to draw 'H as to make KH 
between the line and AB equal to a given straight 
line. 

Let IO be drawn from the point I’ perpendicular to 
AB and produced to A so that AO is equal to the 
given straight line, and with I’ for pole, the given 
straight line, that is AO, for interval, and AB for 
ruler let the first cochloid EAH be drawn; then by 
what has been said above it will meet AH ; let it meet 
it in H, and let 'H be joined ; KH will therefore be 
equal to the given straight line. 

28. Some people, following [a more convenient] 
usage, apply a ruler to and move it until by trial 
the portion between the straight line AB and the line 
EAH becomes equal to the given straight line ; and 
when this is done the problem which was posed at the 
outset is solved (I mean a cube which is double of 
a cube is found). But first two means in continuous 
proportion are taken between two given straight lines; 


Nicomedes explained only the construction necessary 


303 


GREEK MATHEMATICS 


dé Kat THY amddekw épypydoapev TH KaTacKevh 
Tov TpdTroV ToUTOV. 

Acddc8woav yap dvo edeiar ai TA, AA zpos 
opbas dAAnjAats, dv Set d¥0 pécas avdAoyov Kara 
TO auvexes cbpeiv, Kal oupteTAnpwobw to ABTA 

ta + 7 , ¢€ , 
TrapaAdAnAdypappov, Kal teTuncOw diya éxarépa 
tov AB, BI rots A, E onpetous, cai émlevybeioa 





* The proof is fe by Eutocius with very few variations 
(pp. 104-106) and also in another place by Pappus himself 
(iii. 8, ed. Hultsch 58. 23-62. 13, with several differences). In 
iii. 8 the straight lines are called AT, AA, whereas here 
and in the passage from Eutocius the mss. have PA, AA. 
Wherever we have A here, it is reasonably certain that 
Pappus wrote A, and vice versa. 
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for doing this, but we have supplied a proof to the 
construction in this manner. 

Let 4 there be given two straight lines TA, AA at 
right angles to each other between which it is required 


M 





to find two means in continuous proportion, and let 
the parallelogram ABTA be completed, and let each 
of the straight lines AB, BI’ be bisected at the points 
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pev % AA éxBeBhjcdw kal cupminrerw TH : i TB 
exBrn Beton kata to H, TH dé BP mpos opbas 7 
EZ, Kal mpooPeBriobe 4 TZ ton ovoa TH AA, 
Kal émeledxbw 9 ZH kai abrd are o] 
TO, xai yovias ovens Tis b7o Tay KO dro 
dofévros tod Z dij xBeo 7 ZOK movobca. tony THY 
OK 77 AA y tm UZ (roéro yap ws Suvarov 
edeiyOn dua THs KoyAoedobs yeas)» Kal é7e- 
CevxBetoa 7 KA exBeBr \j08e Kal oupmumréro TH 
AB &cPybelon Kata TO M- réyw 6 ort €or ws 7 
AY apos KT, 4 KI apos MA, wai 7 MA zpos 
amv AA, 

"Exel 7 BY rérpnras diva 7H E Kai mpdoKerrat 
airy 7 KY, 70 dpa dvd BKT pera tod amo TE 
isov €otiv 7H aid EK. xowov mpocxeicbw 7d 
amo EZ: 76 dpa tro BKT peta tév ano PEZ, 
Touréorw Too dao T'Z, tcov éorly trois amo KEZ, 
Touréorw TO dard KZ. kal érrel ws 7 MA Tpos 
AB, 4 MA mos AK, os be 7 7 MA zpos AK, 
ovTws n Br mpos TK, xal bs. dpa 4 MA zpos 
AB, otrws 7 BY zpos TK. Kat €o7e THs wev AB 
jyicea 7 AA, ris 8é BI 8erAq 4 TH: eorae dpa 
kat ws 7 MA zpos AA, otrws 7 HI zpos KT. 
GAN ws 7 HT xpos TK, otrws 7 ZO mpds OK 
dud. Tas rapadArjAous Tas HZ, To: Kal ouvdevre 
dpa. ws 7 MA apos AA, 4 ZK ™pos Ko. ton dé 
dmoKerrat kai » AA 77 ‘OK, eve’ Kat TH UZ it ion 
€orlv q AAY ton dpa Kal 4 MA 7H ZK: isov dpa 
Kal To avo MA 7@ azo ZK. Kal €oTt TO prev A770 
MA toov ro iad BMA pera trod avd AA, 7TH Se 

1 émet . . . AA. Hultsch thinks these words are inter- 
polated ; they appear in both other versions. 
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A, E respectively, and let AA be joined and produced, 
and let it meet IB produced in H, and let EZ be 
drawn at right angles to BF in such a way that TZ is 
equal to AA, and let ZH be joined and parallel to it let 
I be drawn, and, since the angle KT is given, from 
the given point Z let ZOK be so drawn as to make OK 
equal to AA or to V'Z (that this is possible is proved by 
the cochloidal line), and let K.A be joined and pro- 
duced, and let it meet AB produced in M ; I say that 
AT :KT=KI: MA=MA: AA. 

Since BI is bisected at E and KI" lies in BI’ 
produced, therefore 


BK. KD +PE?=EK?, {Eucl. ii. 6 
Let EZ? be added to both sides. 
Therefore BK. KI +TE?+ EZ?=EK?+ EZ?, 


that is BK. KP 4TZ?=KZ?. [Eucl. i. 47 
And since MA :AB=MA: AK 

and MA: AK=BI': TK, 

therefore MA :AB=BT: TK. 
And AA=43AB, TH=2BI, 
Therefore MA :AA=HI: KT. 


But on account of HZ, [O being parallels, 
HI: TK=Z0 : OK. 
Therefore, compounding, 
MA: AA=ZK : KO, 
But by hypothesis AA=OK, since [Z= AA; 


therefore MA=ZK ; 
therefore MA? =ZK2, 
And M.A?=BM. MA+AA2 [Eucl. ii. 6 
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and ZK ioov édeiyOn 76 76 BKT peta too and 
ZV, dv 76 azo AA icov 7@ and TZ (ion yap 
inéxertae 4 AA 7H TZ): tcov dpa Kal ro do 
BMA 7@ tno BKI': ds dpa 7 MB zpos BK, 4 
TK zpos MA. aA’ ws % BM zpos BK, 4 AT 
mpos VK: ws dpa ) AT zpos TK, 4 TK apds AM. 
gore 5€ Kat ws % MB apos BK, 4 MA apos AA: 
Kal ds dpa 4 AT apos TK, 4 TK zpos AM, xat 
4 AM apos AA. 


2. SQUARING OF THE CIRCLE 
(a) GENERAL 
Plut. De Evil. 17, 6075, F 
’AvOpwmrov 8 ovvdels ddatpetrar témos eddat- 
poviav, damep odd dperny ovdé dpdvycw. adr’ 
*Ava~aydpas pev ev 7@ Seopwrnpiw tov Tod 
KUKAOU TeTpaywriopov eypade. 


Aristoph. dves 1001-1005 


METOAN. IIpoodels ob eyed 
‘ Las, La ‘ x ‘, 
TOV KQAVOV avwbev TOUTOVL TOV Kap7vAov, 
evbeis dca Bryjryv—pavOdvets ; MNEISOETAIPOS. 
ov pavOdva. 
> ~ , , , a 
METON. Opa BETPYOW KaVOVL mpoatilets, wa 
6 KUKAOS yernral got TEeTpPayOVOS. 





* This reference shows the popularity of the problem of 
squaring the circle in 414 B.c., when the Birds wap first 
preduced. Meton, who is here burlesaued, is the great 
astronomer who about eighteen years earlier had found that 
after any period of 6910 days (a little over nineteen solar 
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and it was proved that 

ZkK?=BK .KI'+ ZI, 
and here [Z?=AA? (for by hypothesis AN=T7Z) ; 
therefore BM.MA=BK.KI'; 


therefore MB: BK=TK: MA. [Eucl. vi. 16 
But BM: BK=AT: [CK 3 

therefore AT ;TK=K: AM. 
And MB:BK=MA: AA; 


and therefore AI': FK=IK : AM=AM: AA. 


2. SQUARING OF THE CIRCLE 
(a) GexERaL 
Plutarch, On File 17, 607, F 


There is no place that can take away the happi- 
ness of a man, nor yet his virtue or wisdom. 
Anaxagoras, indeed, wrote on the squaring of the 
circle while in the prison. 


Aristophanes, Birds 1001-1005 9 


Merton. So then applying here my flexible rod, and 
there my compass—you understand? PrtsTHe- 
Tatros. I don’t. 

Metox. With the straight rod I measure so that 
the circle may become a square for you. 


years) the sun and moon occupy the same relative positions 
as at the beginning, and had just built a water-clock worked 
by water from a neighbouring spring on the Colonus in 
the Athenian Agora. Actually, Meton made no contribu- 
tion to squaring the circle; all he seems to be represented as 
doing is to divide the circle into four quadrants by two 
diameters at right angles, 
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(6) Approximation By Potygons 
(i.) Antiphon 
Aristot. Phys. A 2, 185 a 14-17 

"Ana & obb€ Avew dravra mpoaiKe, GAN’ 7 boa 
ex TOY apy@v Tis emdeixvds pevdoerar, daa dé wy, 
ov, olov Tov TeTpaywropoy tov péev dia THV 
TRNLGTWY yewpeTpiKod Siaddoat, Tov dé *Avri- 
Pdvros od yewpeTpiKod. 


Them, in Phys. A 2 (Aristot. 185 a 14), ed. Schenkl 
3. 30-4. 7 


. ~ 
*"Ezrel kai 7a evdoypadipata doa pev a@ler 
Tas yewpetpixas vrobéces AuTéov TH yewperpn, 
daa d€ pdxyerar mpds éxeivas, TrapaiTtntéov, ofov 


@ Antiphon was an Athenian sophist contemporary with 
Socrates. 

> The comments of Themistius, Philoponus and Simplicius 
on this passage are of great importance in the history of 
Greek geometry. All three agree (Simplicius with a re- 
servation) that “‘ the quadrature by means of segments "’ is 
to be ascribed to Hippocrates of Chios. Simplicius’s repro- 
duction of the passage in Kudemus’s History of Geometry 
which tells us of certain areas squared by Hippocrates has 
already been given (supra, pp. 234-253). The four quadra- 
tures there given contain no fallacy. What then is the 
fallacy with which Aristotle and the commentators charge 
Hippocrates? It is most probably an alleged assumption 
by Hippocrates that because he had squared a particular 
lune in each of three kinds, he had squared all types of 
lunes; and, as he had also squared a figure consisting of a 
lune and a circle, that he had squared the circle. In fact, 
the last-mentioned lune was not of a kind which he had 
previously squared, and so he had not really squared the 
circle. But did Hippocrates think that he had squared the 
circle ? There is no reason to suppose that he so thought, and 
it is extremely unlikely that a mathematician of his calibre 
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(6) Approximation By Potycons 
(i.) Antiphon® 
Aristotle, Physics A 2, 185a 14-17 


At the same time it is not convenient to refute 
everything, but only false demonstrations starting 
from the fundamental principles, and otherwise not ; 
thus it is the business of the geometer to refute the 
quadrature by means of segments, but it is not the 
business of the geometer to refute that of Antiphon.? 


Themistius, Commentary on Aristotie’s Physics A 2 
(185 a 14), ed. Schenkl 3. 30-4. 7 


For such false arguments as preserve the geo- 
metrical hypotheses are to be refuted by geometry, 
but such as conflict with them are to be left alone. 


could be so deluded. Heiberg (Pahilol. xliii. 336-344) thinks 
that in the then state of logic he may have thought he had 
squared the circle. Bjérnbo (in Pauly-Wissowa, Real- 
Encyclopddie, xvi. 1787-1799) thinks he knew perfectly well 
what he had done, but used language calculated to give the 
impression that he had squared the circle. Both suggestions 
are highly improbable. Heath (/.G..M. i. 197) prefers to 
think that Hippocrates was trying to put what he had dis- 
covered in the most favourable light. Ross (-lristotle’s 
Physics, p. 466) is of opinion that Hippocrates simply proved 
his quadratures of lunes and the sum of a lune and circle, no 
doubt in the hope of ultimately squaring the circle, but 
without any claim to have done so. This appears the 
best view. Aristotle has misunderstood what Hippocrates 
claimed to have done. 

TpypaTra means ‘‘ segments,” and is not properly used 
of ‘‘lunes,’? but mathematical terminology was fluid in 
Aristotle's time, and tyjpa may have been used to denote 
any portion cut out of a circle. In De Caelo ii. 8, 290 a 4, 
Aristotle uses it to denote a “ sector.” 
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Sv0 twes KiKdov emixepnoavres retpaywviler 
‘Inroxparns te 6 Xios Kat 6 Avrigaiv, Tov pev 
otv ‘Inrroxpdrous Aut éov. Tas yap dpyas dvdAdtrwv 
mapadoyilerar TH, pdvov pev exeivov Tov pnvioKov 
Tetpaywvica. Os ypdderar mepi Tv Tod TeTpa- 
yaévov mAcupav Tod «is Tov KvKAOV éyypadhopévov, 
mévta dé pnvioxov ody te TeTpaywvilew AaBeiv 
eis! amdderwv, mpos Avtipavra $é odkér’ dv éxot 
A€yew 6 yewperpys, és eyypaguy Tplywvov igo- 
mrAeupov ets Tov KUKXov Kai éd’ exdarns TOV 
mAeup@v €tepov loockeAés ouviotas mpos TH 
mepipepeia Tod KUKAOoV Kai Totro éede€ys mod 
@eTo Tote epappdcev tod teXevTaiov Tprywvov 
Thy TAevpav ed0elavy odcayv TH Tepipepeia. 
Simpl. in Phys. A 2 (Aristot. 185 a 14), ed. Diels 
54. 20-55. 24 

“10 dé Avribaiv ypaibas KUKAov evéypaé re 
xwpiov eis avrov Trohbywvov Tay eyypapecbau 
Suvapeveny. éorw dé et TUXOL TeTpdywvov 79 
evyeypapipLevor. 2. Kab dijAov ome 4 owvaywry?) 
Tapa Tas yewpeTpucds: dpxas yéyovev oox ws 0 
*Add~avipds drow, “dre broriferar pev 6 yew- 
pérpns TO Tov KUKrov Tis edOelas KaTd onpetov 
dnrecOa ws apyjy, 6 b€ "Avriddv avaipet todTo.” 
od yap vrorifera: 6 yewpéetpys TobTo, GAN’ amo- 
Seixvucw abro ev 7@ tpitw BiBdAiw. dpewov ody 

1 ndvra ... eis: a lacuna in the text is satisfactorily 


filled, as Schenk] notes, if these words are supplied from 
Simplicius. 





2 Accounts differ about Antiphen’s procedure, but it 
makes no difference to the result, which is to get a regular 
polygon approaching the circle as its limit. Themistius was 


312 


. SPECIAL PROBLEMS 


Examples are given by two men who tried to square 
the circle, Hippocrates of Chios and Antiphon. The 
attempt of Hippocrates is to be refuted. For, while 
preserving the principles, he commits a paralogism 
by squaring only that lune which is described about 
the side of the square inscribed in the circle, though 
including every lune that can be squared in the proof. 
But the geometer could have nothing to say against 
Antiphon, who inscribed an equilateral triangle in 
the circle,* and on each of the sides set up another 
triangle, an isosceles triangle with its vertex on the 
circumference of the circle, and continued this pro- 
cess, thinking that at some time he would make the 
side of the last triangle, although a straight line, 
coincide with the circumference. 


Simplicius, Commentary on Aristotle's Physics A 2 
(185 a 14), ed. Diels 54, 20-55, 24 

Antiphon described a circle and inscribed some one 
of the (regular) polygons that can be inscribed 
therein. Suppose, for example, that the inscribed 
polygon is a square. . . . It is clear that the breach 
with the principles of geometry comes about not, as 
Alexander says, ‘‘ because the geometer lays down as 
a hypothesis that a circle touches a straight line in one 
point [only], while Antiphon violates this.” For the 
geometer does not lay this down as a hypothesis, but 
it is proved in the third book of the Elements.’ It 


the earliest of the commentators, and Heath considers his 
account ‘‘the authentic version.” Philoponus makes 
Antiphon begin by inscribing a square, then an octagon and 
so on. Simplicius, as will be seen below, allows him to 
begin with any one of the regular polygons, but starts with 
the square as an example. 
> Euel. Elem. iii. 16. 
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Aéyew apxiv clvar ro ddvvatov elvar edOctav 
epapydaar mepipepeia, GAN’ 4 pév extds KaTa &v 
onpciov eddiserar Tod KUKAov, 7 Sé evTds Kata bvo 
pdvov Kat od mrAciw, Kal 7 émady KaTa onyuctov 
yierat. Kal pévTor Téuvwy del TO petakd THs 
evleias Kal THs tod KvKAov mepidepeias emimedov 
od dSamavijcer adtd obdé Katadipberal mote THY 
tod KUKAou trepipéperay, elmep en’ dmetpdv éoTe 
Suarperov 7d émimedov. ei Sé KaradauPBdver, av- 
HpyTai tis apxy yewperpiKy 7 A€yovsa én’ dret- 
pov elvat ta peyéOn Siaiperd. Kai tadrnv Kal 6 
Evdypos rhv dpyiy dvatpeicbal dnow tnd Tob 
’"Avriddvros. 
(ii.) Bryson 
Alex. Aphr. in Soph. El. 11 (Aristot. 171 b 7), ed. 
Wallies 90. 10-21 

"AM 6 «t06 ~Bpvowvos tetpaywviapes Tob 
KUKAov epiatiKds eat Kal codiotixds, OTL DK eK 
TOV oikeiwy apyav THs yewpetpias GAN &k Twwv 
KoWoTépwv. TO yap TEeptypadeww exTds TOD KUKAOU 





9 Heath (A.G.M., i. 222-223) comments: ‘The objection 
to Antiphon’s statement is really no more than verbal; 
Euclid uses exactly the same construction in xii. 2, only he 
expresses the conclusion in a different way, saying that, if 
the process be continued far enough, the small segments left 
over will be together less than any assigned area. Antiphon 
in effect said the same thing, which again we express by 
saying that the circle is the limit of such an inscribed polygon 
when the number of its sides is indefinitely increased. 
Antiphon therefore deserves an honourable place in the 
history of geometry as having originated the idea of ex- 
hausting an area by means of inscribed regular polygons 
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would be better therefore to say that the principle is 
that a straight line cannot coincide with the cireum- 
ference, a straight line drawn from outside the circle 
touching it in one point only, a straight line drawn 
from inside cutting it in two points and not more, and 
tangential contact being in one point only. Now 
continual division of the space between the straight 
line and the circumference of the circle will never 
exhaust it nor ever reach the circumference of the 
circle, if the space is really divisible without limit. 
For if the circumference could be reached, the 
geometrical principle that magnitudes are divisible 
without limit would be violated. This was the prin- 
ciple which Eudemus says was violated by Antiphon.? 


(ii.) Bryson? 
Alexander, Commentary on Aristotle's Sophistic 
Refutations 11 (171 b 7), ed. Wallies 90. 10-21 
But Bryson’s quadrature of the circle is eristic and 
sophistical, because he proceeds not from principles 
peculiar to geometry but from wider principles. For 
to cireumscribe a square about the circle and to 


with an ever-increasing number of sides, an idea upon which 

Eudoxus founded his epoch-making method of exhaustion. 

The practical value of Antiphon’s construction is illustrated 

by Archimedes’ treatise on the Measurement of a Circle 

[reproduced below]... The same construction starting 

from a square was likewise the basis of Vieta’s expression 
Q 


for =, namely, 
= J 


2 7 


7 7 
eee rl - COS 3 » COS Té see 
=VE.VEUFVE* VAeVE OE V9) 
+ Bryson was a pupil either of Socrates or of Euclid of 
Megara. 
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TeTpaywvov Kat evros ey) ypagew € eTEpov Kat peragd 
Tov dvo TeTpAyovey €TEpoV TeTpdyewvov, etra, 
Adve 6 étt 6 pera£d ta&v Svo TeTpayavery KUKos, 
Spiers S€ Kai 76 peragy tev dvo TETPAYEVEY 
TeTpdywvov Tod pev exTds TeTpaywvov éAdTTOVa 
elat Tob Sé evtds peilova, 7a S€ TOV adray peilova 
kal eAdtrova ica éotiv, laos dpa 6 KUKAos Kal Td 
TeTpaywvov, EK TWwwr KoWwav dAdAa Kal pevddyv 
€or, Koway pév, ote Kal én” dpiOuadv Kal ypdvwv 
Kal TéTWV Kal GAAwY KoWaY appoco av, Wevdav 
dé, Tt OxTW Kat evvea Tov Séxa Kal émra eAaTTOVES 
Kal peilovés efor Kal duws odK cial igor. 
(iii.) Archimedes 
Procl. in Eucl. i, ed. Kroll 422. 24-493. 5 


"Ek rovrou be ofa Tod mpoBAjpatos émaxbevres 
ot madatol Kat Tov Tob KUKAOU TeTpaywvigpov 
elirnoav. e yap napadrAnrAdypappov icov ebpt- 
oKeTat mavrt evduypdupn, {nricews a&vov, fur) 
Kal ra ev0dypoppa Tots mepipepoypaptjious ioa 
Secxvivar Suvardv. Kal 6 "Apxysndns edereev, 6 ore 
mas KbiAos toos €ori Tpeyeovep opboywvie, ob F 
pev &x Kévtpov toy eotiv pid Tov wept TH dpOyy, 
7 5€ wepivetpos TH Bacer. 

Archim. Dim. Cire., Archim. ed. Heiberg i. 232-242 


, 
a 


~ re ” > \ s > , e 
IlGs xv«ros icos eoti tprywvw dsploywviw, ob 





* Bryson marks a step beyond Antiphon because he con- 
ceived the circle as intermediate in area between an inscrihed 
and an escribed polygon, an idea which was powerfully 
developed ty Archimedes. The manner in which he took 
a square intermcdiate between the inscribed and escribed 
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inscribe another® within and between the two 
squares to take another square, and then to say that 
the circle is intermediate between the two squares, 
and similarly that the square between the two squares 
is less than the outside square but greater than the in- 
side and that, since things which are greater and less 
than the same things are equal, therefore the circle 
and the square are equal, is tg proceed from wider 
principles (than those of geometry) and false ones ; 
wider, because the argument would apply to numbers 
and times and spaces and other entities, false, be- 
cause eight and nine are respectively less and greater 
than ten and seven and nevertheless are not equal. 
(iii.) Archimedes 
Proclus, On Euclid i., ed. Kroll 422. 24-423. 5 

I think it was in consequence of this problem ® that 
the ancient geometers were led to investigate the 
squaring of the circle. For if a parallelogram is 
found equal to any rectilineal figure, it is worth 
inquiring whether it be not also possible to prove 
rectilineal figures equal to circular. Archimedes 
in fact proved that any circle is equal to a right- 
angled triangle wherein one of the sides about the 
right-angle is equal to the radius and the base to the 
perimeter. 

Archimedes, VWeasurement of a Circle, Archim. 
ed. Heiberg i. 232-242 
Prop. 1 
Any circle is equal to a right-angled triangle in which 


squares is unknown. Some have assumed that it was the 
arithmetic mean, others the geometric (see Heath, 27.G. 1. 
i, 223, 224). 
> Eucl. i. 45. ‘“* To construct, in a given rectilineal angle, 
a parallelogram equal to a given rectilineal figure.” 
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ev ex 708 KEVTpOV ton pod Trav epi thy opOyy, 
H dé TepijteTpos Th Paces. 
"Exérw 6 ABI A KdKdos Tpryevey 7@ EK, ows 


bmoKetTae’ Adyw, 6rt toos éoTiv. 




















Ei yap duvarov, géorw peilav 6 KUKAos, Kal 
eyyeypapiw vo AT TeTpadywvov, Kal TeTHHOOWoaY 
at mepupe pera Bix, Kal €oTw Ta THHpaTa 707 
eAdcoova Tis brepoxts, 7) bmepéxer 6 KUKAOS TOU 
Tprywvov: TO edOvypappov dpa ett TOU Tprywvou 
éoti petlov. «iAjdbw Kévtpov 7a N cai Kdberos 
318 


SPECIAL PROBLEMS 
one of the sides about the right angle is equal to the radius, 
and the base is equal to the circumference. 
Let the circle ABI‘A have to the triangle E the 


stated relation ; I say that it is equal. 


For, if possible, let the circle be greater, and let the 
square AI be inscribed, and let the ares be divided 
into equal parts [and let BZ, ZA, AM, MA, etc., be 
drawn],¢ and let the segments be less than the excess 
by which the circle exceeds the triangle.? The 


rectilineal figure is therefore greater than the triangle. 


* Heiberg’s note is: “ Tale aliquid Archimedes sine dubio 
addiderat: Omnino in toto hoe opusculo genus dicendi et 
exponendi brevitate tam negligenti laborat, ut manum 
excerptoris potius quam Archimedis agnoscas.” 

® That this can be done is shown in Eucl. Elem. xii. 2, 
depending on x. 1. The latter theorem was probably dis- 
covered by Eudoxus, but is commonly known as the “* Axiom 
of Archimedes’ from his repeated use of it. 
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% NE: eAdccwy dpa 7 N& tijs rob Tpuycbvou 
mAevpas. €otw 8é Kal 4 mepipetpos tod «dbv- 
ypdppou Tis Aouriis éAdrrwy, émet Kal rhs Tob 
KUKAov Tepiuetpov: éAaTTov dpa TO «dOdypappov 
rot E tpiywvov- omep aromov. 

"Eotw 8 6 KvKdos, ei Suvardv, eAdcowy tod E 
tpuywvov, Kal mepryeypadbw 76 TeTpdywrov, Kat 
retpnoOwaoav at mepipeperae Sixa, Kai AXIwoav 
edamrépevar Sia TOY onpeiwv: dpbr) dpa bo 
OAP. 4 OP dpa tis MP éorw peilwv 4 yap 
PM 77 PA ton ori kai 76 POIL tpiywvov dpa 

~ y Fd ~ , > n A ov 
rob OZAM oxrparos petlov dorw 7 TO Tywov. 
AcreifOwoav of 7H TIZA rope? Spotor €Adaoovs 
ris brepoxis, # trepéxer To E rob ABTA Kdxdov- 
ér. dpa TO Teptyeypappéevov edOdypaypov tod EK 
éorw é€Aacoov: omep atomov: éoTw yap peilov, 
oe ¢ A ™” > ‘ ~ 62 ~ 4 
ore 4» poev NA ton €ori rH Kabérw Tot Tprydvou, 
4 Se mepiperpos peilwy €ori tis Baoews Tob 
tprywvov. icos dpa 6 KiKdos tO E tprywrw. 

, 
Y 

Tlavrés xvKdov % mepipetpos tis Siapérpov 
tpimAaciwy é€oTt Kal ére dmepéxer eAdooom peév 
hal € , / ~ Lé ‘ , on" f 
q €Pddpw péper tis Svapérpou, peilou dé 7 déka 
éBSounKooTopdvots. 


* i.e., the space between the are ZA of the circle and the 
sides ZIT, TIA of the escribed polygon. The name given to 
this figure, ropeds, is more properly used of a sector of a 
circle, and Heiberg notes: “roe Archimedes non scripsit 
pro dmotpjpart.” The process, it is not quite clearly stated 
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Let N be the centre, and NX perpendicular [to 
ZA]; NE is then less than the side of the triangle. 
But the perimeter of the rectilineal figure is also less 
than the other side, since it is less than the perimeter 
of the circle. The rectilineal figure is therefore less 
than the triangle E ; which is absurd. 

Let the circle be, if possible, less than the triangle 
E, and let the square be circumscribed, and let the 
ares be divided into equal parts, and through the 
points [of division] let tangents be drawn ; the angle 
OAP is therefore right. Therefore OP is greater 
than MP; for PM is equal to PA; and the triangle 
POIL is greater than half the figure OZAM. Let 
the spaces left between the circle and the circum- 
scribed polygon, such as the figure? IIZA, be 
less than the excess by which E exceeds the circle 
ABTA. Therefore the circumscribed rectilineal 
figure is now less than E ; which is absurd ; for it is 
greater, because NA is equal to the perpendicular of 
the triangle, while the perimeter is greater than the 
base of the triangle. The circle is therefore equal to 
the triangle E. 


Prop. 3° 


The circumference of any circle ts greater than three 
times the diameter and exceeds tt by a quantity less than 
the seventh part of the diameter but greater than ten 
Seventy-first parts. 
in the Greek, is to be continued until the escribed polygon 
is such that the spaces left between it and the circle are less 
than the excess of E over the circle. That this can be 
done follows from the ‘* Axiom of Archimedes,” Eucl. Elem. 


xo 1. 
> The order of the propositions in the manuscripts is 
manifestly wrong. Props. 2 and 3 must be interchanged. 
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"“Eotw xvKados kai didperpos } AT Kal xévrpov 
79 E wai 4 TAZ éedarropévy xai 4 bd ZED 
tpirov dpOijs: 7 EZ dpa.mpos ZT Adyov Exe, dv 


Zz 


Burro 


ts mpos pvy, » 8é ED mpds [riv] TZ Adyov exer, 
év of mpos pry. retuHobw obv 4 br6 ZED Sixa 
Ti EH- éorw dpa, cis 4 ZE zpos EY, ZH zpos 
HI [xai évaddAdé wai ovvbévri]. ds dpa ovvap- 
dorepos  ZE, EY xpos ZT, 4 ED apds TH: 
@ore 7) TE mpds TH petLova Adyov exer arep 
doa mpos pvy. 7) EH dpa pos HT Suvdpuer Adyov 
AS 


ree Bo 
exer, dv M Ouv mpos M jyvG- prjcer dpa, dv 





* As Eutocius explains in his commentary on this passage 
(Archim. cd. Heiberg iii. 234), if EZ is represented by 
306 and PZ by 153, then by Pythagoras’s theorem EI? = 
3067-153? = 70227. Since 265? = 70225, ET is therefore 265 
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Let there be a circle with diameter AT and centre 
E, and let PAZ be a tangent and the angle ZET' one- 
third of a right angle. Then 


EP: TZ [=4/8 : 1)>965 2158". . (1) 


and EZ: ZT [=2:1] =306:153 . . (2) 
Now let ZZET' be bisected by EH. It follows that 
ZE : EP =ZH : HI (Eucl. vi. 3 
so that (Zh+ED : EY =ZH+HI: HT 
=Z1 : HT, or] 
ZE+ED: ZC =ET: HI. 
Therefore TE :TH (=ET+ZE: ZT 


> 265 + 306 : 153, 
by (1) and (2)] 
>571:158 . . (8) 


Hence EH? : HY? (=Er?+PH? : HY? 
> 5712 + 153? : 1532] 
> 349450 : 23409, 


and a “ minute and imperceptible fraction ”’ (uéprov eAaxiorov 
kal dvenaiofyrov). As the sides of the triangle are in the 
ratio 1, V3, 2, this is equivalent to saying that V3> 335. 
In the second part of the proof Archimedes assumes that 
/3< 45). The way in which he makes these assumptions, 
without explanation of any kind, shows that they were 
common in his day, and much ingenuity has been spent in 
devising processes by which they may have been reached. 
v. Heath, The Works of Archimedes, lxxx-lxxxiv, xe-xcix. 

Eutocius fully explains the arithmetical working, where 
Archimedes merely sets down the results. In the translation 
the necessary working, where not given by Archimedes, is 
shown in square brackets. In the Greek text as we have it 
a few equalities are given where the argument requires 
inequalities. The translation reproduces what Archimedes 
must have written. 
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$Sa 7’ mpds pvy. mdAw diva 4 dd HET 79 EO- da 
7a abra dpa 7 ED apés TO peilova Adyov exe 
7) Ov ,apéB 7’ mpds pry: 4} OE dpa mpos OL peilova 
Adyov exee 7 Sv japoB 7’ mpos pvy. ere Sixa FH 
tno OED rH EK: 4} EY dpa ampds TK pedfova 


Adyov exer 7 dv ,BrrS 8 pos pry: 4} EK dpa zpos 
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so that EH : HT >5914:153. . (4) 


Again, let CHET be bisected by EO; then by the 
same reasoning 


(HE : EP =HO0: OF (Kuel. vi. 3 
so that HE+ED: ET =H6+0r:er 
=Hr: Te, 
*or HE+Er: HP =EI: Te. 
Therefore] EI’ : TO {=TE+EH: HP 


> 571+ 591) : 153, 
by (8) and (4),] 
>11624:153  . (5) 
(Hence OR? : TE@2 =ET?+Te? : Te? 
> 1162}? +153? : 153? 
> 135053433 + 23409 : 


23409 
> 137394323 : 23409,] 
so that 6E: Or >1172$:153 . (6) 
Again, let OET be bisected by EK. 
Then (OE : EP =ONK:KI . (Buel. vi.3 
so that OE+Er:Er =0K+KT:; KT 
=OF : TK, or] 
EV: Tk {=E+0E: or 


> 11624 + 11723 : 153, 
by (8) and (6),] 
> 23344153 . . (9) 
(Hence EK? ; PK? =B?+TK? : PK? 
> 233442 + 153? : 1532 
> 54721323, : 23409,| 
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VK peilova 7 Sv BrXO 8’ mpds pvy. ere dixa 7 bd 
KET 79 AE: 4 ED dpa apos AT peilova [ujret] 
Adyov Eyer rep ta Sxoy L’ mpds py. émei odv 
% imo ZEL tpirov obca dpOis rérTunTar TeTpdKts 
dixa, 7 b7d AET dpOAs €or pun’. KeicOw odv 
adTh ton mpos T@ E 7 bro TEM: % dpa tro AEM 
opbs é€ort Kd’: kai 7 AM dpa cdOeia rob mept 
Tov KUKAov €oTl ToAvydvou meupa mAEevpas €xov- 
ros Gs. émel odv 4 ED xpos thy TA edeixOn 
peilova Adyov éyovca ymep Sxoy ZL’ mpos pry, 
aaAdva THS peev Er burAq a] AT, TIS dé TA SerAactwv 
% AM, wat 4 AT dpa mpds riv tod Se-yavov 
mrepipetpov peilova Adyov exer yep yoy Z’ pos 


M xm. Kal éotw tpirAdoia, Kal taepéxovow 
xél 2’, dep trav Syoy L’ eAdrrovd eorw Hh 76 
eBdopov: wate TO ToAVywvov 76 TEpt TOV KUKAOV 
THs Staperpov eort TpimAdowov Kal éAdtrov TO 
éBddpm péper peilov: 7) Tod KUKAOU dpa TrepipeTpos 
mov) padAdov éeAdoowv éoriv  TpiTtAaciwy Kal 
EBddum péper peilwv. 

"Eotw KuKdos Kai diudperpos 4 AT, 7 8€ bz 
BAT spiro dp6ijs: 4 AB dpa apos BI eAdocova 
Adyov exer 7} Sv jatva mpos yar [4 S€ AT zpos TB, 
dv jag mpds pr]. Siya 4 tro BAT 79 AH. 
eret ovv ion éotly 4 t7o BAH 79 tad HTB, adda 
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so that EK : TK > 23393:153  . . (8) 
Again, let ZKET be bisected by AE. 
Then [KE : ET =KA:ADP  [Euel. vi. 3 
so that KE+E0:EC =KA+AT: AP 
=KT: AT, or] 
Er: AT (=El+KE: KT 


> 23344 + 2339} : 153, 
by (7) and (8),] 
> 4673} : 153. 


Now since ZZFEI’, which is the third part of a right 
angle, has been bisected four times, CAEI is one 
forty-eighth of a right angle. Let CTEM be placed 
at E equal to it. AEM is therefore one twenty- 
fourth of a right angle. And .\M is therefore the 
side of a polygon escribed to the circle and having 
ninety-six sides. Since EI’: 'A was proved to be 
greater than 4673} : 153 and AT =2ET, AM=aIA, 
the ratio of AT’ to the perimeter of the 96-sided poly- 
gon is greater than [46733 : 96. 153, or] 4673} : 14688. 
And the ratio [14688 : 46733] is greater than 3, being 
in excess by 667}, which is less than the seventh 
part of 46734 ; so that the (perimeter of the] escribed 
polygon is greater than three times the diameter 
by less than the seventh part; a@ fortiort therefore 
the circumference of the circle is less than 3} times 
the diameter. 

Let there be a circle with diameter AT and ZBAT 
one-third of aright angle. Then AB: BI [=/% : 1] 
<1351:780.4 Let BAT be bisected by AH. Now 
since ZBAH=ZHIB and ZBAH=ZHATD, there- 


® See supra, p. 322 n. a. 
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kai TH dvd HAT, cai 4 tro HEB 7H dwo HAT 
€otw ion. Kal own) 7 dad AHT 66%: Kai tpiry 





T E A 


dpa 4 tnd HZ zpirn 7H bad ATH ion. iao- 
yovov dpa 76 AHI 76 THZ czpryavm: éorw 
dpa, &s 4» AH zpos HT, 4 TH apos HZ cai 7 
AT xpos TZ. adv ois 4 AT apés TZ, [eat] 
avvauddtepos 7 TAB zpos BI: kat ds ovvap- 
ddrepos dpa 7 BAI’ mpés BI, 4 AH zpos HIT. 
dia tobro obv 4 AH zpos [ri] HI eAdocova 
Adyov exer rep ,BrAva mpds dr, 4 8 AT apds Thy 
PH édAdcoova 7} dv »yry 2’ 8’ mpds br. Sixa 4 bd 
TAH 77 AO- » AO dpa Sa 7d adra Tmpos THY 
OF AAdcaova Adyov exer 7} dv je AKd LZ’ 8’ apds pa 





uoa \ Trae ae Z ‘ € , 5 , 
q] OV ,awKY pos op ExaTépa yap éxarépas O uy”* 


wote 4 AT mpds av TO # dv jawAn 6 ta’ a™pos 
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fore ZHTB=ZHAY. And the right angle AHT is 
common. Therefore the third angle HZT is equal to 
the third angle ATH. The triangle AHT is therefore 
equiangular with the triangle [HZ ; therefore 


AH: Hr=fH:HZ=APr: TZ. 


But AT: TZ=CA+AB: Br, 
Therefore BA+AP:BP=AH: HI. 
[But BA:BI  <1351 : 780, as stated above, 
while AT:Br =2:1 


= 1560 : 780.] 
Therefore AH : Hl [=1351 +1560 : 780] 
<2911:780. . . . (la) 
Hence AI? : TH? =AH?+ HI? : TH? 
<29112 +780? : 780? 
<9082321 : 608400] 
so that AY :TH <301382:780. . . . (2a) 


Let .2PAH be bisected by AO. By the same 
reasoning 
Ao:or [=Al+AH:TH 


<30132 + 2911 : 780, by (1a) 
and (2a),] 
<59243 : 780 
<yfs + 59243 : x4, - 780 
<1823:240 . . . . (8a) 
[Hence AT? : Te? =A02+ Pe? : re" 
< 18237 + 240? : 2402 
<3380929 : 57600.] 
Therefore AT:TO <1838,:240 . . . (4a) 
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op. ére Sixa » 7d OAT 77H KA> xat 4 AK apes 
riv KT éAdooova [dpa] Adyov exer 7 dv jal mos 
ts: éxatépa yap éxarépas wa p’ 1 AT dpa mpos 
[viv] KT 4 dv a9 <’ apes és. ér diya H bd 
KAT 79 AA: 4 AA dpa apos [r7v} AT éAdogova 
Abyov éxer 7} Sv ra Bis =’ mpos és, 4 8¢€ AT’ zpos 
TA @dooova } 7a ,Bil 8’ pos &F. dvdsradw 
dpa % mepiuerpos Tob moAvydvou mpos TH Sid- 
petpov peilova Adyov exer rep ,sTAS mpos pul 
8’, dep tov {Bil 8’ peilova éorw 7 tpemAaciova 
kat Séxa oa’: Kal } mepiuerpos dpa rod Se-ydévou 
Tod ev T@ KUKAW Tis Svapérpov TpitAaciwv €oTl 
Kal peilwy 7 i oa’: date Kal 6 KUKAOS ett waAov 
tpiTrAaciwv éoti Kai peilwy 7} t oa’. 


‘H é a , X , a 5 yj 
P& TOV KUKAOU TEPLLLETPOS 77S LApPLET POU 
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Further, let COAT be bisected by KA. 
Then AK: KI [=AT+A0:T0 
<1838,°, + 1823 : 24, 
by (3a) and (4a), 
<3661,2, : 240] 
<1) 3661,%, : 22-240 
. <1007:66 . . . . (5a) 
[Hence AT2: KT? =AK?+ KT? : KT? 
<1007? + 66? : 66? 
<1018405 : 4356.] 


Therefore AT:KI  <10093:66. . . . (6a) 
Further, let CAT be bisected by AA. 
Then AA:AT [=PrA+AK : TK 
<1009} + 1007 : 66, by (5a) 
and (6a),] 


<2016} : 66. 
[Hence AT? : TA? =AA24 AT? : TA? 
<2016}? + 66? : 66? 
< 40692841, : 4356.] 
Therefore AT: T.A  <20174 : 66, 
and invertendo [TA : AI > 66 : 20174. 
But TA is the side of a polygon of 96 sides; and 
accordingly] the perimeter of the polygon bears to 
the diameter a ratio greater than [96. 66 : 2017}, or] 
6336 : 2017}, which is greater than 312. Therefore 
the perimeter of the 96-sided polygon is greater than 
312 times the diameter, so that a fortior: the circle 
is greater than 3!9 times the diameter. 
The perimeter of the circle is therefore more than 
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/ 2 b . 3 , ‘ a Py 4 , 
tpiTAaclwy earl Kai éAdocon pév 7} €Bdoum pépet, 
peilov 5é 7 i oa’ petlov, 


8° 


€ , \ + o> 4 a , , 
a Tt ApLET, ~ 
O KUKAOS pos TO a7ro TIS be pe pou TETPA 


yewvov Adyov exer, dv wa mpos 0. 

"Eorw «xtxdos, ob Siduetpos 7 AB, Kal mept- 
yeypaplw TETPaywVov TO TH, Kat ris I A biurAq 
h AE, Bdouov dé 4 EZ ris TA. emet odv TO 





H 


ATE zpos 76 APA Adyov exer, dv Ka mpos &, 
mpos 8¢ 76 AEZ 76 ATA Adyov exer, dv extra mpos 
&, 76 AVZ mpés ro ATA éorw, ds KB mpos ie 
GAAa roS ATA rerpamAdoidy dort ro YH tetpa- 
ywvov, To dé ATAZ rpiywrov r@ AB KvKAw ioov 
éotiv [éret 7) pev AT Kaberos ton earl rH ex Tob 
Kévtpov, 4 d5é Bdow THs Scayérpov Tpumtdaciov 
Kal 7@ C' eyyota trepéxovoa derxOynoerat]': 6 KU- 
KAos obv mpos TO TH retpdywvov Adyov exer, O Wa 
mpos 16. 
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three times the diameter, exceeding by a quantity 
less than the seventh part but greater than ten 
seventy-first parts.* 


Prop. 2 


The circle bears to the square on the diameter the ratio 
11: 14. 

Let there be a circle with diameter AB, and let the 
square [TH be circumscribed, and let A\E=2PA, 
EZ=i10A. Then, since APE : ATA=21:7, while 
ATA: AEZ=7:1 [Euclid vi. 1], it follows that 
ATZ: ATA=22:7.° But the square LH=+ APA, 
while the triangle AIAZ is equal to the circle AB ; 
therefore the circle bears to the square I'H the ratio 
11:14, 


4 We know from Heron, Vetrica i. 26 (ed. Schine 66. 
13-17), that Archimedes made a still closer approximation 
to m. The figures in the Greek text are unfortunately 
corrupt, but a plausible correction by Heiben (Vordisk 
Tiddskrift for Filologi, 3° Sér. xx. Fase. 1-2) would give 
the approximation 

3141697... > am > SI41495 2... 
Ptolemy, Synta.is vi. 7 (ed. Heiberg 513. 1-5), gives the 
value of win sexagesimal fractions as 3+ a ae a or 31416. 

+ For dranoAw AEZ: ATA=1:7, and APE: ATA= 
21:7, and therefore ocu@évre ATZ: ATA=(AEZ+ ATE): 
ATA=22:7. But the same result could be obtained 
immediately from Eucl. vi. 1. 





1 “ Hic locus evel... Sex9ncerae mire confusus transcrip- 
tori tribuendus, qui eum addidit, postquam prop. 2 et 3 
permutayit; neque enim Archimedes hance propositionem 
ante prop. 3, qua nititur, posuit ” (Heiberg). 
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(c) Sotutions sy Hicuer Curves 
(i.) General 
Simpl. in Cat. 7, ed. Kalbfieisch 192. 15-25 


“Eorw 8€ tetrpaywricpds KiKAov, dtav TH S0- 
byte KiKAw icov TeTpdywvrov ovaTnowpcba. TobTo 
d¢ "AptororéAns peév, ws éotkev, ovrw eyvwKet, 
mapa dé tots [Ivfayopeiots nipjabat dnow *lap- 
Brtxos, “ws SHAdv eorw and tav LéErov tod 
Ilu@ayopeiou dodei€ewr, ds dvw bev Kara diadoxyv 
mapéhaBev tiv pébodov THs amodciews. Kat 
dorepov dé, dyaty, ApxipHdns Sra tis AvKopydSovs" 
ypapphs Kat Nixopndys 8a tis iSiws teTpa- 
yovilotans KaAovpévns Kat "AzohAdvios Sid Twos 
ypappiis, hv adros prev koxAwedois adeAdyv mpoo- 
ayopever, adr? 8€ eorw rH NucoprjSous, Kal 
Kdpros 5€ did tevos ypapuis, } dad@s ex Siadfjs 
Kwigews Karel, dAAou Te TroAAOl mroikiAws TO Tpd- 
BAnua Katecxevacay,” obs "IduPryos toropel. 

_ } No meaning can be extracted from AvxopSous, which 
is an otherwise unknown word. The correct reading is 


probably éAuxoeddods, “ spiral-shaped.” 
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(c) Sotutions By Hiauer Curves 


(i.) General 


Simplicius, Commentury on Aristotle's Categories 7, 
ed. Kalbfleisch 192. 15-25 


The circle is squared when we construct a square 
equal to the given circle. Aristotle, it would 
appear, did not know how to do this, but Iam- 
blichus says it was discovered by the Pythagoreans, 
“as is plain from the proofs of Sextus the Pytha- 
gorean,* who received the method of the proof from 
early tradition. And later (he says), Archimedes 
effected it by means of the spiral-shaped curve,? 
Nicomedes by means of the curve known by the 
special name quadratriz, Apollonius by means of a 
certain curve which he himself calls sister of the 
cochloid, but which is the same as Nicomedes’ curve,° 
Carpus by means of a certain curve which he simply 
calls that arising from a double motion,? and many 
others constructed a solution of this problem in 
divers ways,” as Iamblichus relates. 

@ Sextus (more properly Sextius) lived in the reign of 
Augustus (or Tiberius) and there is no valid reason for 
believing the early Pythagoreans solved the problem. 

® Archimedes himself in his book On Spirals, which will 
be noticed when we come to him, merely uses the spiral to 
rectify the circle (Prop. 19). But the quadrature follows 
from Measurement of a Circle, Prop. 1. 

¢ Nothing further is known of Apollonius’s “ sister of the 
cochloid,”’ but Heath (4.G..U. i. 232) points out that 
Apollonius wrote a treatise on the cochlias, or cylindrical 
helix, that the subtangent to this curve can be used to square 
the circular section of the cylinder, and that the name is 
sufficiently akin to justify Apollonius in speaking of it as 
the ‘‘ sister of the cochloid.” 

4 Tannery thought this was the cycloid, but there is no 


evidence. 


335 


GREEK MATHEMATICS 


Gi.) The Quadratrix 
Papp. Coll. iv. 30. 45-32. 50, ed. Hultsch 250. 33-258. 19 
Construction of the Curve 


a > ‘ ‘ ~ , la 

A’. Kis tov retpaywropov tod KUKAov TapeAn hon 
tus to Aewootpdtov Kai Nixopydovs ypappy 
Kai twwv GdAwv vewrépwv amd Tod epi adriy 
ovpntopatos AaBotca Totvoua: Kadcirar yap ba’ 
ait@v tetpaywrilovoa Kal yéveow exer ToravTyy. 

> ft 4 ‘ ‘ ‘ 

Exxeto8w retpdywvov to ABTA xat epi 
Kévtpov To A mepidepera yeypaddw % BEA, xai 


B r 








A 8 H A 
kweicw 7 ev AB otrws date 76 pev A onuetov 
pévew 760 d€ B depecbar xara rv BEA zepi- 
dépecav, 7 5é BI’ mapddAndros det Svayévovca TH 
AA 7@ B onpeiw depopévw' xara tis BA ovva- 
kohovbeirw, Kai év iow xpovp 4 Te AB xwovpevn 
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(ii.) The Quadratriz 


Pappus, Collection iv. 30. 45-32. 50, ed. Hultsch 
250. 33-258. 19 


Construction of the Curve 

30. For the squaring of the circle a certain line was 
used by Dinostratus and Nicomedes and certain other 
more recent geometers, and it takes its name from 
its special property ; for it is called by them the 
quadratrix,? and it is generated in this way. 

Let ABIA be a square, and with centre A let the 
arc BEA be described, and let AB be so moved that 
the point A remains fixed while B is carried along the 
are BEA; furthermore let BI’, while always remain- 
ing parallel to AA, follow the point B in its motion 


along BA, and in equal times let AB, moving uni- 


* Heath (H.G.M. i. 225-226) shows that the quadratrix 
was discovered by Hippias and that he may himself have 
used it (though this is not absolutely certain) to rectify, and 
so to square, the circle. 


1 onpetov dépov ev & in the uss. was corrected by Torelli. 
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spadrds tiv tnd BAA ywviav, touréorw ro B 
onueciov tiv BEA mepiddperav, diavverw, Kal 7 
BY riv BA edOciad wapoSevérw, tovréorw To B 
onpetov kata THs BA depécbw. ovpBycerae d7Aov 
7h AA cdOecla dua edappdlew éxarépay tHv TE 
AB xai trav BT. rovadrns 8%) ywopevyns KLUHOEWS 
Tepovow GAdjAas ev 7H dopa ai BI, BA edOetar 
KaTd Tt onpetov alet cuppebtardpevov adrais, td’ 
od onpetov ypdaderal tis ev 7H petagd ré7rm TOV 
te BAA edbOecdv Kal ris BEA zepidepetas ypappen 
éeni 7a adTa KoiAn, ota éotiv 7) BZH, 9 Kal xpeui- 
Sys elvar Soxe? mpds 76 TH Soblevte KdKAw TeTpa- 
yevov tcov ctpely. 7d 5€é apyiKoy adris ovpTTwpa, 
Towwtrey éoTw. ATs yap av dwayO rTuyotca 
(pos thy Tmepipéperav, is  AZE, eorar ws 6Ay 
ny mepipepera mpos tiv EA, 4 BA edOeta mpos 
thv ZO: Toro yap ex Tis yevéoews THs ypaypys 
davepdv euTiw. 


Sporus’s Criticisms 
ca a ~ 7 
da’. Avoapeoretrar dé atti 6 “adpos edAdyws 
‘ ~ ~ A a a 
dua taira. mpatov pev yap mpds 6 SoKet ypewwodys 
. ~ a? > € la rg ap 
elvat mpdypa, TodT év vrobdce AapPaver. mds 
A , £ ~ 
yap Suvardv, d0o0 onpetwy dpLapévwv and rod B 
s 


1 pds tiv... ddq } add. Hultsch. 
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formly, pass through the angle BAA (that is, the 
point B pass along the are BA), and BY pass by the 
straight line BA (that is, let the point B traverse 
the length of BA). Plainly then both AB and BI 
will coincide simultaneously with the straight line 
AA. While the motion is in progress the straight 
lines BI’, BA will cut one another in their movement 
at a certain point which continually changes place 
with them, and by this point there is described in 
the space between the straight lines BA, AA and the 
are BEA a concave curve, such as BZH, which appears 
to be serviceable for the discovery of a square equal 
to the given circle. Its principal property is this. 
If any straight line, such as AZE, be drawn to the 
circumference, the ratio of the whoie are to EA will 
be the same as the ratio of the straight line BA to 
ZO; for this is clear from the manner in which the 
line was generated.? 


Sporus’s Criticisms ” 

81. With this Sporus is rightly displeased for these 
reasons. In the first place, the end for which the 
construction seems to be useful is assumed in the 
hypothesis. For how is it possible, with two points 


* If AZ=p, -ZAA=4, AB=a, then the equation of the 


curve is 

gaa 

od posing 
or mp sin 6 =2ag. 


> These acute criticisms of the quadratrix as a practical 
method of squaring the circle appear to be well founded. 
Sporus, who was not much older than Pappus himself, 
lived towards the end of the third century 4.p. He compiled 
a work called Kypéa giving extracts on the quadrature of the 
circle and duplication of the cube. 
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xwetobat, TO pev Kar edfeias emt ro A, TO 8é 
KaTa mrepupepeias emi to A ev iow xpovp ovv- 
anokaraoriaae’ Li) mporepov Tov Abyov Tijs AB 
«tetas m™pos Ty BEA mrepupeperav emaTdpevov; 
ev yap rovTw TH Adyw Kal TA TAY TOV KUV}CEwW 
dvdy«n elvat. ézet mas otov Te owvaToKaTaarivar 
tdxeow dxpirous xpaipeva, aAnv et yn dv Kara. 
TOxNY more oupBh ; totro S€ mas ovK dAoyov; 
éverta Se€ 70 mépas atdtis & xpa@vrar mpds Tov 
TETpAywvegpov Tob KUKAov, tToutéoTw Kal? 6 
TEMVEL onpetov ay AA <veiav, odx edploxerat. 
voeic0w dé emi Tis Tpoxeysevns Ta deydopeva 
Kataypag¢is: dmdray yap ai TB, BA pepouevar 
cwaroKxaracrabaow, épappdcovow rH AA kai 
Tomy odkeért mroujoovaw ev dAAjAas: Tavera. 
yap a Top} ™po rijs émi THY AA edappoyiis rep 
Ton Tmépas av éyevero THS ypappis, Kal’ 6 TH 
AA cd6eia ouvémarev. many el Ta) Adyou Tus 
émvociobat mpocexBadopevay THV Ypappyy, os 
drorBéweba Tas <vbeias, ews Tijs AA. toiro 8° 
ody €mera Tails broKeipevats apxais, GAN’ wes av 
Angbein 76 H onpeiov wpoeAnppévov rod tijs 
mepipepeias pos THY EdOeiav Adyou. xwpis dé TOO 
Sofjvat Tov Adyov TotTOY ov xp?) TH THY edpovTwY 
avdpdv Sd6&y morevovras mapadexeobar Ty ypapy- 
poy pnxavixwrépay ws otcav [kai eis moda 
mpoBrjpara xXpnotpwevovoav Tots pnxavercis |." 
aAXd. mpdtepov mapadextéov eoti To & adtis 
decxvipevov mpoPAnpa. 


* Gwanoxaracrivat coniecit Hultsch. 


2 nai... . pyxavxots interpolatori tribuit Hultsch. 
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beginning to move from B, to make one of them move 
along a straight line to A and the other along a 
circumference to A in equal time unless first the ratio 
of the straight line AB to the circumference BEA is 
known? For it is necessary that the speeds of the 
moving points should be in this ratio. And how then 
could one, using unadjusted speeds, make the motions 
end together, unless this should sometimes happen by 
chance ? But how could this fail to be irrational ? 
Again, the extremity of the curve which they use for 
the squaring of the circle, that is, the point in which 
the curve cuts the straight line AA, is not found. 
Let the construction be conceived as aforesaid. 
When the straight lines I'B, BA move so as to end 
their motion together, they will coincide with AA 
and will no longer cut each other. In fact, the inter- 
section ceases before the coincidence with AA, yet it 
was this intersection which was the extremity of the 
curve where it met the straight line AA. Unless, 
indeed, anyone should say the curve is conceived as 
produced, in the same way that we produce straight 
lines, as far as AA. But this does not follow from the 
assumptions made ; the point H can be found only by 
assuming the ratio of the circumference to the straight 
line. So unless this ratio is given, we must beware 
lest, in following the authority of those men who 
discovered the line, we admit its construction, which 
is more a matter of mechanics. But first let us deal 
with that problem which we have said can be proved 
by means of it. 
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Application of Quadratrix to Squaring of Circle 


Terpaydvov yap dvros ro6 ABTA Kal ris pev 
mept to Kévtpov 70 T mepipepeias THS BEA, ris 


BL A 


r 6 A 


sé BHO rerpaywrilovans ywopevns, ws mpoeipn- 
Tar, deikvuTa, ws % AEB zepidépera mpos 7H 
BI edfeiav, otrws 4» BI apds thy TO ed0etav. 
ei yap i) or, Wrow mpos peiLova eorar tHs TO 
 mpos éAdccova. 

"Eorw mpdrepov, et Svvardy, mpos petlova 77 
TK, xai wepi xévrpov to T repibdpera 7 
yeypddOw réuvovta riv ypappyy cata TO H, 
Kat KdBeros 4 HA, Kat emlevyfeioa 7 TH éx- 
PeBAjoOw enti ro E. eet odv éarw as q AEB 
mepipepera pos tiv BI’ edfetav, otrws 4 BI, 
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Application of Quadratrix to Squaring of Circle 


If ABPA is a square and BEA the arc of a circle 
with centre I’, while BHO is a quadratrix generated 
in the aforesaid manner, it is proved that the ratio of 
the are AEB towards the straight line BY is the same 
as that of BI' towards the straight line TO. For if it 
is not, the ratio of the are AEB towards the straight 
line BI’ will be the same as that of BI towards either 
a straight line greater than 6 or a straight line less 
than (0. ; 

Let it be the former, if possible, towards a greater 
straight line ['K, and with centre I’ let the are ZHK 
be drawn cutting the curve at H. and let the perpen- 
dicular HA be drawn, and let T'H be joined and pro- 


B A 





bb A Ok A 


duced to E. Since thercfore the ratio of the are 
AEB towards the straight line BI’ is the same as the 
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tovréorw 7 TA, mpos tiv TK, ds S¢ 4 TA zpos 
tiv TK, 7 BEA mepidépera mpds rv ZHK zept- 
dé€perav (ws yap % Suduetpos Tod KiKAov mpds THY 
Sudpetpov, 1 mepiddpera tod KvKAov mpds THY 
trepipeperav), pavepov Stu toy eoriv 4 ZHK awepr- 
dépea rH BY edOecia. Kati eed) Sia 7d ovp- 
TTwOUA THS ypayuts eotw ds 7 BEA mepiddpeca 
apos tiv EA, otrws 4 Br mpos THY HA, Kal ws 
dpa 7 ZHK xpos ryv HK sepibdpecav, odrws 
% BY edOcia mpos tiv HA. kat edeiyOn ton % 
ZHK zepidepea rH BI evOeia: ian dpa Kai 7 
HK zepipépeva 7H HA dela, drep dromov. odk 
dpa cory ws 7 BEA mepiddpeca pos riv BI 
ddciar, odtws 7) BI pos petlova ris TO. 

AB’. Aéyw Sé dru od8€ mpds eAdcoova. ef yap 


B A 
Z 
T K 9 A 


duvarov, A Ml Y \ , ’ 
» €0Tw mpos Thv KI’, Kat wept Kévtpov 70 
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ratio of BI, that is 'A, towards ['K, and the ratio of 
VA towards TK is the same as that of the arc BEA 
towards the arc ZHK (for the ares of circles are in the 
same ratio as their diameters), it is clear that the are 
ZHK is equal to the straight line BI. And since by 
the property of the curve the ratio of the are BEA 
towards EA is the same as the ratio of BI towards 
HA, therefore the ratio of ZHK towards the are HK 
is the same as the ratio of the straight line BP 
towards HA. And the are ZHK was proved equal 
to the straight line BI; therefore the are HK is 
also equal to the straight line HA, which is absurd. 
Therefore the ratio of the are BEA towards the 
straight line BI’ is not the same as the ratio of BI 
towards a straight line greater than TO, 

82. I say that neither is it equal to the ratio of BI 
towards a straight line less than TO. For, if it is 
possible, let the ratio be towards KI’, and with centre 
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LP repipépera yeypaddw % ZMK, Kal apds dpbas 
7H VA 4 KH répvovca ri tetpaywvilovcay 
kara 70 H, Kal emlevybeioa 4 TH éxBeBaAjobw 
emt 76 E. Gpoiws 57) Tois Tpoyeypappevors Sei- 
fouev Kat tov ZMK trepipépecav 7H BY’ edfeia 
tony, Kal ws tiv BEA zepipéperay mos tiv EA, 
TOUTEOTLY WS ty ZMK mpos thy MK, otras THY 
BP ed@etav mpds tiv HK. eé Sv dhavepsv ort lon 
corar 7) MK aepiddpera tH KH ed0cia, Orep 
atotov. ovK dpa €orat wes 4 BEA zepiddpera 
mpos tv BY edbciav, ot'tws % BY apés éAdocova 
Tis TO. eetlyOn 5é dru oddE mpos petlova* mpos 
atrny dpa rv TO. 

ort S€ Kal todTo davepov dt. y Tov OT, TB 
ev0edv tpitn davddoyov AapBavouern edOcia ton 
éorat 7H BEA mepipepeia, Kal 7 TeTpamAaciwv 
aris TH Tod dAov KvKAOv mepipepeia. evpnuevns 
8€ 7H rod KvKAov meprbepela ions edbetas mpddnrov 
as 89 Kal atr@ TO KvKcrw pdd.ov icov tetpdywvov 
avoticacba: TO yap bd Tihs mepyérpov Tob 
KUKdov Kal ris ék Too Kévtpov SurAdoudv eore TOO 
xUkdov, ds "ApyinrydSns dadSeckev. 


3. TRISECTION OF AN ANGLE 


(a) Types or GeomerricaL ProsLems 


Papp. Coll. iv. 36. 57-59, ed. Hultsch 270. 1-972. 14 


- 4 a f 
Az’. Thy So08cicav ywriav dOdypappov eis Tpio. 
” ” ¢ Pak 
toa Tepetv of mahal yewperpar OeAjoavres 770- 
? aed * 
pyaar dv aitiay tovadrny. tpia yévn paper etvas 
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T let the are ZMK be described, and let KH at right 
angles to [A cut the quadratrix at H, and let TH be 
joined and produced to E. In similar manner to what 
has been written above, we shall prove also that the 
are ZMK is equal to the straight line BI’, and that the 
ratio of the are BEA towards EA, that is, the ratio of 
ZMK towards MK, is the same as that of the straight 
line BI towards HK. From this it is clear that the 
are MK is equal to the straight line KH, which is 
absurd. The ratio of the arc BEA towards the 
straight line BI is therefore not the same as the ratio 
of BI towards a straight line less than 0. More- 
over it was proved not the same as the ratio of BI 
towards a straight line greater than IO ; therefore it 
is the same as the ratio ror BL towards re itself. 

This also is clear, that if a straight line is taken as 
a third proportional to the straight lines OT, IB it 
will be equal to the are BEA, and four times this 
straight line will be equal to fhe circumference of the 
whole circle. A straight line equal to the circum- 
ference of the circle having been found, a square can 
easily be constructed equal to the circle itself. For 
the rectangle contained by the perimeter of the circle 
and the eu dige is double of the circle, as Archimedes 
demonstrated.# 


8. TRISECTION OF AN ANGLE 
(a) TyPEs oF Grometnical Prospiems 
Pappus, Collection iv. 36. 57-59, ed. Hultsch 270, 1-272. 14 


36. When the ancient geometers sought to divide 

a given rectilineal angle into three equal parts they 

were at a loss for this reason. We say that there 
@ See supra, pp. 316-321. 
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Tay év yewpeTpia mpoPAnudrev, Ka Ta pev abray 
érimeda. kadciobar, Ta dé oreped, Ta, 5é ypappuKd. 
7a pev odv ov edlelas Kal KdKdov mepipepetas 
Suvdpeva AveoBar Aéyour” av etxdreus énimeda’ Kat 
yap at ypappai 80 ov ebpioeras Ta TOLAdTA 7TpO~ 
BAjpara tiv yéveow exovow ev éemmddw. doa 
de Averat TpoBAjpara srapaAapBavopérns: eis TH 
edpeow pas T&v Tob KGVOU Tomy 7 Kal Tevdvew, 
oTeped Tatra KeKAnTat: mpos yap THY KaTa~ 
oxevny xpyjoacba otepedv oxnpdrwy émidavetats, 
héyw Sé rails KwviKais, avaykaiov. tpitrov dé Te 
mpoBAnpdrev dodeimerat _yevos TO Kadovpevov 
ypappurdv: ypappat yap érepat Tapa Tas eipy- 
pevas els THY KaTACKEvIY Aap Bdvovrat ToLKLAw= 
tépay €xovoat THY yéveow Kal BeBraopevny paMov, 
e€ draxrotépwy emipaverdav kal Kuoewy ému- 
metre ypevwv yervepevat. rovadrar dé eiow ai TE 
év Tois mpos emdavelas Kadovpévois Tézos 
eDploKojLevat ypappat érepai Te TovTwY TroLKiAd- 
Tepat Kal mroMai TO TAHV0S 70 Anpntpiov Tob 
“AdcEavd pews ev tats Tpappuxais émordcest Kat 
Mirwrvos rot Tvavéws && émmdokis mAeKToeoa@v 
Te Kal érépwv travroiwy émaver@v edproKdpevat 
moAAa. Kat Oavpaora oupmrTépara mept atras 
éxovoat. Kat tives atdrav wd TOV vEwTepwv 
nuddncay Adyou TAetovos, pia 8é mis €€ adradv 
€or y Kat mapdéogos & bo Tob MeveAdov KAnBeioa 
ypapyn. tod S€é adrob yévous Erepar Eduxés ciow 





. Whether tomoi mpos ém@aveias are “ loci which are sur- 
faces ”’ or “‘ loci which lie on surfaces ”’ (e.g., the cylindrical 


nen) is a moot point. Euclid wrote two books under the 
title. 
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are three kinds of problems in geometry, some being 
called plane, some solid, some linear. Those which 
can be solved by means of a straight line and a cir- 
cumference of a circle are properly called plane ; for 
the lines by which such problems are solved have 
their origin in a plane. Such problems, however, as 
are solved by using for their discovery one or more of 
the sections of the cone are called solid; for in the 
construction it is necessary to use surfaces of solid 
figures, I mean the conic surfaces. There remains a 
third kind of problem called linear ; for other lines 
besides those mentioned are used for their construc- 
tion, having a more complicated and less natural 
origin as they are generated from more irregular 
surfaces and intricate movements. Among such 
lines are those found in the so-called surface-loci,? and 
many others more complicated than these were dis- 
covered by Demetrius of Alexandria in his Lznear 
Considerations and Philon of Tyana® as a result of 
interweaving plektoids and other surfaces of all 
kinds, and they exhibit many wonderful properties. 
Some of these curves were investigated more fully by 
more recent geometers, and among them in the line 
called paradoxical ‘by Menelaus.° Other lines of 


> Nothing further is known of these writers, unless 
Demetrius be the Cynic, mentioned by Diogenes Laertius, 
who lived about 300 3.c., or the philosopher who flourished 

in the time of Seneca. 
¢ Menelaus flourished c. a.p. 100 and his name is pre- 
served in a famous theorem in spherical trigonometry. 
Tannery (Mémoires scientifiques ii. p. 17) has suggested that 
the curve called parado.cical was Viviani's curve of double 
curvature, defined as the intersection of a sphere with a 
cylinder touching it internally and having for its diameter 
the radius of the sphere. It is a particular case of Eudoxus’s 
hippopede (see infra, p. 414), and the portion lying outside 
349 


GREEK MATHEMATICS 


tetpaywvriCovaai Te Kai KoxAoetdets Kal Kicaoetdels. 
~ =~ ‘ 
doxel 5€ mws dudpTnya TO ToLobTov o8 puKpoy 
y “ae , oe > 7 , 
elvat tots yewpérpais, OTav eémimedov mpoBAnua 
~ lat n~ rat / 
dia TOV Kwvikdy TOV ypappuKGyv bad Twos 
eer \ ‘ & a ? > - 
evpioxntar, Kal Td atvodov drav e€ avoiKeiov 
AvnTat yévous, oldv eoTw TO ev TH méuTTwW TOV 
> ~ a a , 
Arodwviov Kwukady ent tis mapaBoAjs mpo- 
pe, an v ~ & € ae # 
BAnpa Kat 7 ev TH Trepi THs EAukos bid ’Apyyurdous 


AapBavopern orepeod vetois emt KdKdov: pydevt 





the curve of the surface of the hemisphere on which it lies 
is equa] to the square on the diameter of the sphere; the 
fact that this area can be squared is thought to justify the 
name paradoxical. An Arabian tradition that Menelaus 
reproduced in his Elements of Geometry Archytas’s solution 
of the problem of duplicating the cube (involving the inter- 
section of a tore, cylinder and cone) lends a certain plausi- 
bility to the suggestion (cv. Heath, H.G.M. ii, 261, Loria, 
Le scienze esatte, pp. 518-520). 

* Heath identifies this (Apollonius of Perga exxvii-exxix) 
as Conics v. 58, where Apollonius finds the feet of the 
normals to a parabola passing through a given point by 
constructing a rectangular hyperbola whose intersections 
with the parabola give the required points. The feet of the 
normals could be found in the case of the parabola (though 
not of the ellipse or hyperbola) by the intersection of the 
parabola with a certain eirele. 

> The assumption made by Archimedes (Ilepi éAicev 
8, 9) is to the following effect, the relevant portion of his 
figure being detached : 

If SA, KM are two chords of a circle, meeting at right 
angles at T, so that =>TA, then it is possible to draw 
another chord KN meeting ZA in I such that IN=MI 
(or, as Archimedes expresses the matter, it is possible to 
place the straight line IN equal to MY and verging towards K). 
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this kind are spirals and quadratices and cochloids 
and cissoids. It appears to be no small error for 
geometers when a plane problem is solved by conics 
or other curved lines, and in general when any pro- 
blem is solved by an inappropriate kind, as in the 
problem concerning the parabola in the fifth book of 
the Conics of Apollonius * and the verging of a solid 
character with respect to a circle assumed by Archi- 
medes in his book on the spiral ?; for it is possible 


In general, the line KN is determined by the intersection 
of a hyperbola and a parabola, as Pappus himself shows in 


N 


py 


M 


K A 


another place (iv. 52-53, ed. Hultsch 298-302). The particular 
case where ZA is a diameter bisecting the chord KM in © 
can be solved by plane methods, namely, by the “ application 
of areas’; the solution for the case where IN is to be made 
equal to +/% (radius of the circle) is assumed by Hippocrates 
in the fragment from Eudemus preserved by Simplicius 
(see supra, p.244.n. a). 

Archimedes gives no indication of the solution he had in 
mind, but all he requires for his purpose is its possibility ; 
and its possibility can be demonstrated without any use of 
conics. For this reason Heath (The Works of .trchimedes 
civ) thinks that Archimedes is to be excused from Pappuy’s 
censure that he had solved a plane problem by solid methods. 


351 


GREEK MATHEMATICS 


yap TMpooxXpwpievov orepe@ Suvarov evpeiv TO 7 
atrod ypapopevov Decspnya, Aéyw 57 TO THY Tept- 
péperav tod ev TH TpPwOTy mepupopG KUKAOU tony 
drrodeigat TH ™mpos opbas ayouern ed0cia TH €Kk 
Tis yeverews ews Tis eparrropevns THs eAtKos. 
Tovavrys 57) Tijs _ dtadopas Tov mpoBAnpdresy 
dmapxovons of mpdrepot yewperpar TO TMpoeipy- 
pevov emt THs yeovias mpopAnpua TH Puce orepeoy 
tmdpxov dud Tov emmédenv Cnrobvres ov olol 7 
Hoav etpioxew: ovdérw yap at Tod Kwvov Topal 
ownbes yoav adrots, Kai da totro Wadépnoav: 
votepov pevtor Sia THY KwriKay erpryorounoay 
THY ywriay eis THY edpeow xpnadpevoe TH vro- 
yeypappern vetoes. 

(6) Sotution sy Means or a VERGING 

- Ibid. iv. 36. 60, ed. Hultsch 272, 15-274. 2 


TapaAdndoypdppov d00évros opfoywviou Tob 
ABTA Kal _ ekBAnBetons Tijs BY, déov core du- 
ayaydvra Tv AE moveiy tH EZ et0ciav tony Ti 
dobeion. 


B r Z 
H 
A ray 


Teyovérw, xai rats EZ, EA mapddAnAct FyPwoav 
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without using anything solid to find the theorem 
stated by him, I mean the t-heorem proving that the 
circumference of the circle ity the ‘first turn is equal to 
the straight line drawn at right angles to the initial 
line to meet the tangent to the spiral.t Since 
problems differ in this way, the earlier geometers 
were not able to solve the aorementioned problem 
about the angle, when they Seught to do so by means 
of planes, because it is by- nature solid; for they 
were not yet familiar with tte sections of the cone, 
and for this reason were at aloSs, Later, however, 
they trisected the angle tev means of the conics, 
using in the solution the veering described below. 


(6) Sovutron By Mr-ws Or a Venarne 
Ibid. iv. 36. 60, ed. HaIGh 272. 15-274. 2 


Given a right-angled  pAnlelogram ABI‘A, with 
BP produced, let it be requited to draw AE so as to 
make the straight line EZ « yual to the given straight 
line. 

Suppose it done, and let Ai, HZ be drawn parallel 


4 Archimedes’ enunciation (Rt Akko 18) is: Et xa tas 
€XKos Tas & 7G mpare Tepihoiey Yey oappscvas elcia ypapped 
enubaty Kara 76 mépas Tas Edo, tx10 8 rod capeiov, 6 €orw 
apxa ras édKos, oT’ op8as dxii ww 1d dpxi ras mepipopas, & 
ayBeioa oupreceirat 7a erupar®e: 2 Kal @ peragd evdeia tas 
exupavotcas Kal ras dpxas Tas éians toa éoatirat 7% Tob mparov 
wv«hov mepipepetg. 

>It is not, in fact, neces@yy that the parallelogram 
should be right-angled. 
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at AH, HZ. ézei ov dofciod cow 9 ZE Kat 
cor ton TH AH, dobeioa dpa kal 7 AH. kal 
Sobév 1d A: 76 H dpa mpos béoet KUKAov Tepe 
pepeia. Kal émet TO b7d BrA Sobev Kal éorw 
igov TO umd BZ, EA, Sobev dpa kat TO Ud BZ 
EA, rouréotw to to BZH- 7o H dpa pods 
dmepBory. dANa Kat ampos Odoe. xtKAov Trept- 
depeia’ Sobey é dpa to H, 
Ibid. iv. 38. 62, ed. Hultsch 274. 18-276. 14 

Ay’. Acdevypevou 57) rovtou tpixa téuverar % 
Sobeica yeovia <dOvypappios ovrws. 

*Korw yap o€eta mporepov 4 to ABT, kat and 
Twos onueiov KdBeros 4 AT, kai cvpmnpobévros 
tod VZ rapaddndoypdypov 4 ZA exBeBrAnoOw emi 


Z A E 


[| 


B T 

7o E, Kat mrapadhnroypdppou ovTos ophoywviov 
Tob YZ xeiobw peragy r&v EAT etfeia 7 EA 
vevovoa emt 70 B ton 7H Simdacia ris AB (rotro 
yap ws duvarov yevéobar mpoyeyparrat)* Adyo 87) 
ort Tis dobetons oe ths tomo ABT zpizov 
pépos early 4 b7d EBT 
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to EZ, EA. Since ZE is given and is equal to AH, 
therefore AH is also given. And A is given; 
therefore H is on the circumference of a circle given 
in position. And since the rectangle contained by 
BI, T'A is given and is equal to the rectangle con- 
tained by BZ, EA [Eucl. i. 43], therefore the rectangle 
contained by BZ, EA is given, that is, the rectangle 
contained by BZ, ZH is given; therefore H lies ona 
hyperbola. But it is also on the circumference of a 
circle given in position ; therefore H is given.* 


Ibid. iv. 38. 62, ed. Hultsch. 274. 18-276. 14 


38. With this proved, the given rectilineal angle is 
trisected in the following manner. 

First let ABI be an acute angle, and from any 
point [of the straight line AB] let the perpendicular 
AT be drawn, and let the parallelogram I'Z be com- 
pleted, and let ZA be produced to E, and inasmuch as 
YZ is a right-angled parallelogram let the straight 
line EA be placed between KA, AY so as to verge 
towards B and be equal to twice AB—that this is 
possible has been proved above ; I say that EBI’ isa 
third part of the given angle ABT, 


® The formal synthesis then follows as Pappus iv. 37. 
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Terpijo0w yap 7 EA diya 76 H, xai émeledxbw 
9 AH: ai zpeis dpa ai AH, HA, HE ioat cioiv- 
Sumdf dpa 7 AE ris AH. adda Kat ris AB ding: 
ion dpa éoriv 7 BA 7H AH, xal 4 b76 ABA ywvia 
rh imo AHA. % 8€ id AHA SirAacia ris bro 
AEA, tovréorw tis tro ABT: Kat 9 vmod ABA 
dpa Sundq eorw ris to ABI’. Kal eav ryv bo 
ABA 8ixa répmpev, gore 7 bad ABI ywria 
Tpixa TeTpNLEVN. 


(c) Direcr Sotutions sy Means or Conics 


Ibid. iv. 48. 67-44. 68, ed. Hultsch 280. 20-284. 20 


py’. Kai dddws tis Sofetons mepipepeias 7d 





* We may easily show with Heath (H.G.Y. i, 237-238) how 
the solution of the veéois is equivalent to the solution of a 
cubic equation. If in the accompanying figure ZE, ZB are 
the axes of 2, y respectively, and ZA=a, ZB =6, the point © 
giving E is determined as the intersection of the circle 

(w—- a)? + (y— 5)? =4(a? +B?) 
and the hyperbola ay =ab. 
By eliminating x from these equations we may obtain 

(y + 6)(y? — 3by? — 3a2y + ab) =O. 
One of the points of intersection of the circle and hyperbola 
is therefore given by y= — 6, z=— a. 
The other three are determined by the equation 

y ~— 3by? - 3a*y+ ab =O. 
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For let EA be bisected at H, and let AH be joined; 
the three straight limes AH, HA, HE are therefore 
equal; therefore AE is double of AH. But it is also 
double of AB; therefore BA is equal to AH, and the 
angle ABA is equal to AHA. Now AHA is double 
of AEA, that is, of ABI’; and therefore ABA is 
double of ABI’. And if we bisect ABA, the angle 
ABT will be trisected.* 


(c) Direct So.tutions By Means or Contcs 
Ibid. iv. 43. 67-44. 68, ed. Hultsch 280. 20-284. 20 
43. Another way of cutting off the third part of a 





If ZABI =8, so that tan = . 
and 7=tan ABI, so that y=ar, 
then a573 — 3ba?7? - 3a5r + 2b =O 
ZA E 
; . 
| 
B Tr 
te. ar? — 367? - 3ar + b=O0 
whence &(1 - 37?) =a(3r7 — 73) 
6 _3r-73 
and tan G=0= 123" 
Accordingly, by a well-known theorem in trigonometry, 
t=tan 46, 


and ZABT is trisected by EB. 
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, a ~ A} 
tpirov ddaipeirar pépos, xwpis THs vedoews, Sid 
GTEpEod TOTOV ToLOUTOD. 


B 


A Zz E H A r 


Ogcer 4 Sia tov A, T, wat dvd So0évtwv én? 
abrijs tov A, T KexAdobw 7 ABT dumdaciav 
rowoboa THY td ALB ywviav rijs tao TAB: 
drt TO B apos dbarepBodg. 

"Hx Ow xabéros 4 BA, cai 7H TA ton areAndbw 
9 AE- émevybeica dpa % BE ion gota 7H AE. 
KeloOw Kat TH AE ton 4 EZ: tpimAacia dpa 7 
TZ ras TA. éorw wai 4} AT rs TH rpimdacia: 
€orar 5% S06ev ro H, Kal Aout) 7 AZ tis HA 
rpimdacia. Kal énel trav and BE, EZ strepoxy 
éorw 76 amo BA, éorw 8€é Kat 76 bd AA, AZ trav 
alrév brepoxy, éoTrar dpa ro bd AAZ, rouréatw 
76 tpis td AAH, ioov 7@ ad BA: mpos brepBodjj 
dpa 76 B, fs mAayla wev rod mpos aor eidous 





@ For by the equality of the triangles BEA, BTA, we have 
LBET =-BIE=22TAB (ex hypothesi). But -BET=cTAB 
+ZABE. 

Therefore TAB =ZABE, and so BE= AE, 

* ie. since TH =4AT and TA=3IZ, by subtraction, 


TH-YTA=3(AT- PZ), or HA=$AZ. 
358 


SPECIAL PROBLEMS 


given arc is furnished, without the use of a verging, 
by this solid locus. 

Let the straight line through A, T be given in 
position, and from the given points A, I upon it let 
ABT be inflected, making the angle AI'B double of 
TAB; I say that B lies on a hyperbola. 

For let BA be drawn perpendicular [to AT’] and let 
AE be cut off equal to YA; when BE is joined it will 
therefore be equal to AE.* And let EZ be placed 
equal to AE; therefore [Z=3TA. Now let TH be 
placed equal to 4AT' ; therefore the point H will be 
given, and the remainder? AZ will equal 3HA, 


Now since ¢ BE? — EZ? = BA, 
and BE?~EZ2=AA . AZ, 
therefore AA. AZ =BA?, 
that is 3AA .AH = BA?; 


therefore B lies on a hyperbola with transverse axis 


* The reasoning here is much abbreviated, and in full 
may be written as follows : 


BE? - EZ? = BE? - EA? (since EZ =EA ex hypothesi) 


= BA? (Fuel. i. 47) 
Now BE?- EZ?=AE?- EZ? (since BE was proved equal 
to AE) 
=AA.AZ (Eucl. ii. 6) 
oe AA. AZ =B? 


SAA . AII- BA? (since AZ was proved equal to 3HA) 
~. BA?; AA. AH=3: 1 
SAH? 
“KH 
.. B lies on a hyperbola with transverse axis AH and 
conjugate axis +/3AH. 
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AH, % Sé ép0ta tpimAacia ris AH. Kat davepov 
Ort 76 T' onpetov doAapBaver apes 7H H Kopudf 
Tis topqs tiv TH yicecav tis mAayias Tob 
eldous mAeupds THs AH. 

Kai % advvOeors davepd: Sejoa yap thy AT 
repetv ware SumAaciav etvac tHv AH ris HT, wal 
mepit a£ova tov AH ypdisar dia rod H drrepBodyy, 
Hs opOta tot etdous mAeupa tpimAacia ris AH, 
kal Secxvivac mowtcav adbriy Tov eipnpevov 
SurAdovov Adyov Trav ywuidv. Kai rt THs dobeions 
KUKAov mepipepetas TO y’ amroTeuves épos 7) TOUTOV 
ypaphopevn tov tpdtov stmepBody ovvideiv pdd.ov 
trav A, T onpeiwy mepdrwv rijs mepupepeias drro- 
Kelpevorv. 

pd’. ‘Erdpws 8€ ryv dvddvow tod tpixa Tepeiv 
Thy ywriav } mepipepecay eEDevrd twes avev Tijs 
vedoews. €oTw Se emi mepibepeias 6 Adyos- 
ovdev yap Siaddper ywriay 7 wepipeperay Tepeiv. 

Teyovérw 84, xai ts ABT wepipepetas tpirov 


B 
eo 
A E Z Tr 


arreajdbw pépos 4 BY, Kai éreledyOwoav ai 
AB, BY, TA- derAaciwy dpa 4 to ATB ris bad 
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AH and conjugate axis4/3AH. And it is clear that 
the point I cuts off at the vertex H of the [conic] 
section a straight line [TH which is one-half of the 
transverse axis AH. 

And the synthesis is clear ; for it will be required 
so to cut AI that AH is double of HI’, and about AH 
as axis to describe through H a hyperbola with con- 
jugate axis 4/3AH, and to prove that it makes the 
aforementioned double ratio of the angles. And that 
the hyperbola described in this manner cuts off the 
third part of the arc of the given circle is easily 
understood if the points A, I are the end points of 
the are.* 

44. Some set out differently the analysis of the 
problem of trisecting an angle or are without a 
verging. Let the ratio be upon an arc ; it makes no 
difference whether an angle or an arc is to be divided. 

Let it be done, and let BI’, the third part of the are 
ABI, be cut off, and let AB, BI’, PA be joined; then 


® For let O be the centre of a circle of which AT is an 
arc. Let AT be di- 
B vided at H so that AH 
=2HT, Letthe hyper- 
bola be constructed 
which has AH for 
transverse axis and 
A T’ v3 AH for conjugate 
axis, and let this hyper- 
bola cut the arc of the 
circle in B. Then by 
Oo Pappus’s proposition, 
-BrA=2-BAT. 
Therefore their doubles are equal, 
or -BOA=2cBOT, 
and so OB trisects the angle AOT and the are AB. 
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BAD. rerpjcOw Siva 4 tvo ATB rH TA, Kai 
xdbero. at AE, ZB: ion dpa 7 AA 7H AT, wore 
cat» AE 77 ED’: S08ev dpa ro E. ézei obv éorw 
ws 7 AT apos TB, ovtws 7 AA apos AB, rov- 
réatw % AE mpos EZ, nat evaddAa€ dpa éoriv ws 
4 TA mpos AE, } BI mpos EZ. Suadq dé TA 
7h AE: ded dpa Kal 4 BY ris EZ: rerparAdovov 
dpa to azo BI’, rovréorw ra and tév BZ, rod 
dno ris EZ. émei obv dv0 So0évra early ra E, T, 
kai dp67 7) BZ, Kai Adyos eat Tob amd EZ mpos 
7a avo Tav BZT', 76 B dpa apds daepBorAgq. aAAb 
Kai mpos doer mepipepeta’ So0ev dpa to B. kai 
% avvbeots pavepa. 


@ The relation BI =2EZ tells us that B lies on a hyperbola 
with foci A, T, directrix BZ and eccentricity 2. Pappus 
proceeds to turn this into the axial form EZ?: BZ?+ ZY? 
=1:4 which was more commonly used by the Greeks. In 
fact, there are only two other extant passages in which the 
focus-directrix property is used. One of them is also given 
by Pappus (vii., ed. Hultsch 1004-1014), who there proved 
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ZATB=2Z BAT. Let ZATB be bisected by TA, 

and let AE, ZB be drawn perpendicular ; therefore 

AA is equal to AT’, so that AK is also equal to ET; 

therefore K is given. 

Now because AT : T'B=AA : AB [Euel. vi. 5 
=AE : EZ, 


therefore alternately [A : AE=BI : EZ. 

But TA=2AE; and therefore BI’ =2EZ; there- 
fore BI2=4EZ?, that is, BZ?+Zl2=+4EZ?. Now, 
since the two points E, [T are given, and BZ is 
drawn at right angles. and the ratio EZ? ; BZ? +4 ZT? 
is given, B lies on a hyperbola. But it also lies on an 
are given in position ; therefore Bis given. And the 
synthesis is clear.* 


generally that ‘‘ if the distance of a point from a fixed point 
is in a given ratio to its distance from a fixed line, the locus 
of the point is a conic section which is an ellipse, a parabola 
or a hyperbola according as the given ratio is less than, 
equal to, or greater than, unity.” The proof is among a 
number of lemmas to the Surface Loci of Euclid, so pre- 
sumably the focus-directrix property was already well 
known when Euclid wrote. 
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X. ZENO OF ELEA 
Aristot. Phys. Z 9, 239 b 5-210 a 18 


v4 \ f > \ >? , f 

Zyvev de nmapadroyilerar ef yap del, dyaiv, 
Hpewel Wav 7) Kivetras’ dtav } Kata 76 toov, éorly 
& det To hepdpevov ev T@ viv, axivyrov tHv depo- 

~ > and 
pévnv elvar dvotdv. tobto 8 é€ati Yebdos: od yap 
avyKeTar 6 xpdvos ex TOY viv THv dadiaiperwr, 
o +g? mv 4 > td 
wotep 008 dAdo péyebos obdév. 
7 a 

Térrapes 8° eiatvy of Adyou mrepi Kujoews Zij- 

ywvos of mapéxovTes Tas duaKorias Tots Avovow, 
~ A a 4. 
TpOTos pev o rept TOD yun KiveiaOar Sud TO TPdTEpOV 
~ f. o ‘ 
cis TO Hyuav Setv adixécbar TO depdpevoy 7 mpds 
e > a 
70 tédos, rept ob dueiAopev ev Tols mpdrepov 
Adyots. 

Zeller would bracket 4 «we?ra, and he is followed by 
Ross, but not, it seems to me, with sufficient reason. Diels, 
followed by Lee, has the unnecessary addition of odSev 5€ 
xweirat after these words. The passage as it stands is 
satisfactorily explained by Brochard (Etudes de philosophie 


ancienne et de philosophie moderne, p. 6) and by Heath 
CLG. Mi. 276). 





2 Zeno of Elea, who is represented by Plato (Parm. 127 B) 
as “ about forty’ when Socrates was a “ very young man” 
(say in 450 B.c.), was a disciple of Parmenides. ‘the object 
of his four arguments on motion, here reproduced from 
Aristotle, was to show that the rejection of Parmenides’ 
doctrine of the unity of being led to self-contradictory results. 
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Aristotle, Physics Z 9, 239 b 5-240 a 18 


ZExo’s argument is fallacious; for, he says, if 
everything is either at rest or in motion when it 
occupies a space equal to itself, while the object 
moved is always in the instant, the moving arrow is 
unmoved. But this is false; for time is not made up 
of indivisible instants, any more than is any other 
magnitude. 

Zeno has four arguments about motion which 
present difficulties to those who try to resolve them. 
The first is that which says there is no motion because 
the object moved must arrive at the middle before 
it arrives at the end,® concerning which we have 
already treated. 


A vast literature has grown round these arguments, but the 
student will find most help in W. D. Ross, Aristotle's Physics, 
pp. 655-666, H. D. P. Lee, Zeno of Elea, and Heath, 4.6. M. 
i. 271-283. 

> Not only has it to pass through the half-way point, but 
through half of the remaining half, and so on to infinity. 
If a is the length of the course measured from the goal, 
then the moving object before it reaches its goal has to pass 
aaa 


D* 92 33° ° 


through the points - and so on through an infinite 


series which cannot be enumerated. Aristotle's answer is 
that the moving object has indeed to pass through an infinite 
number of positions, but in a finite time it has an infinite 
number of instants in which to do so. 
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*Aid kat 6 Zajvevos Adyos Weidos AapBdver To 
py evdexecOar Ta Arrevpa deADeiy H aipacBar Tov 
dmeipwv Kal? Exacrov év TeTepacpevw xpovm. 
SiySs yap A€yerar Kai TO pyKos Kal 6 xpOvos 
dmewpov, Kal dAws mav Td ovvexés, Trot KaTa 
Siaipeow 7) tots éoxdros. T&v pev obv Kata TO 
moaov ametpwy odK evdexeTar aacbar ev rreTEpa- 
opéevw xpdvw, tav S€ Kara Siaipeow évdéxeTat: 
Kal yap adtos 6 xpdvos ottws dmeipos. ware 
év 7@ ameipw kal odK ev TH TeTrepacuevm ovp- 
Batve. Sudvac 7d dareipov, Kai amrecbar TaVv 
dmetpwv tots ametpois, od Tois memrepacpévots.* 

Aedrepos 8 5 Kadovpevos "Ayiddeds: gore 8 
obros, Ste 76 Bpadvrarov obdénote KatadndOjcerat 
Ogov ind Tod Tayiarou: eumpoobev yap avayKaiov 
ebeiv 76 Siddkov, d0ev dpunoe 76 pebyov, dor’ 
dei Te mpoéxew dvaykaiov 76 Bpaddrepov. att 
dé Kat obros 6 atros Adyos TH SixoTOpeEtv, dia- 
déper 8 ev 7 Siarpeiv pr) Sixa 76 TpocAapBave- 
pevov péyefos. 76 pev odv pi) KataAapBaveobar 
TO Bpadvrepov ovpBéBynkev ex Tot Adyou, ylyverat 
dé mapa tatTé 7H Styorouia (ev audorépos yap 
oupBaiver 7) adixvelobar mpos TO Tépas Sraipov- 





* The passage between the asterisks, to which Aristotle 
refers the reader, is Phys. Z 2, 233 a 21-31 and is reproduced 
here for convenience. 

> Aristotle’s argument is correct. The {chilles is a more 
general form of the Dichotomy. If the speed of Achilles is 
n times that of the tortoise (we learn from Themistius 
and Simplicius that the tortoise was the object pursued), 
and the tortoise starts a unit ahead, then when Achilles 
has reached the point where the tortoise started the 
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*Zeno’s argument makes a talse assumption in 
not allowing the possibility of passing through or 
touching an infinite number of positions one by 
one in a limited time. For there are two senses 
in which length and time, and, generally, any con- 
tinuum, are said to be infinite, either in respect of 
division or of extension. So where the infinite is 
infinite in respect of quantity, it is not possible to 
make in a limited time an infinite number of contacts, 
but it is possible where the infinite is infinite in 
respect of division ; for the time also is infinite in this 
respect. And so it is possible to pass through an 
infinite number of positions in a time which is in this 
sense infinite, but not in a time which is finite, and 
to make an infinite number of contacts because its 
moments are infinite, not finite.* 

The second argument is the so-called Achilles; this 
asserts that the slowest will never be overtaken by the 
quickest ; for that which is pursuing must first reach 
the point from which the fleeing object started, so 
that the slower must necessarily always be some 
distance ahead. This is the same reasoning as that 
of the Dichotomy, the only difference being that when 
the magnitude which is successively added is divided 
it is not necessarily bisected.» The argument leads 
to the conclusion that the slower will never be over- 
taken, and it is for the same reason as in the Dichotomy 
(for in both by dividing the distance in some way it is 


tortoise is i ahead; when Achilles has reached this point 


the tortoise is, ahead ; and so on to infinity. Putting 


n=2 we get the special conditions of the Dichotomy. Both 
arguments emphasize that to traverse a finite distance means 
passing through an infinite number of positions. 
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ta ~ , > ra Fa ? 
pévov mws tod peyeGous- aA\a mpdoKertar &v 
> 
ToUTw OTL ovde TO TAaxLOTOV TeTpaywdnpevoy ev 
an 4 . 4 
TH Sudxew 76 Bpadvrarov), wor avayen Kal TH 
Avow elvar rHY adtyiy. to 8’ akiobv ért 76 mpoexov 
od KaradapBavetar, peddos- 6Te yap mpoéyer, ov 
4 > > oe f w 
katadapBdverar- GAN’ cuws KaradapBaverat, el- 
mep dwoet SueEvevar THY TeTEpacpEervnv. 
ka A > € ta ‘4 t tJ ¢ fo 
Oro prev oby ot S¥o Adyor, tpitos 8° 6 viv 
ig i 4 ¢ > A ta a f 
pnbeis, dre) duatos depoperyn EornKev. cvpPatver 
dé mapa ro AapBavew tov xpdvov ovyKetcbar &x 
Tt&v vive py Sidopevov yap tovrov obdk éarat 6 
avAdoyiopds. 
4 ? e a ~ > ~ tf 
Térapros 8 6 wept ta&v ev 7H oTadiw Kwov- 
/ >? , > a 
peévav e€ evartias laowv dyxwy map” taovs, Tov 
‘ ~ ~ > > 
pev amd tédovs Tob atadiov taév 8 amo péoov, 
cy , , iy . / 
tow Tayxel, ev @ ovpPaivew oleTat iaov elvar ypdvov 
~ oe ‘ 
7@ Sirrdaciw tov jusavv. ore 8 6 mapadoyropds 





* Achilles overtakes the tortoise when he has travelled a 


distance Pee Fit .. ad inf. 
nn 





This is a convergent series whose sum is v The ancients 


did not know how to sum an infinite series, but they knew 
that Achilles would catch the tortoise and that the problem 
solvitur ambulando. 

> Lachelier (Revue de métaphysique et de morale, xviii., pp. 
346-347) and Ross explain that do roi pécov means from 
the turning point in the double course or diavAos. The race 
was from the réAos to the xécov and back again to the rédos. 
On this interpretation it is possible to translate easily and 
naturally. Gaye, the Oxford translators and Lee, who do 
not accept this interpretation, but believe ro pécor to refer 
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concluded that the goal will not be reached ; but in 
this a dramatic effect is produced by saying that not 
even the swiftest will be successful in its pursuit of 
the slowest) and so the solution must necessarily be 
the same. The claim that the one in front is not 
overtaken is false ; for when in front he is not indeed 
overtaken, but he will nevertheless be overtaken if he 
give his pursuer a finite distance to go through.* 

These are two of the arguments. and the third is 
the one just mentioned, that the flying arrow is at 
rest. This conclusion follows from the assumption 
that time is composed of instants: for if this is not 
granted the reasoning does not follow. 

The fourth is that about the two rows of equal bodies 
moving past each other in the stadium with equal 
velocities in opposite directions, the one row starting 
from the end of the stadium, the other from the 
middle.® This, he thinks, leads to the conclusion 
that half a given time is equal to its double. The 


to the middle of the As, are forced to paraphrase: ‘‘ The 
AAAAAA 









BBBBBB eee 


rrrrrr 


one row originally stretching from the goal to the middle- 
point of the stadium, the other from the middle-point to 
the starting-post.” Ross has to admit that 76 péoov is 
apparently not used elsewhere of the middle-point of the 
SiavAos, but he rightly emphasizes the unnaturalness of 
any other interpretation. 
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~ 3 ? ~ 

ev T@ TO ev Tapa Kiwovpevoy TO bé Tap’ hpeLovv 
A Ww t > -~ ~ Ww 4 A mw 

Td toov péyefos abwoiv 7@ tow Tdyer Tov ioov 
~ a e 

dépecbar xpdvov' roitro 8 éatt eidos. olov 

i” @ ¢ 

€otwoav of éota@res icot dyxo. ef? dv va AA, o! 
e ~ ” 

&S éf av ta BB dpydpevor avd tot péaov, ica 

‘ > AY , a ‘ \ y ¢ > 

TOV apiOpov TOUTOLS OVTES KAL TO peyebos, ot 5 
> « a > \ 

ef’ dv ta IT dao rob éoydrov, tcor Tov apiOpdv 

» ns tied 

ovres TovTois Kal TO péyeBos, Kal iaoTrayeis Tots 
~ an , 

B. cup Baiver 7 76 rp@rov B dua én TH eoyaro 

elvar Kal To mpdrov I, wap’ dAAnAa Kivovpevwv. 

oupBaiver 8é 76 T rapa mavra [7a B]* dtefeAn- 

a oe 

Avbévar, 7d S€ B wapa 7a Hyton: dare rprovv 

t ‘ , ” A ¢ 7 , ’ > 

elvat tov xpdvov: tcov yap éxaTepdv €oTt Tap 


1 7a B del. Ross. 





* There seems little doubt that initially the rows of bodies 
were symmetrically arranged in the following way (we will 
assume half a dozen of each for convenience) : 


» food 
» COO — 
r —CoooTn 
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fallacy lies in assuming that a body takes an equal 
time to pass with equal speed a body in motion and a 
body of equal size at rest ; but this is untrue. For 
example, let AA be stationary bodies of equal size, 
let BB be the bodies equal in number and size that 
start from the middle, and let ['T’ be the bodies equal 
in number and size that start from the end, having 
a speed equal to that of the Bs.? In consequence, 
the first B and the first T move past each other and 
come simultaneously to the end.’ It follows that I 
has passed all the bodies it is moving past, though B 
has passed only half the bodies it is moving past,° 
so that B has taken half the time [taken by I]; for 


and that the final position they take up is: 


» (oO 
a 
6 [To 


But there are great difficulties in the text. Ross’s inter- 
pretation seems to me to do least violence to the Greek. . 

> ¢.e, the first B is under the right-hand A at the same 
time that the first I is under the left-hand A. 

* Ross explains, to my mind judiciously, that the Bs are 
thought of primarily as moving past the As and only 
secondarily as moving past the I's, while the I's are thought 
of primarily as moving past the Bs and only secondarily 
past the As. Zeno wishes to point out that the first B has 
moved past only three As while the first F has moved past 
six Bs. On the ground that to move past six Bs requires 
twice the time needed to move past three As, coupled with 
the knowledge that the time taken is in fact the same in 
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XI. THEAETETUS 
(a) GrNERAL 
Suidas, s.v. Qeairnros 


Ocairynros, "AOnvaios, dorpoAdyos, ptAdcodos, 
A tA 39 7 > € / 
pabnris wxpdrovs, edidagev ev ‘Hpakdeia. 
mpa@tos S€ Ta mévre Kadovpeva oreped eypaipe. 
yéeyove 8€ pera 7a [eAomovnotakd. 


(6) Tue Five Recuiar Soims 
Schol. i. in Euel. Elem, xiii., Eucl. ed. Heiberg v. 654 


°Ev rovtw 7T@ BiBriw, Tovréote TH vy’, ypaderat 
Ta Acyopeva TAdrevos € ox7para, ad atbrot bev 
ouK é€oTw, tpia be To Tpoetpn preven € oxnearav 
TOV Tufayopeiwy € éoriv, 6 Te KUBos kat  Tupays 
kal TO SwdeKdedpov, OeaiTHTov O€ TO TE OKTAESpOY 
Kal TO €ikoodedpov. THY dé mpoowvupiav eAaBev 
TlAdrwvos dia TO preuvijcOar adrov ev 7H Tipaiw 
mepl avrav, 


® Theaetetus lived about 415-369 s.c. He is the subject of 
a dissertation De Theaeteto Atheniensi by Eva Sachs (Berlin, 
19} £). 
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XI. THEAETETUS * 
(a) GENERAL 


Suidas, s.v. Theaetetus 


Turartetus, an Athenian, astronomer, philosopher, 
a pupil of Socrates, taught in Heraclea. He was the 
first to describe ® the five solids so-called. He lived 
after the Peloponnesian wars. 


(6) Tue Five ReGuiar Sorips 


Euclid, Elements xiii., Scholium i., Eucl. 
ed. Heiberg v. 654 


In this book, that is, the thirteenth, are described 
the five Platonic figures, which are however not his, 
three of the aforesaid five figures being due to the 
Pythagoreans,° namely, the cube, the pyramid and 
the dodecahedron, while the octahedron and icosa- 
hedron are due to Theaetetus. They received the 
name Platonic because he discourses in the Timaeus 
about them. 


> Possibly ‘‘ construct.” 

¢ For the relation of the Pythagoreans to the five regular 
solids, see supra, pp. 216-225. Theaetetus was probably the 
first to construct all five theoretically ; the Pythagoreans 
could not have done that. For a full discussion, see Eva 
Sachs, Die fiinf Platonischen Korper. 
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(c) Tue Irrationa 


Schol. lxii. in Eucl. Liem. x., Eucl. ed. Heiberg 
v. 450. 16-18 


To Oewpnua totro Ocaityredy doTw etpnpa, 
~ > 

Kai péuvnta adtod 6 IlAdtwv ev Oeartytw, ard 
exe? pev pepixwtepov eyKertat, evraiba S€ xabddov. 


Plat. Theaet. 147 p-148 B 


@EAITHTOR. Ilepi Suvdpewy te yyiv Oeddwpos 
ode éypade, THS TE Tpizrodos mép Kal mevTé- 
Todos [drrogaitveny]" ore pnker od avppeTpoe TH 
Todtaia, Kal oUTW KATA pilav éExdoTHY mpoatpov- 
peevos pexpt THs émraKxaidexdmodos: ev b€ tavTy 
Tws €veaxeTo. Huiv otv elanAe te Tovodrov, 
€é7evd7) ametpor TO TAHOos al Svvdyers efatvorto, 
meipabyva. avAdaBety eis ev, 6Tw Tdoas TavTas 
mpocayopevoomev Tas Suvdpets. 

1 drogaivwy sec]. Burnet. 





* The enunciation is: The squares on straight lines 
commensurable in length have to one another the ratio which a 
square number has to a square number ; and squares which 
have to one another the ratio which a square number has to a 
square number will also have their sides commensurable in 
length. But the squares on straight lines incommensurable 
in length have not to one another the ratio which a square 
number has to a square number ; and squares which have not 
to one another the ratio uhich a square number has to a square 
eet will not have their sides commensurable in length 
either. 

> Theodorus of Cyrene, claimed by Iamblichus ( Vit. 
Pythag. 36) as a Pythagorean and said to have been Plato’s 
teacher in mathematics (Diog. Laert. ii. 103). 

© Several conjectures have been put forward to explain 
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(c) THe IRRATIONAL 


Euclid, Elements x., Scholium lxii., ed. Heiberg 
v. 450. 16-18 


This theorem [Eucl. Elem. x. 9] is the discovery of 
Theaetetus, and Plato recalls it in the Theaetetus, 
but there it arises in a particular case, here it is 
treated generally. 


Plato, Theaetetus 147 p-148 B 


TueaEtTetus. Theodorus’ was proving to us a 
certain thing about square roots, J mean the square 
roots of three square feet and five square feet, namely, 
that these roots are not commensurable in length 
with the foot-length, and he proceeded in this way, 
taking each case in turn up to the root of seventeen 
square feet ; at this point for some reason he stopped.° 
Now it occurred to us, since the number of square 
roots appeared to be unlimited, to try to gather them 
into one class, by which we could henceforth describe 
all the roots. 


how Theodorus proved that 1/3, 1/5... S17 are in- 
commensurable. They are summarized by Heath (4/...M. 
i. 204-208). One theory is that Theodorus adapted the tradi- 
tional proof (supra, p. 110) of the incommensurability of 4/2. 
Another, put forward by Zeuthen (** Sur la constitution des 
livres arithmétiques des Eléments d’Euclide et leur rapport 
a la question de J’irrationalité” in Oversigt over det hgl. 
Danske videnskabernes Selskabs Forhandlinuer, 1913, pp. 422 
ff.), depends on the process of finding the greatest common 
measure as stated in Eucl. x. 2. If two magnitudes are such 
that the process of finding their G.C.M. never comes to an 
end, the two magnitudes are incommensurable. The method 
is simple in theory, but the geometrical application is fairly 
complicated, though douvtless not beyond the capabilities of 
Theodorus. 
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zoxpaTHs. "H xai nuperé re Tovotrov; 

eA. "Epouye Soxodpuev’ oxdmer S€ Kal ov. 

za. Aédye. 

eral. Tov apiOuov mavra dixa dteAdBoper 
Tov pev Suvapevov ioov ladkis ylyveoOat TH TeTpa- 
yavm TO oxhpa amecdoavtes TeTpdywvov Te Kal 
iadmAeupov mpoceimopev. 

sa. Kai ed Ve. 

ecal. Tov toivuy petaéd tovrov, ay Kal Ta 
tpia Kal Ta wévTE Kal Tas ds ddvvaTos icos iadKts 
yevéobar, aA 7 TAciwy eAartovanis 7 éeAdTTwY 
mAcovdKis ylyverar, petlwy S€ Kal éAdtTwy det 
mAeupa avrov meptAapBaver, TH mpopynKe ad 
oxnpate atekdoavres mpopnKn dapifuov éxadéd- 
oapev. 

za. KdAdtora. dAda ti 76 peta TobiTo; 

@EAI. “Oca prev ypappai tov lodmAcupov Kal 
émimedov dpiOpov Tetpaywvilovor, HiKos cdipiod- 
peba, 6 boat be Tov éTEpopnKn, Suvdpers, ws HajKen 
pev od auppérpous éexeivais, Tots 8° émumédois a 
duvavrat. Kal mept Ta aTepea GAO ToLobToV. 


2 It is not agree to give the full force of the Greek as 
durdpets, which literally means ‘“‘ powers,’”’ has to be trans- 
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Socrates. And did you find such a class ? 

Tueaet. I think we did; but see if you agree. 

Soc. Speak on. 

Tueaet. We divided all numbers into two classes. 
The one, consisting of numbers which can be repre- 
sented as the product of equal factors, we likened in 
shape to the square and called them square and equi- 
lateral numbers. 

Soc. And properly so. 

TuesET. The numbers between these, among which 
are three and five and all that cannot be represented 
as the product of equal factors, but only as the product 
of a greater by a less or a less by a greater, and are 
therefore contained by greater and less sides, we 
likened to oblong shape and called oblong numbers. 

Soc. Excellent. And what after this ? 

Tueaer. Such lines as form the sides of equilateral 
plane numbers we called lengths, and such as form the 
oblong numbers we called roots, because they are not 
commensurable with the others in length, but only 
with the plane areas which they have the power to 
form. And similarly in the case of solids. 


lated “roots”? to conform with mathematical usage, 
dvrapes, it will be noticed, are here limited to the square 
roots of oblong numbers, and are therefore always in- 
commensurable. 
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VOL. I Qc 


XII. PLATO 


(a) GENERAL 
Tzetzes, Chil. viii. 972-973 
IIpo r&v mpobdpwv tdv atrod ypaas tripye 


TlAdrwy- 
“e \ > / Ln A A f ” 
Mydcis dyewperpytos elaitw pov THY oTéyny. 


Plut. Quaes. Conv. viii. 2. 1 


"-E be , A ~ iA € A 
K d€ TovTOUV yevouevns otwrijs, waAw 6 Ato- 
\ > ‘ “oe 5A (ie ” s 69 ‘ A , 
yeviavos apEdpevos ‘‘ BovAco®”,”” etzev, “ erret Adyou 
Ve ~ > a 
rept Dedv yeydvaow, ev tots HAdtwvos yevebAlos 
adtov [lAdrwva Kowwvov mapadraBwpev, eém- 
4 A ‘ 7 2 , > > Os 
oxefdpevor tiva aBwv yradunv anepyvar det 
~ \ 

yewpetpety tov Oedv ; et ye 81 Oeréov elvar TH 
> 4 4 4 ” > ~ \ a? 
anrdpavaw tatrnv [ldAdtwvos.”’ euod dé tatr 
? ~ ~ 
eimdvtos Ws yéypamrar pev ev ovddevi caddis TaV 
? o f m” A , ¢ \ ‘ A 
exeivov BiBriwv, eyes 5é€ mioTw tkaviy Kat Tob 
TlAarwrixod yapaxtijpds éorw. 

Ev@ds trodaBwv 6 Tuvddpys “‘ oles yap,” elev, 
‘ s ~ ~ , 
“@ Avoyenavé, trav mepittdv tu Kai SvabewpyTwv 
? ‘ 
aivitrecOar Tov Adyov, obx dmEp adbtds cipnKe Kat 
yéypade mroMdkis, tuv@v yewpetpiav, ws arro- 





* For Proclus’s notice of Plato, see supra, p. 150, and for 
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(a) GeneRaL 
Tzetzes, Book of EHistories viii. 972-973 


Over his front doors Plato wrote: ‘‘Let no one 
unversed in geometry come under my roof.” ® 


Plutarch, Convivial Questions viii. 2. 1 


Diogenianus broke the silence which followed this 
discussion by saying : ‘‘ Since our discourse is about 
the gods, shall we make Plato share in it, especially as 
it is his birthday, and inquire what he meant when 
he said that God is for ever playing the geometer— 
if this saying is really Plato’s?’’ I said that this 
saying is not plainly written in any of his works, but 
it is a credible saying and is of a Platonic character. 

Thereupon Tyndares took up the discussion and 
said : ‘‘ Do you think, Diogenianus, that this saying 
implies some subtle and recondite speculations, and 
not what he has so often mentioned, when he praises 


the pseudo-Platonic instrument for finding two mean pro- 
portionals, supra, pp. 262-267, The mathematics in Plato is 
the subject of dissertations by C. Blass (De Platone mathe- 
matico, Bonn, 1861) and Seth Demel (Platons Verhaltnis 
zur Mathematik, Leipzig, 1929). 

> Johannes Tzetzes, the Byzantine pedant who lived in 
the twelfth century .p., is not the best of authorities, so this 
charming story must be accepted with caution. The doors 
are presumably those of the Academy. 
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am@oav jpdas Mpooraxopevous TH. aicOyoe Kai 
dmoorpépovoay ent Thy vonTay Kat didtov vow, 
as Oda TéXos € eori prrooogias olov eroTreia reAeris j 
‘ did Kal TlAdrey adros enepiparo Tovs mept 
Ei8o£ov Kal “Apxvrav Kal Mevarxpov eis Spyavucas 
Kat pnxavucds KaTaoKevas Tov TOO orepeod durAa- 
ctacpoyv dmdyew eémiyetpotvras, @aTep TrELpw- 
pévous 82” dAdyou bo péoas dvdAoyov, 7 Tapeixot, 
AaPeiv: amddAvaba yap otrw Kai diadBeipecfar 
TO ‘yewperpias dyaBov avbts emi Ta auton To 
TaAwdpopovans Kal p27) depopems a dye und” dvri- 
AapBavoperns Trav didiwy Kat dowpdrav elkovey, 
mpos alomep wy 6 Beds aet Beds éatt.’ 


Aristox. Harm. ii. ad. init., ed. Macran 122. 3-16 


BéArwov tows earl 16 mpodieABety Tov tpdrov Tis 
mpaypareias tis ToT éoriv, va mpoyryvwoKorrTes 
oe 58 ‘ a 5 , £ 19 £ 6 id: z 
@arrep ddv  Badvoréov padvov TropevarpeBa €iddres 

> lal 
Te KaTa TL pepos eopev adris Kat pr Adbwpev 
Hpds adrovs mapuToAapBdvortes TO mpGypa. Kal- 
amep “AptororeAns dei Sinyetro tods mAelorous 
Tav aKovadvruy Tapa T[Aarwvros rH mept rayabod 
axpdacw trabetv: mpocévar ev yap eKaorov vrro- 
AapBavovra Ajeabai Te TOV vopilopevwv TodTwv 
> ~ ~ 
avOpwrivwy ayabav olov mdrodrov tytevay ioxdv 

\ 4 > f A td ¢ \ 
7a OAov evdauysoviay Twa Oavpacriv: Gte bé da- 
velnoay of Adyou wept pabnpdtwv Kal apiOudv Kat 
yewpetpias Kal dotpodoyias Kal Td mépas Ore 
> ~ 
ayabov eorw &, mavteA@s olar mapddofdv te 





* The play on the words dAdyou, dvddoyov cannot be repro- 
duced in English, but we may compensate ourselves by 
playing on the words “ means,” ‘‘ mean proportionals.”” 
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geometry as a science that takes men away from 
sensible objects and turns them towards the intelli- 
gible and eternal, whose contemplation is the end of 
philosophy like the final grade of initiation into the 
mysteries? ... Therefore Plato himself censured 
Eudoxus and Archytas and Menaechmus for en- 
deavouring to solve the doubling of the cube by instru- 
ments and mechanical constructions, thus trying by 
irrational means to find two mean proportionals,? so 
far as that is allowable : for in this way what is good 
in geometry would be corrupted and destroyed, fall- 
ing back again into sensible objects and not rising 
upwards and laying hold of immaterial and eternal 
images, among w hich God has his being and remains 
for ever God.” 


Aristoxenus, Elements of Harmony ii. ad init., 
ed. Macran 122. 3-16 


It is perhaps well to go through in advance the 
nature of our inquiry, so that, knowing beforehand 
the road along which we have to travel, we may have 
an easier journey, because we will know at what 
stage we are in, nor shall we harbour to ourselves a 
false conception of our subject. Such was the con- 
dition, as Aristotle often used to tell, of most of the 
audience who attended Plato’s lecture on the Good. 
Every one went there expecting that he would be put 
in the way of getting one or other of the things 
accounted good in human life, such as riches or health 
or strength or, in fine, any extraordinary gift of 
fortune. But when they found that Plato’s arguments 
were of mathematics and numbers and geometry 
and astronomy and that in the end he declared the 
One to be the Good, they were altogether taken by 
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édaivero attois: €l0 of pev troxaredpdvouy Tob 
mpaypatos ot be KaTeLeudovTo. 


(6) Puiosopuy or Matuemarics 


Plat. Rep. vi. 510 c-e 


Olpat ydp oe <idévar 6 Ott of Tepi Tas yewperpias 
Te Kal Aoyeapovs Kal Ta Toaira TpayLaTevopevor, 
drrobepevor 76 TE TrepurTov Kal TO dpriov Kai To 
oxnpara Kai yordy TpitTa elon Kal dAda Touro 
adeAda Kal? exdorny p<Bodov, Tadra pev ws 
«iddres, mounodpevor trrobéaets atra, oddeva Adyov 
oure atrots ove dAAots ere afoot Tept abrév 
diddva ds navi davep@v, ek TovTwv 8 apxdpuevot 
Ta Aoura: 789 Sucfvovres Tedevr@ow opodoyou- 
pevws eri Tobro od av emi oxéepw oppjowat. 

Ildvu peév obv, Rip Tobrd ye oda. 

Otkody Kat ott Tots Opwprevors eldeat mpoo- 
xp@vrae Kat tovs Adyous TeEpi airév Tovodvrau, 
ov Teph ToUrw dvavoovpevor, GAN éxetvwy TrEpt ols 
Taira €oure, Tob TeTpayavov avtod évexa Tous 
Adyous TroLovpevor Kal Suaprerpou airis, a’ od 
Tavrns iy ypadovow, Kai TaAAa otTws, adra pev 
Tatra & mAdrrovatly we Kal “ypapovow, dv Kal 
oKval Kai év ddacw eixdves cioiv, ToUTols pev ws 
eixdow ad xpwpevor, Cntodvres S€ atta e€xeiva 
idetv & otk av dAdws ‘dar Tis H TH Stavoig. 


Plat. Ep. vii. 342 a-343 B 


“Eorw TOV ovTwv éxdorw, bv ay Thy emornpny 
avayKn TapaylyvesOar, tTpia, tréraptov 8° adbry— 
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surprise. The result was that some of them scoffed 
at the thing, while others found great fault with it. 


(6) Putwosopuy or MarHematics 
Plato, Republic vi. 510 c-E 


I think you know that those who deal with geo- 
metrics and calculations and such matters take for 
granted the odd and the even, figures, three kinds of 
angles and other things cognate to these in each field 
of inquiry ; assuming these things to be known, they 
make them hypotheses, and henceforth regard it as 
unnecessary to give any explanation of them either 
to themselves or to others, treating them as if they 
were manifest to all; setting out from these hypo- 
theses, they go at once through the remainder of the 
argument until they arrive with perfect consistency 
at the goal to which their inquiry was directed. 

Yes, he said, I am aware of that. 

Therefore I think you also know that although 
they use visible figures and argue about them, they 
are not thinking about these figures but of those 
things which the figures represent ; thus it is the 
square in itself and the diameter in itself which are 
the matter of their arguments, not that which they 
draw ; similarly, when they model or draw objects, 
which may themselves have images in shadows or in 
water, they use them in turn as images, endeavouring 
to see those absolute objects which cannot be seen 
otherwise than by thought. 


Plato, Epistle vii. 342 a-343 B 


For everything that exists there are three things 
through which knowledge about it must come; the 
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méparrov 8 adro riévar Sef 6 8x) yowordy Te Kat 
aAnbas éotw dv—€év pev dvopa, Sevrepov dé Adyos, 
TO d€ TpiTov cidwdAov, Téraprov Sé emoripn. qept 
év obv Aape BovAdpevos pabeiv TO viv Aeyopevov, 
Kal wavrwy otTw mrept vonoov. Kvichos eoTiv Tt 
Aeyopevov, @ Tob atrdé éorw dvona 6 viv eé- 
h0éypeba. Adyos § adbrod 70 Sevrepov, e€ dvopdtav 
kal pydrwy avyKetwevos: TO yap ek TOY eaxdTwv 
emt 76 péaov ltaov améxyov mavtn, Adyos av «in 
exeivou @mep otpoyytAov Kai mepidepés Svope. 
kal KuKdos. tpitov dé To Cwypadovpevov te Kal 
efareiddpevov Kai Topvevdsevov Kai azroAAdpevor' 
dv adros 6 KUKAos, Gv wept mavr’ éeoriv taba, 
ovdey macxer, ToUTWY Ws ETEpov Ov. TéTapToV SE 
émornyn Kai vos adnOjs te Sdéa tepl taér’ 
€oriy: ws d€ Ev TobTO ad mav Oeréov, odk ev dwvats 
ovd ev cwpdtwv oxnpacw add’ év puxais ever, 
@ Sirov erepdv te dv adtob Tob KiKdov Tis Pvoews 
TOV TE eumpoobev AexPévraw Tpiav. TotTwy bé 
eyyvrara pev ovyyeveia Kal ouoidTynte TOO tépTTOV 
vois memAnoiaxer, TaANa 5é mA€ov améxer. . . . 
KUKdos Exactos TaV ev Tals mpdfeou ypadopevwv 
H Kat topvev€évrwy peords Tod évaytiov éoTiv 
7 Téuntw—tobd yap <d0éos éefdmrerar mévry— 
atros 5€, dapév, 6 KUKAos ovTe TL opeKpdrepov 
ovre peilov ris evavtias Eyer ev atra@ dvoews. 
évopa te abté&v dapev oddev oddevi BéBarov clvas, 
koddvew 8 oddév ta viv arpoyytAa xadovpeva 
etéa xexdAjoba ta Te edOéa 81) oTpoyytAa, Kai 
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knowledge itself is a fourth ; and as a fifth we must 
posit the actual object of knowledge which is the true 
reality. We have, then :—first, a name; second, a 
description ; third, an image ; fourth, knowledge of 
the object. Take a particular case if you want to 
understand what I have just said, and then apply the 
theory to all objects in the same way. There is, for 
example, something called a circle, whose name is the 
very word I just now uttered. In the second place 
there is a description of it, made up of nouns and 
verbs. The description of the object whose name is 
round and circumference and circle would be: that 
which has everywhere the same distance between the 
extremities and the middle. In the third place there 
is the object which is drawn and erased and turned 
on the lathe and destroyed—processes which the real 
circle, in relation to which these other circles exist, 
can in no wise suffer, being different from them. In 
the fourth place there are knowledge and under- 
standing and correct opinion about them—all of 
which must be posited as one thing more, inasmuch 
as it is found not in sounds nor in the shapes of bodies 
but in souls, whereby it manifestly differs in nature 
both from the real circle and from the aforesaid three. 
Of these understanding approaches nearest to the 
fifth in kinship and likeness, while the others are 
more distant. . . . Every circle drawn or turned on 
a lathe in practice abounds in the opposite to the 
fifth—-for it everywhere touches the straight, while 
the real circle, we maintain, contains in itself neither 
more nor less of the opposite nature. The name, we 
maintain, is in no case stable; there is nothing to 
prevent the things now called round from being 
called straight, and the straight round; and those 
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ovdev Wrrov BeBaiws e€ew Tots perabepévors Kat 


evavtiws Kadotow. 


Aristot, Met. A 5, 987 b 14-18 
"Ere 5é€ mapa Ta aicOnra Kai 7a edn Ta paby- 
\ ~~ 4 , 4 
parika Tov mpaypdtwy elvai dno petagv, da- 
dépovta Ta&v pev aicbyrav 7TH aidia Kal axivyra 
5 A > IDA a \ \ ‘\\> ¢ 
elva, trav 8 cid@v TO Ta pev TOAN aTra Gpota 


oy 1 o> OF 7’ a ve , 
€wWat TO re) eldos QUTO €V EKAOTOV LLOVOV, 


- , 


(c) Tue “ Diorismos ” in THE ‘“‘ MENO” 


Plat. Meno 86 E-87 B 


Aé de 2 » € bd. 5. ¢ € 
éyw S€ ro && drrobdcews de, daomep of yew- 
~ > 

pétpar moAAdKis oKoTobyrat, ereddy Tis Epnrar 
’ , e 4 , ? es > , ’) 4 

adtovs, olov mept ywpiov, «i oldv Te és Tovde Tov 
/ a 

KvKAov Téd€ TO Xwpiov Tpiywvrov evrabyvat, elmoL 

dv tus dott ‘‘ovrw olda ei €art rotTo Towdbrov, adn’ 

oe 

worep pev tia bdbeaw mpotpyov oluat éxew 
‘ ~ ~ 

mpos TO mpdypa Toidvde. ef pev €ott TobTo +O 

f ~ ~ ~ 
xXwptov Towdrov, olov mapa rHv Sobcicav adrot 
A ’ 

ypappny mapareivavta €Adeizew TootTw xwpiw, 
e * 5 

olov av adto 76 maparerapévov 7, dAdo TL cup- 
, am > 

Batvew por Soxe?, Kai GdAo ad, ei advvardv éort 

Taira mabetv: dmobépevos obv ebédw eimety cot 
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who transpose them and use them in the opposite 
way will find them no less stable than they are now. 


Aristotle, Metaphysics A 5, 987 b 14-18 


Again, he [Plato] said that besides perceptible 
objects and forms there are the objects of mathe- 
matics, which occupy an intermediate position ; they 
differ from perceptible objects in being eternal and 
unchangeable, and from forms in that there are many 
alike, while the form itself is in each case unique. 


(c) Tue “ Diorismos ” In THE “ Meno ” 


Plato, Meno 86 £-87 B 


? 


I mean “ by way of hypothesis” what the geo- 
meters often envisage when they are asked, for 
example, as regards a given area, whether this area 
can be inscribed in the form of a triangle in a given 
circle. The answer might be, “I do not know 
whether this is so, but I think I have, if I may so put 
it, a useful hypothesis. If this area is such that 
when applied [as a rectangle] to the given straight 
line @in the circle it is deficient by a figure [rectangle] 
similar to that which is applied, then one result seems 
to me to follow, while another result follows if what 
I have described is not possible. Accordingly, by 
laying down a hypothesis I am willing to tell you 

a“ The given straight line” can only be the diameter. 


The “application ” of areas so as to be “‘ deficient” in a given 
way is explained ahouve, pp. 186-187. 
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TO oupPaivov wept Tis evtdcews adttod «is Tov 


, ” 297 ” 29 
KUKAOV, €LTE advvatov €lLTE [L7). 





* If AB is the diameter of a circle of centre O, and E is 
a point on the circumference, and the rectangles ACEF, 





G 


FBDE are completed, and the chords EFG, AG are drawn, 
then the rectangle ACEF is ‘‘ applied” to the straight line 
AB and “falls short”’ by the rectangle FBDE which is 
similar to the “ applied ’’ rectangle, for AF: FE=EF: FB. 
Moreover AEG is an isosceles triangle equal in area to the 
rectangle ACEF. 

In order, therefore, to inscribe in the circle an isosceles 
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what is the conclusion about the inscribing of the area 


in the circle, whether it is impossible or not.” * 


triangle equal to a given area X we have to find a point E 
on the circumference of the circle such that if EF be dropped 
perpendicular to AB 


the rectangle AF. FE =the given area X. 


Clearly E lies on a rectangular hyperbola of which AB, AC 
are asymptotes. If b? is equal to the given area, the equation 
of the hyperbola referred to its asymptotes as axes is ry =b?, 
For a real solution it is necessary that 5? should not be greater 
than the equilateral triangle inscribed in the circle, i.¢., not 


nd 2 
greater than 37/3 . °° where a is the radius of the circle. If 


6? is equal to this area, the hyperbola touches the circle and 
there is only one solution. If 5? is greater than this area, 
the hyperbola does not touch, and there is no solution, If 
6? is less than this area, the hyperbola cuts the circle in two 
points E, E’, giving two solutions, It is to these facts that 
Plato refers. 

The passage is an example of a d:opiopds giving the con- 
ditions for the possibility of the solution of a problem. 
Proclus is therefore in error when he says that Leon, the 
pupil of Neoclides, who was younger than Plato, ‘‘ invented 
dtoptopot”’ (supra, p. 150). 

The above interpretation was first given by E. F. August 
in 1829. It was independently discovered by S. H. Butcher 
in Journal of Philology, xvii., pp. 219-225 and is accepted 
by Heath (4.G.M, i. 298-303), whose exposition I have 
closely followed. Many other explanations have been 
offered, the best known being that of Adolph Benecke 
(Ueber die geometrische Hypothesis in Platons Menon). 
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(2d) Tue Nuptian Numper 
Plat. Rep. viii. 546 B-p. 
a A 
"Eors Sé Oetw pev yevvnt@ reptodos Hy apiOpes 
4 A b , 3 > e f 
meptdap Paver tédevos, avOpwrreiw Sé ev @ TpwTw 
abéhoes Suvdueval te Kat Svvacrevdpevar, Tpets 
Ul tA AY oe ~ e at 
dmootdces, TérTapas dé Gpous AaBodaat dporovy- 
Tw TE Kal dvopolovvTwy Kal adbédrvtwy Kal 
dOwwovTwy, mdvTa Tpoojyopa Kal pyTrd mpos 
GdAnAa anédnvav: dv énizpitos muOpry mepmdde 
‘ 4 ¢ rs y \ > , 
avbvyets Svo dppovias mapéxerar tpls av&ndeis, 
mv pev ionv iodkis, éExarov TooavTdKis, THv Sé 
icounkn ev TH, TpopynKn dé, éxarov pev apiOuav 
~ A 
amd Siapérpwv pyta@v teumddos, Seopevwy €vds 
éxdotwv, appyrwy Sé€ Sdvoiv, éxarov dé KdBwv 
Tpiddos. 





@ The passage is included here because of several interest- 
ing points for the history of Greek mathematics. Plato’s 
language is so fancifully phrased that a completely satis- 
factory solution is difficult to get. The literature which has 
grown round this ‘‘ nuptial number ”’ is vast, but the most 
satisfying discussions are those by Adam, The Republic of 
Plato ii., pp. 204-208, 264-312, and A. G. Laird, Pluto’s Geo- 
metrical Number and the Comment of Proclus. 

> Suvacrevdpevar iS a drag Aeyouévov, and its meaning is 
uncertain. A straight line is said d¥vac8a (“to be capable 
of”) an area when the square on it is equal to the area. 
Hence dvvayzémm should mean the side of a square, as it does 
in Eucl. x. Def. 4. Svvacrevonévy is a kind of passive of 
dvvapérn, meaning presumably that of which the duwayé-n 
is capable, and so could mean the square itself. It is 
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(qd) Tue Nupria, NuMpBer 
Plato, Republic viii. 546 8-p* 


The divine race has a cycle comprehended by a 
perfect number, but the number of the human race’s 
cycle is the first in which root and square increases,® 
forming three intervals and four terms of elements 
that make like and unlike and wax and wane, show 
all things agreeable and rational towards one another. 
The base of these things, the four-three joined with 
five, when thrice increased furnishes two harmonies, 
the one a square, so many times a hundred, the other 
a rectangle, one of its sides being a hundred of the 
numbers from the rational diameters of five, each 
diminished by one (or a hundred of the numbers from 
the irrational diameters of five, each diminished by 
two), the other side being a hundred of the cubes of 
three.¢ 


temerarious to try and get a precise meaning out of adéjoes 
Suvduevad re Kal Suvacrevdpevar, and perhaps we should 
not inquire too closely into what is more mystical than 
mathematical. Laird thinks it means ‘‘ if a square is equal 
to a rectangle.” 

* The chief mathematical interest of the passage lies in 
the part most easy to decipher, that about the two *‘ har- 
monies.”” The “ irrational diameter of five ’’ is the diagonal 
of a side of square 5, i.e. 4/50. The “ rational diameter ” 
of five is the nearest integer to the “ irrational diameter,” 
ie. 4/50- 1. The “number” from the “rational” or 
‘irrational’? diameter is the square. A “ hundred of the 
numbers from the rational diameter of five, each diminished 
by one”’ is therefore 100 x (49- 1)=4800; and the same 
number is expressed as ‘“‘ a hundred of the numbers from the 
irrational diameter of five, each diminished by two,” for 
this is 100 x (50- 2)=4800. This number gives one side of 
the oblong and the other is “a hundred of the cubes of 
three,” or 100 x27=2700. The rectangle of which these 
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(e) GeneRATION or NUMBERS 
Plat. Epin. 990 c-991 B 


Até pabnudrwy déov dv ein: ro 5€é péyvordv Te 
Kal mp@tov Kal apiOuav atr@v, aAd’ od awpara 
exdvrwv, GAAG 6Ans THs TOD TeptTTOD Te Kal apriouv 
yevésews Te Kal Suvapews, Gony Tapéxeras pds 
THY tTOv évrwy dvow. tara Sé pabdvre rovrous 
3 ~ > a ~ ‘ f an wv 
epeEfs eotw 6 xadotor pév opddpa yedoiov dvopa 
yewpetpiav, THv odK GvTwy Sé dpoiwy GAA/Aos 
dice apiOudv dpotwois mpos THY TeV émiméduv 
poipav yeyovuia éare dStadarijs: 6 87 Oaiua ovK 
> A ? A ‘ ~ A nn f 
avOpwmuvov add yeyovds Geiov davepdv av yiyvouro 

~ Pg ~ A . 4 ‘ 4 
7@ Suvapevw ovvvoeiv. peta S€ tadrnv rods tpis 





are sides is therefore 4800 x 2700 = 12,960,000, and this is 
36002, which is the other ‘‘ harmony.” 

These “rational” and “irrational”? diameters are a clear 
reference to the “‘ side- ’’ and “‘ diameter- numbers ”’ of the 
Pythagoreans, for which see supra, pp. 132-139. 

There is fairly widespread agreement that the geometrical 
number is 12,960,000 =3600?=4800 x 2700, but on the 
method by which this number is reached the widest diver- 
gence exists. Hultsch and Adam suppose that two numbers 
are obtained, one in the first sentence down to dédnvay, the 
other (12,960,000) in the remainder of the passage. Both 
agree that the first number is 216, but Hultsch obtains it as 
2° x 38 and Adam as 3°+ 48+ 53, Hultsch then takes ‘ the 
four-three joined with a five’ to mean 4+3+5=12, which 
is then multiplied by three (zpis avdénfeis), giving 36, and 
as this has to be taken “ so many times a hundred ” we get 
3600 as the side of the square which is one of the “‘ harmonies,” 
and therefore the final number is 36002. Adam takes “ the 
four-three joined with a five’ to be 3x 4x 5=60, and pis 
avgnGeis to mean multiplied by itself three times (i.e. raised 
to the fourth power, which gives us immediately 60* =3600?). 
Laird, on the other hand, believes there is only one number 
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(e) GENERATION OF NUMBERS 
Plato, Epinomis 990 c-991 8 


There will therefore be need of studies*: the 
first and most important is of numbers in themselves, 
not of corporeal numbers, but of the whole genesis of 
the odd and even, and the greatness of their influence 
on the nature of things. When the student has 
learnt these matters there comes next in order after 
them what they call by the very ridiculous name of 
geometry, though it proves to be an evident likening, 
with reference to planes, of numbers not like one 
another by nature °; and that this is a marvel not of 
human but of divine origin will be clear to him who 
is able to understand. And after this the numbers 


indicated (which he agrees in thinking to be 3600? =4800 x 
2700). He maintains, with the help of Proclus, that the first 
sentence gives a general method of forming ‘‘ harmonies ” 
which is then applied to the triangle of sides 3, 4 and 5 to 
give the geometrical number. The application gives the 
series 27, 36, 48, 64 (with four terms and three intervals), 
and the first three numbers multiplied by 100 give the 
elements of the geometrical number, 3600? =2700 » 4800. 
Each solution has merits, but each raises problems which it 
is impossible to discuss here. However, we may be fairly 
confident that the tinal number obtained is 12,960,000. 

2 Jn Plato the word pd@yya is used generally of any 
study, but the particular subjects here mentioned are all 
mathematical, and the word was already getting the special 
significance which it attained in Aristotle’s time. 

® The most likely explanation of ‘‘ numbers not like one 
another by nature” is ‘* numbers incommensurable with 
each other ”?; drawn as two lines in a plane, e.g. as the side 
and diagonal of a square, they are made like to one another 
by the geometer’s art, in that there is no outward difference 
between them as there is between an integer and an irrational 
number. 
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> a x ~ ~ v4 c ¥: AY de 
nvénuévous Kal TH ateped dda dpoious, Tovs Sé 
- na ef 
avopotous av yeyovdétas érépa réxvn Gpotot, TavTn 
a L pod 
wv 81) orepeopetpiav exdAccay of mpoorvyeis abrh 
cal A a 
yeyovdtes: 6 Sé Belov 7 €oti Kai Javpaorov Tots 
~ A A 
eyxabop@ci Te Kai Stavoovpevois, ws mept 7d Si- 
~ 5 ~ 
mAdo.vov det otpedoevns tis Suvdpews Kal ris 
? 2 ? 4 > ec Ff > Xr t 13 
€€ évavtias tavrn Kal? Eéxdorny avadoyiav eldos 
A ~ ~ ¢ 4 4 
kai yévos amotumotra, maca % dias. 1 pev 87) 
~ A ‘, 
mpwtn tod SizAaciov Kar apiOpov ev mpos 8vo 
A rd a / §. e ‘ BY la 
Kara Adyov depopevyn, SumAdovov Sé 4 Kara S¥vapw 
otoa: 7 8 els TO oTepedy TE Kal anTov méAw ad 
Py Ad 24> € NY > 2 ‘ 6 a . of Se 
utAdoov, ad? évds cis dxTw Siatropevbeioa H dé 
“~ > 4 
Simdactov pev eis pécov, tows 8€ Tod eAdrToOvos 
, wy , ~ f ‘ ? oe ~ 
mAdov éAatrév te Tod peilovos, 76 8 Erepov TH 
~ ~ / \ 
abra@ pepe. Tav akpwv aitav trepéxov te Kal 
~ ‘ cA 
brrepexdpevov: ev péow dé Tod EF mpods Ta BHdeKa 
ea A 7 A 
auveBn 76 Te HpLoAov Kal éritpiTov: ToUTWY atTav 





* These are probably cubes of integers. 

» These will be numbers with irrational cube roots. 

¢ What has been said about lines in the plane applies also 
to lines in three dimensions. Numbers incommensurable 
with each other, such as 1 and WV 2, are made like when one 
is represented as the side of a unit cube and the other as the 
side of a cube twice as great. We know that this problem 
of doubling the cube was brought to Plato’s notice (supra, 
pp. 258-259). The past tense suggests that Plato had in 
mind certain definite mpooruyeis who coined the word 
orepeoperpia; the Pythagoreans, Theaetetus, Democritus 
and Eudoxus had all advanced the science. 

4 What follows cannot be translated literally, and it is 
more than likely that the text is corrupt, or that it has 
reached us unrevised from Plato’s first draft. But the 
general sense is clear. Successive multiplication of 1 by 2 
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thrice increased and like to the solid nature,? and 
those again which have been made unlike,® he likens 
by another art, namely, that which its adepts called 
stereometry °; and a divine and marvellous thing it 
is to those who contemplate it and reflect how the 
whole of nature is impressed with species and kind 
according to each proportion as power and its con- 
verse continually turn about the double.? First the 
double operates on the number 1 by simple multiplica- 
tion so as to give 2, and a second double yields the 
square ; by further doubling we reach the solid and 
tangible, the process having gone from 1 to 8. Then 
comes the application of the double to give the mean 
which is as much greater than the less as it is less than 
the greater, and the other mean is that which exceeds 
and is exceeded by the same part of the extremes ; 
between 6 and 12 come both the sesquialter [9] and 
the sesquitertius [8]; turning between these two, to 
gives the series 1, 2, 4, 8, which represent a point, a line, a 
square and acube. This is a series in geometric progression, 
2 being a geometrical mean between 1 and 4, and 4a geo- 
metrical mean between 2 and 8. Two other means were 
known to the Pythagoreans (supra, pp. 110-115)—and the 
whole passage is thoroughly Pythagorean—the arithmetic 
and the harmonic. The arithmetic mean is equidistant 


between the two terms; the harmonic exceeds one term, 
and is exceeded by the other, by the same fraction of each 


term. Thus the arithmetic mean between 1 and 2 is S and 


the harmonic mean is a clearing of fractions, the arithmetic 


3 
mean between 6 and 12 is 9 and the harmonic mean 8. 
* Power and its converse ’—7 dvvapis cai 7 e& evavrias 


tavry—I take to mean “‘ number and its reciprocal”’; we 
have to multiply by 2 to get the series 1, 2, 4, 8 and then 


take 5 of 6+ 12 to get the arithmetic mean. 
408 
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ev T@ péow en” apdotepa orpepopevyn Tots avpw- 
Tous ovpdwvov ypeiav kal ovppeTpov arreveiuato 
matdlds puduot Te Kai appovias yap, evdaipove 
xopeta Movody dedopevn. 





* The reference to the choir of the Muses makes it clear, 
in my opinion, that the number 9 is referred to, though the 
construction of the sentence does not necessarily involve it. 
So ae R. M. Lamb in the Loeb version of the Epinomis, 
ae The whole passage should be compared with Timueus, 
35 B—36 B (see R. G. Bury’s notes in the Loeb version, pp. 66- 
71, or A. E. Taylor, 1 Commentary on Plato’s Timaeus, 
pp. 136-137). There Plato writes down the series 1, 2, 4, 8 and 
1, 3, 9, 27, and then fills up the intervals between these 
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one side or the other, this power [9]¢ furnished men 
with concord and symmetry for the purpose of rhythm 
and harmony in their pastimes, and has been given 
to the blessed dance of the Muses.® 


numbers with arithmetic and harmonic means so as to get 
a series of 34 terms, 1, 2. #4, 4, ¢, #2, 7#3,2 ... . 27, which 
is intended to represent the notes of a musical scale havi ing 
a compass of four octaves and a major “sixth.” 

Much prominence is given to this passage from the 
Epinomis by A. BE. Taylor, Mind, xxxv., pp. 419-140, 1926, 
ibid. xxxvi., pp. 12-33, 1927, and D’Arey Wentworth 
Thompson, (bid, xxxviil., pp. 13-55, 1929. 

For a further discussion of this side of Plato's philosophy 
see Julius Stenzel, Zahl und Gestalt bei Platon und -lristoteles 
(Leipzig, 1924). 
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XII. EUDOXUS OF CNIDOS 


(a) TxEory or Prorortion 
Schol. i. in Eucl. Zlem. v., Eucl. ed. Heiberg v. 280. 1-9 


Lkones TH TméuTTw PiBrAtw epi avadroyrdy ds1a- 
AaBetv. . . . To Sé BiBAlov Edddgou twés etdpecw 
elvas A€youot Tod TAdtwros didacKdAov. 


(6) Votume or Cone anp Pyramip 


Archim. De Sphaera et Cul. i., Pref., A\rchim. ed. Heiberg 
i. 4. 2-13 
, > ” 2 4 > a > A 
Atémep otk ay oxvicaipe avrimapaBareiv abra 
‘ A ~ a ¢ f 
mpds Te Ta Tois GAAows yewuerpats TeHewpypeva. 
\ A A f AY ¢ f ~ € A 
Kat mpos ta Sd€avta odd drepéxew TeV d76 
a ra 1 A ‘\ if oe ~ 
Evddfou mepi ra oreped Oewpynfévrwy, bri aaa 
\ , > A , 
mupayis Tpivov €otl pépos mpiapatos Tod Bdow 
ww ¥ % i) a é ¥ a ww ‘ 
EXOVTOS THY avTHY TH mupapids Kal tibos tcov, Kat 
¢ ~ ~ ‘ ~ f 
Ott mas Kavos tpi-ov pépos éativ tod KvAivdpov 
fol , oj XX +i. 5: A 4 of 
Tob Baow éxovros tiv adbtiy TH Kove Kai vyos 
wv 4 ~ 
toov' Kat yap tTovTwY apovTapyovTwy duotk@s 


x ~ ~ 
mTept tatta 7a oxyypata, TwoAA@v apo Evddgou 
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(a) Tueory oF PRoporTION 


Euclid, Elements v., Scholium i., Eucl. ed. Heiberg 
vy. 280, 1-9 


THE aim of the fifth [book of the Elements] is the 
treatment of proportionals. . . . Some say that the 
book is the discovery of Eudoxus, the pupil of Plato. 


(6) Votume or Cone anp Pyramip 


Archimedes, On the Sphere and Cylinder, Preface to 
Book i., \rchim. ed. Heiberg i. 4. 2-13 


For this reason I cannot feel any hesitation in 
setting these [theorems] side by side both with the 
investigations of other geometers and with those of 
the theorems of Eudoxus on solids which seem to 
stand out pre-eminently, namely, that any pyramid is 
a third part of the prism having the same base as the 
pyramid and equal height, and that any cone is a 
third part of the cylinder having the same base as the 
cone and equal height ; for though these properties 
were naturally inherent in these figures all along, vet 


@ Fudoxus lived from about 408 to 355 8.c._ For Proclus’s 
notice of him. see supra. pp. 150-153. 
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yeyenpévwy afiwv Adyou yewpeTrpdv ovveBawev 
ino mavrwv ayvoeiaba pnd bd’ Evds Karavonbjvat 


(c) Turory or Concentric SPHERES 


Aristot. Met. A 8, 1073 b 17-32 


Evdofos pév obv HAlov Kal cedjvns éxaTépov 
Thy dopay év tpioiv érifer? elvar odaipats, Ov 
THY pev TmpPwTHV THY TOV arAavav dotpwy el- 
va, THY dé Sevtépav Kata Tov Sid peowy THv Cew- 
diwv, thy S€ tpirny Kata Tov AeAoEwpevov ev TH 





* Inhis preface to the Method (see supra, p. 230) Archimedes 
says that Democritus enunciated these theorems, but without 
proof. It may safely be inferred from Archimedes’ preface 
to the Quadrature of the Parabola (Archim. ed. Heiberg ii. 
264. 9-22) that Eudoxus used for the proof a lemma equiva- 
lent to Euclid x. 1 (infra, pp. 452-455), and that the credit 
belongs to him for having made the exhaustion of an area 
by means of inscribed polygons a regular method in Greek 
geometry; to some extent he had been preceded by Antiphon 
and Hippocrates. 

> Weare told by Simplicius, on the authority of Eudemus, 
that Plato set astronomers the problem of finding what are 
the uniform and ordered movements which will ‘‘save the 
phenomena” of the planetary motions, and that Eudoxus 
was the first of the Greeks to concern himself with hypotheses 
of this sort. Eudoxus believed that the motion of the sun, 
moon and planets could be accounted for by a combination 
of circular movements, a view which remained unchallenged 
till Kepler. To account for the motion of the sun and 
moon he needed to use only three concentric spheres, but the 
motion of the planets required in each case four concentric 
spheres, the common centre being the centre of the earth. 
The spheres were of different sizes, one enclosing the other. 
Each planet was attached to a point on the equator of the 
innermost sphere, so that by the motion of this sphere alone 
the planet would describe a circle. But the poles of this 
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they were in fact unknown to the many competent 
geometers who lived before Eudoxus and had not 
been noticed by anyone.* 


(c) Turory or Concentric SPHERES 


Aristotle, Metaphysics A 8, 1073 b 17-32 


Eudoxus assumed that the motion both of the sun 
and of the moon takes place on three spheres,? of 
which the first is that of the fixed stars, the second 
moves about the circle which passes through the middle 
of the signs of the zodiac, and the third moves about 


sphere were not fixed, themselves moving on a larger sphere 
rotating about two different poles. The poles of this second 
sphere similarly lay on a third larger sphere moving about 
a different set of poles, and the poles of the third sphere on 
yet a fourth, moving about another set of poles. Each 
sphere rotated uniformly, but its speed was peculiar to 
itself. For the sun and moon only three spheres were 
needed, the two largest being the same as for the planets 
The outermost circle (which comes first in the description 
by Aristotle and Simplicius), moving from east to west in 
twenty-four hours, reproduces the daily motion of the fixed 
stars. The second moves from west to east about an axis 
perpendicular to the plane of the zodiac circle (ecliptic), its 
equator accordingly revolving in the plane of the zodiac. 

The subject belongs as much to Greek astronomy as to 
Greek mathematics, and for fuller information the reader is 
referred to the classic paper of Schiaparelli, Le sfere 
omocentriche di Eudosso, di Callippo e di Aristotele (Milan, 
1875), to the works of Sir Thomas Heath (Aristarchus of 
Samos, pp. 193-224, Greek Astronomy, pp. 65-70, H.G.M. i. 
329-335), and to W. D. Ross, Aristotle's Metaphysics, vol. ii., 
pp. 384-394. But Eudoxus’s system of concentric rotating 
spheres is a geometrical tour de force of the highest order, 
and must find some notice here. In all the history of 
science there are few hypotheses that bear so unmistakably 
the stamp of genius. 
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madre. THv Cwdiwy (ev peilove 5é mAdreL AedoED- 
cba Kal’ dv 7 ceAjvn déperar 7 Kal’ dv 6 FAwos). 
Tov dé TAavapreveov dotpwv év Térrapow éxdorou 
opaipas, Kal Todrwy de Thy pev mparny Kat Sev- 
Tépav Ti adbriy elvoar éxeivats (rmv TE yap Tay 
amravav tiv amdcas Pépovoay eivar, Kal THY Ud 
TAUTY TeTaypevny Kal KaTa Tov bud péowy TOV 
Cediwr THY popav exovoav Kony dmacdy elvan), 
ths 8é TpiTns dardvry tovs méAous ev TH oud 
peowy Tav Cwdiwv elvat, THs 5é€ TeTapTHS THY 
dopav Kata Tov AchoEwpevov mpos Tov péesov Tav- 
Ths elvar dé THs TpiTns apaipas Tods mdAoUs TOV 
pev dAAwy idiovs, Tods d€ THs “Adpodityns Kal Too 
‘Eppod Tovs adrous. 

Simpl. in De caelo ij. 12 (Aristot. 293 a 4), ed. Heiberg 

496. 23-497. 5 

“H 6€ zpirn odhaipa tods wddovs exovoa emi Tob 
ev 7H devtépar did pdowv Tav Cwdiwv amd peonp- 
Bpias Te pos apkTov orpepoery | Kal am dpKrov 
Tpos peony Bpiay ouvervoT peer Ty Terapryy Kal 
ev avrh Tov aorépa. éxovoay Kat 87) Tijs Kara 
mAdTOS Kiioews e&er THY aitiav: od pV adTr 
povn* Goov yap emi tavTn Kal mpds Tovs méAoUs 
Tot dia péowy THv Cwolwy Feev av 6 aaThp Kal 
mAynciov T&v ToD Kdapou TdéAwY eyiveto: vuvi bé 7 
TeTapTn adaipa mepi tods tot rot)’ aarépos 
Aogod KUKAov otpedopevn modovs emi Tavavria TH 
tpitn am avatoAGy émi ducpas Kal ev iow ypdvm 


1 ros tod Heiberg. 





* i.e, the equator of the third sphere. 
> i.e. Venus and Mercury. 
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a circle latitudinally inclined to the zodiac circle (the 
circle in which the moon moves having a greater 
latitudinal inclination than that of the sun). The 
motion of the planets he assumed to take place in 
each case on four spheres; of these the first and 
second are the same as for the sun and moon (the first 
being the sphere of the fixed stars which carries all 
the spheres with it, and the second, next in order to 
it, being the sphere about the circle through the 
middle of the signs of the zodiac which is common to 
all the planets); the third is, in all eases, a sphere 
with its poles on the circle through the middle of the 
signs of the zodiac ; and the fourth moves about a 
circle inclined to the middle circle ® of the third 
sphere ; the poles of the third sphere are different 
for all the planets except Aphrodite and Hermes,? 
but for these the poles are the same. 


Simplicius, Commentary on Aristotle's De caelo ii. 12 
(293 a 4), ed. Heiberg 496. 23-497. 5 

The third sphere, which has its poles on the great 
circle of the second sphere passing through the middle 
of the signs of the zodiac, and which turns from south 
to north and from north to south, will carry round 
with it the fourth sphere, which has the planet 
attached to it, and will moreover be the cause of the 
planet’s latitudinal movement. But not the third 
sphere only ; for, in so far as it was on this sphere 
only, the planet would have reached the poles of the 
zodiac circle, and would have drawn near to the poles 
of the universe ; but as matters are, the fourth sphere, 
which turns about the poles of the inclined circle 
carrying the planet and rotates in a sense opposite to 
the third, that is, from east to west, but in the same 
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THY otpodyy attadv mowovpevn 76 te emt mAéov 
¢ U ‘ x f ~ , , 
brepBaArew Tov dia pécwy Tov Cwdiwv Tapatrn- 
‘ \ ca ¢ A > , € A 
ceTa Kai THY Aeyopévny bd Eddcéou imnomédyv 
wept TOV atrov TouvTovi KUKAov TH aoréepe ypddew 
mapefeTaL, WoTe, OTdGOV TO THs ypayphs TavTys 
mAdtos, Toootrov Kai 6 aorip eis mAdTos Sd€et 
mapaywpeiv, Orep eyKadovor TH Hbddéw. 





° i.e. by the planet. 

> i.e. “ horse-fetter.” 

* Schiaparelli works out in detail the motion of a planet 
subject only to the rotations of the third and fourth spheres. 
The problem in its simplest expression, he says, is this: 


B ()Al---C-S pec} --4B) 





‘A sphere rotates uniformly about the fixed diameter AB. 
P, P’ are opposite poles on this sphere, and a second sphere 
concentric with the first rotates uniformly about PP’ in the 
same time as the former sphere takes to turn about AB, but 
in the opposite direction. M is a point on the second sphere 
equidistant from the poles P, P’ (that is to say, M is a point 
on the equator of the second sphere). It is required to find 
-the path of M.” Schiaparelli found a solution by means of 
seven geometrical propositions which Eudoxus could have 
known, and he proved that the path described by M was 
like a figure-of-eight on the surface of the sphere (see 
second figure). This curve, which Schiaparelli called a 
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period, will prevent any excessive deviation * from 
the circle through the middle of the signs of the 
zodiac, and will constrain the planet to describe 
about the same zodiac circle the curve called by 
Eudoxus the hippopede,® so that the breadth of this 
curve measures the apparent latitudinal motion of 
the planet, a view for which Eudoxus has been 
attacked.¢ 


“spherical lemniscate,’’ agrees with Eudoxus’s description 
of it as a hippopede (horse-fetter). It is the intersection of 
the sphere with a certain cylinder touching it internally at 
the double point O, namely, a cylinder with diameter equal 
to AS, the sagitta of the diameter of the small circle of the 
sphere on which P revolves. 

For the proof of these statements the reader must be 
referred to Schiaparelli’s paper. An analytical expression 
is given by Norbert Herz in Geschichte der Bahnbestimmung 
von Planeten und Kometen, Parti., pp. 20, 21, and reproduced 
by vee Aristarchus of Samos, pp. 204-205, with further 

etails, 

Summing up, Heath says (.4ristarchus of Samos, p. 211): 
“ For the sun and moon the hypothesis of Eudoxus sufficed 
to explain adequately enough the principal phenomena, 
except the irregularities due to the eccentricities, which were 
either unknown to Eudoxus or neglected by him. For 
Jupiter and Saturn, and to some extent for Mercury also, 
the system was capable of giving on the whole a satisfactory 
explanation of their motion in longitude, their stationary 
points and their retrograde motions; for Venus it was 
unsatisfactory, and it failed altogether in the case of Mars. 
The limits of motion in latitude represented by the various 
hippopedes were in tolerable agreement with observed facts, 
although the periods of their deviations and their places 
in the cycle were quite wrong. But, notwithstanding the 
imperfections of the system of homocentric spheres, we 
cannot but recognize in it a speculative achievement which 
was worthy of the great reputation of Eudoxus and all the 
more deserving of admiration because it was the first attempt 
at a scientific explanation of the apparent irregularities of 
the motions of the planets.”’ 
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XIV. ARISTOTLE 


(a) Firsr Privcipies 
Aristot. Anal. Post. i, 10, 76 a 30-77 a2 


, > > ‘ bd c , a ta a a 
Aéyw 8 dpxas év éxdotw yéver tav’ras, as dre 
éore py) evdexerar Setfar. ri pev ody onpaiver 
Kal Ta Tp@ta Kal Ta ex ToUTwWY, AapBaverat: drt 
> ” A A > ‘ > 4 / A > 
8 ort, Tas pev apxydas avayxn AapBavew, ra 8 
v tA t , \ nn , \ > b ‘ 
GdAa Secxvdvar, olov ti povas H Ti TO €dOd Kal 
f A A , ~ ‘ / 
tpiywvov: elvar € tH povdda AaBely Kai péyebos, 
? 
7a 8 €repa deixvivar. 
” > a ~ a a > ~ 
Eore 8 dv xpa@vta ev tats dmodeixtixais 
? 4 ‘ \ WS € , > f ‘ \ 
emuoTHais Ta pev tora ExdoTys emoTHUNS Ta OE 
A > > 
kowd, Kowa d€ Kat’ dvadoyiay, eet xpjaysdv ye 
? ~ 
Gcov ev Tq UO THY emoTHNVY yeve.. 
"Td A t 1 s yA A A 
ta ev olov ypaypnv elvar toravdi, Kal 79d 
3 , ‘ A =e A 4 > \ ow n > /, o 
ed0U, Kowa S€ oioy TO toa amd iawy av adéAy, drt 
m” A C4 e ‘ 3 oa Zs a > 
toa Ta Aowrd. ixavoy 8° exacrTov TovTwy daov ev 
TO yéver TadTO yap ToLjoeL, KAY pa) KATA TAVTwWY 





? Aristotle interspersed his writings with illustrations from 
mathematics, and as he lived just before Euclid he throws 
valuable light on the transformation which Fuclid effected. 
A large number of the mathematical passages in Aristotle’s 
works are translated, with valuable notes, in Sir Thomas 
Heath’s posthumous book Mathematics in Aristotle. 
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(a) First Principres 
Aristotle, Posterior Analytics i. 10, 76 a 30-77 a 2 


I mean by the first principles in every genus those 
elements whose existence cannot be proved. The 
meaning both of these primary elements and of those 
deduced from them is assumed: in the case of first 
principles, their existence is also assumed, but in 
the case of the others deduced from them it has to 
be proved. Examples are given by the unit, the 
straight and triangular; for we must assume the 
existence of the unit and magnitude, but in the case 
of the others it has to be proved. 

Of the first principles used in the demonstrative 
sciences some are peculiar to each science, and some 
are common, but common only by analogy, inasmuch 
as they are useful only in so far as they fail within the 
genus coming under the science in question. 

Examples of peculiar first principles are given by 
the definitions of the line and the straight; common 
first principles are such as that, when equals are 
taken from equals, the remainders are equal. Only 
so much of these common first principles is needed as 
falls within the genus in question; for such a first 
principle will have the same force even though not 
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AdBy GAN eri peyeOa@v povov, TH 8 apilunrikd 
er apiBpav. 

“Hore 8° idta pev kai & AapBaveras elvar, rept 
a 7 emarhun Gewpet ra brdpxovra Kal? atbra, 
otov povddas 7 A apOunrexy, 7 7 8€ yewperpia onpeta 
Kal ypaypds. radra, yap AapBdvover 76 elvat 
kal Todi elvat. ra S€ TovTwy maOn Kal?” adrd, 
Ti pev onpaiver éxaoTov, AapBavovow, ofov 7 pev 
d.pebpntexn ri Teper Tov q apriov 3) TeTpdywvov 7 
KuBos, 1) 7 be yecwpeT plo. Ti TO dAoyov 7) 76 KeKAdobat 
H veveww, ott d €ort, Secxvdovor did Te THY Kowev 
Kat ék Tv Grrodederypevwn. Kat a darpodoyia 
woatrus. Téa yap airodEtKTLKT emornpn mrp 
Tpla coriv, 60a te elvar TiBerar (raira. 8 earl 76 
yévos, ob rev Kal? aire mabnuatwv att Dewp- 
TUCH) Kal Ta Kowa Acyopeva dg udpara., ee av 
mparrooy admodeiKvvat, kat Tpirov Ta man, dv Ti 
onpaiver exaorov AapBdver. evias pévror ém- 
oTipas ovdev KwAver eva ToUTwY Tapopav, ofov 
76 yévos BI tor BecBat elvat, dv ij pavepov ore 
éorw (od yap Opotws dirov 6 ore d.pB Los €oTt Kal 
or puxpov Kal Oepy.ov), Kal 7a. 7a0n Ba AapBdvew 
caf onpaiver, ay ij dfa- aorep ovde Ta Kowa ov 
Aap Paver Tt aypaive. to toa amd towv ddedretv, 
Ort yvebpurov. a’ obdev rrov TH ye dvoet Tpia. 
tabrd €oTt, wept 6 Te dSeixvuat Kat & Seikvucr Kal 
e€ dv. 

Ot éore 8 trdbeats odd’ airnpa, 6 avdyKn 





@ Euclid does not define xexAdcfat ‘‘ to be inflected,” or 
vevew, ‘to verge.’ For an example of “‘ inflection,” see 
supra, pp. 358-359, and of ‘‘ verging,” supra pp. 242-245. 
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applied generally but only to magnitudes, or by the 
arithmetician only to numbers. 

Also peculiar to a science are the first principles 
whose existence it assumes and whose essential 
attributes it investigates, for example, in arithmetic 
units, in geometry points and lines. Both their 
existence and their meaning are assumed. But of 
their essential attributes, only the meaning is as- 
sumed. For example, arithmetic assumes the mean- 
ing of odd and even, square and cube, geometry that 
of irrational or inflection or verging,* but their 
existence is proved from the common first principles 
and propositions already demonstrated. Astronomy 
proceeds in the same way. For indeed every 
demonstrative science has three elements: (1) that 
which it posits (the genus whose essential attributes 
it examines); (2) the so-called common axioms, 
which are the primary premisses in its demonstra- 
tions ; (3) the essential attributes, whose meaning it 
assumes. There is nothing to prevent some sciences 
passing over some of these elements ; for example, 
the genus may not be posited if it is obvious (the 
existence of number, for instance, and the existence 
of hot and cold are not similarly evident); or the 
meaning of the essential attributes might be omitted 
if that were clear. In the case of the common 
axioms, the meaning of taking equals from equals 
is not expressly assumed, being well known. Never- 
theless in the nature of the case there are these 
three elements, that about which the demonstration 
takes place, that which is demonstrated and those 
premisses by which the demonstration is made. 

That which necessarily exists from its very nature 
and which we must necessarily believe is neither 
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s > ey a a Ff: > A ‘ 
elvae 8° atTd Kal Soxely avadynn. ov yap mpos 
4 w td ¢€ 3 té > x ‘ ‘ > ~ 
tov Ew Adyov 7 amddekis, GAAG pds TOV ev TH 
uxy, €met o8d€ avdAdoyiapos. adel yap eorw 
> ~ A ‘ Ww , > ‘ A A w 
evoTyvat mpos Tov é€€w Adyov, aAAa mpos Tov Eow 
Adyov odk dei. doa pev obv SetxTa dvTa AapPaver 
2 7 ~ ? a > aA ¥ ~ / 
autos pn deikas, tabr’, éav pev SoxotvrTa AapPavy 
T@ pavOdvoyrt; trotibera, Kat éotw oty andA@s 
eo? > \ 1 3a r ar; 1 os 
bmdGeats GAA mpos exeivov pdvov' av Se 7 py- 
depGs evovons Sdéns } Kal évavrias éevodons 
AapBavy to adro aireirat. Kat TovTw Svadéper 
bmd0eats Kai airnua: €or yap airnua TO Brevaytiov 
~ , kod , na “a wv > ‘ 
Tob pavldvovros TH d0&n, [7] 6 dv tis amrodeukrov 
n ~ 
dv Aap Pdvyn Kat xpyrae pr) Sei€as. 
e s A ‘ 
Ot pev odv Spor ovK elow Urobéces (oddé yap 
xn \ 4 > > 9 a , © 
elvar 7) py A€yovrat), GAN év rais mpotaccow at 
e z A > oe 7 , cal 
brobécets. tovs 8 sSpous povov Evvieofar Sei: 
toito 8 oby tbrdbeos, ef pry Kal TO akovew 
¢ , , > , > > a Mw ~ 
dmdfeciv tis elvar dycet. GA’ sowv svtav Ta 
exeiva elvat ‘yiverar TO ovparépacpa. ovd’ 6 
yewperpns pevd4 brorierar, WaTep TWes épacay, 
Aéyovres ws od def TH pevder ypqoba, Tov b€ 
yewpetpny pevdeobar dépovra Tosvaiavy THY ov 
modtaiay 7 edOeiav THY yeypappéevnv odk edbciav 
otcav. 6 b€ yewpuerpns oddév aupTepaiverar TH 
, . 3 , a > ‘ w = A 
THVdE elval ypappyy, hv adtos epbeyKrat, adda 
Ta Sid TOvTwWY dyAovueva.. ere TO airnpa Kal 
brdGeats mGca 7 ws dAov 7) ws ev pépet, of S Spor 
ovd€repov TovTwv. 
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hypothesis nor postulate. For demonstration is a 
matter not of external discourse but of meditation 
within the soul, since syllogism is such a matter. 
And objection can always be raised to external dis- 
course but not to inward meditation. That which is 
capable of proof but assumed by the teacher without 
proof is, if the pupil believes and accepts it, hypothesis, 
though it is not hypothesis absolutely but only in 
relation to the pupil; if the pupil has no opinion on 
it or holds a contrary opinion, the same assumption 
is a postulate. In this lies the distinction between 
hypothesis and postulate ; for a postulate is contrary 
to the pupil’s opinion, demonstrable, but assumed and 
used without demonstration. 

The definitions are not hypotheses (for they do not 
assert either existence or non-existence), but it is 
in the premisses of a science that hypotheses lie. 
Definitions need only to be understood ; and this is 
not hypothesis, unless it be contended that the 
pupil’s hearing is also a hypothesis. But hypotheses 
lay down facts on whose existence depends the 
existence of the fact inferred. Nor are the geo- 
meter’s hypotheses false. as some have maintained, 
urging that falsehood must not be used, and that the 
geometer is speaking falsely in saying that the line 
which he draws is a foot long or straight when it is 
neither a foot long nor straight. The geometer draws 
no conclusion from the existence of the particular line 
of which he speaks, but from what his diagrams 
represent. Furthermore, all hypotheses and postu- 
lates are either universal or particular, but a definition 
is neither. 
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(6) Tue Inrinire 
Aristot. Phys. T 6, 206 a 9-18 


"Or. 8 ct py éorw dmeipov amdAds, ToAda 
advvata ovpBaiver, SHAov. tod Te yap xpdvov 
€orat Tis apy?) Kal redevTH, Kat Ta peyeln ov 
Siatpera eis peyéebn, Kat apiOuds ob ora dzretpos. 
6tav 5é diwptopéevwv otrws pnderépos paivnrat 
evdéxeaBax, SuarpnTod det, Kal SijAov 6 ort mas pev 
€otw m&s 8 ov. Ad€yerar Sy 7d elvar TO peEv 
Suvdper TO 5é evreAcyeia, Kal Td ameipov EoTL 
pev tpoabéce art Sé kai diaipécer. TO de péyeOos 
Ort pev Kart? évépyevav od éorw ametpov, <ipyrat, 
Siarpéoe roe €oriv: ov yap xaAemov avedeiv Tas 
dtépous ypaypds: Actrerar odv Suvdpet elvar 7d 
diretpov. 

Ibid. T 6, 206 b 3-12 


To dé Kara mpoabeaw TO avTd éoti Ts Kal 76 
KaTa Siaipeot: ev yap 20) memepaopevyy KaTa 
mpoabeaww viyverau dvreotpappevens: Hh yap Seae- 
povp.evov opara ets drretpov, Tourn mpoortBepevov 
gaveira ™pos 76 wptopevov. ev yap T@ TeTepa- 
opevan peyeber a av AaBdv Tus dipuopevov “mpoodap.- 
Bavn 7H adtd dove, cu TO adté TL TOD GAov 
peyeBos meptAapBavenr, ob dreFerae TO TETEpa- 
opévov: eav 8 obtws ab&n Tov Adyov woTeE dei TL 








* After criticizing the beliefs of the Pythagoreans and 
Plato’s school, Aristotle has just shown that there cannot be 
an infinite sensible body. 

> The doctrine of of indivisible lines” is attributed to 
Plato by Aristot. Met. 992 a 20-22 and to Xenocrates, who 
succeeded Speusippus as head of the Academy, by Proclus 
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(6) Toe Invryrte? 
Aristotle, Physics T 6, 206 a 9-18 


But it is clear that the complete denial of an infinite 
leads to many impossibilities. Time will have a 
beginning and an end, there will be magnitudes not 
divisible into magnitudes, and number will not be 
infinite. Since neither of these opposing views can 
be accepted, there is need of an arbitrator, and clearly 
each view must be in some sense true, in some sense 
untrue. Now “ to be ”’ is used in the sense either tq 
exist actually or to exist potentially, while what is 
infinite is infinite either by addition or by division. 
It has already been stated that spatial extension is not 
infinite in actuality, but it is so by division ; for it is 
not difficult to refute the belief in indivisible lines ® ; 
therefore it follows that the spatially infinite exists 
potentially. 

Ibid. T 6, 206 b 3-12 


The infinite in respect of addition is in a sense the 
same as the infinite in respect of division, the process 
of addition in a finite magnitude taking place con- 
versely to that of division ; but where division is seen 
to go on ad infinitum, the converse process of addition 
tends to a definite limit. For if in a finite magnitude 
you take a determinate part and add to it in the same 
ratio, provided the successive added terms are not of 
the same magnitude, you will not come to the end 
of the finite magnitude ; but if the ratio is increased 
so that the terms added are always of the same 


in Tim. 36 8, ed. Diehl ii. 246. and in Evucl.i., ed. Friedlein 
279. 5, as well as by the commentators on Aristotle. The 
pseudo-Aristotelian tract De lineis insecabilibus seems 
directed against Nenocrates. 
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‘ 4 \ 
To abo TepitrtauBdavew péyebos, SéEeror, 51a TO 

0) ~ ~ / 
wav Temepacpévov avaipetolar oTwoty wpropévw. 


Ibid. T 6, 206 b 27-207 a 7 


i , ; 2 

TlAdrwy 81a toéro v0 ra dretpa éroinoev, Ort 

h eet ee | X wa a ¢ 4 ‘ b LA 
Kal emt tHy avénv SoKet bwepBadAew Kat eis A7reLpov 

, 
tévae Kal én ay xabaipeow. moujoas peevrou avo 
ov xpirau ovte yap év Tots dipiB pois TO ent THY 
xabatpeow dimretpov drdpxee (7 yap povas eAd- 
xvaTov), ore Td emt THY avéyv (ueypr yap dexados 
movet Tov apiOpuov). 

ZupBaiver d€ Tobvaytiov elvar drretpov i ws 
A€yovow. ov yap ob pndev é£w, GAN od aei Tt 
eu éori, TotTo ameipov éorTw. onpetov bé: Kad 
yap tovs daxrudlous dzreipovs A€yovot Tovs p27) 
yw / 4 >? yw a / 
éyovras adevddryy, ote alei te €€w gore AapBaverv, 


2 From a finite magnitude AA’ a ‘determinate part ”’ 
(dpispévov) AB is cut off. B.\’ is then divided at C, CA’ at 


B CD 
mea: ES 0 aE 
A A 


D and so on, in such a manner that the fractions diminish 
in the same ratio, 7.¢.,.\B, BC,CD . .. form a geometrical 
progression. If the fractions diminish in this way, then 
AA’ will never be exhausted by this process, which will 
proceed ad infinitum. We may then, look on A.A’ as 
divided into an infinite number of parts, giving an infinite 
by division, or we may look on AB as having added to it 
an infinite number of parts, giving an infinite by addition. 
But if the successive added fractions are equal to each other, 
ie. AB=BC=CD= .. ., then AA’ will be exhausted in a 
finite number of steps. This statement is equivalent to the 
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magnitude, you will come to the end, since any finite 
magnitude is exhausted by continually subtracting 
from it any definite fraction whatsoever.? 


Ibid. T 6, 206 b 27-207 a 7 

Plato posited two infinites ° for this reason, that it 
is possible to proceed without limit both by way of 
increase and by way of diminution. But although 
he posits two infinites he does not use them; for 
in numbers there is for him no infinite by way 
of diminution (for the unit is a minimum), nor by way 
of increase (for he makes number go up to ten).° 

So it comes about that the infinite is the opposite of 
what it is usually said to be. Not that beyond which 
there is nothing, but that of which there is always 
something beyond, isinfinite. Anillustration is given 
by the rings not having a bezel which are called end- 
less, because there is always something beyond any 


Axiom of Archimedes, already used by Eudoxus (see supra, 
p. 319 n. 6), 
® The reference is evidently to the famous ** undetermined 
dyad of the great and small.” A, E. Taylor (Wind, xxxv., 
pp. 419-440, 1926, and xxxvi., pp. 12-33, 1927) puts forward 
an ingenious theory of the nature of the “ undetermined 
dyad.” He sees a reference to the process of approximating 
more and more closely to a number by approximations 
alternately greater and less ; D’.\rcy Wentworth Thompson 
(Vind, xxxviii., pp. 43-35, 1929) adds the further refinement 
that the method is approximation by continued fractions. 
Though such conceptions were doubtless not beyond the 
mathematical capacity of Plato’s Academy, they must 
remain guesses; and there is nothing to force us to believe 
that there is anything more profound in the concept of the 
undetermined dyad than Aristotle here indicates, viz., it is 
possible to proceed in an infinite series either by way of 
increase or by way of diminution. 
Aristotle has probably misunderstood some obiter dictum 
of Plato's, 
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> ¢ 4 Ea 2 : ? , 
Ka?’ opoidrnTa pév tiva déyovres, od pevrot 
kuptws’ Set yap Todré te brapyew Kai pndé more 
76 abro AapBdvecbar: ev 8€ 7H KVKAW Od ylyverat 

oe > 3 74 A > ~ ia oe 
ottws, GAN’ aici ro edeéfs pdvov Erepov. 


Ibid. T 7, 207 b 27-34 

Ovn adatpeiras 8 6 Adyos odd€ Tods paby- 
patixods Thv Oewpiav, dvaipav ottrws elvat 
Gmeupov woTe evepyeia elvar emt tiv avténow 
> / > A A ~ , ~ > a 
dducEirnrov o¥dé yap viv Séovrat rod dzreipov 
? A ~ > X , a ” ta 
(od yap xpavrat), dAAa pdovoy elvar Sony av Bov- 
Awvrat temepacpéerny: 7H Sé peyiotw peyebe 
Tov atrov €or. tetphobar Adyov dnArKovoiv 
péyeBos erepov. wore mpds pev 70 Setéae exeivors 
294 , 1 oF 2 a > / 
obdev Stoic: To civas ev Tois obow peyebeaww. 


(c) Proor DIFFERING FRom Evcuip’s 
Aristot. Anal. Pr. i. 24, 41 b 5-22 
MaMov 5€ yiverat davepov ev Trois Siaypdppacw, 
olov ort tod icocKedots icau ai mpos 7H Badoee. 
” > A ta 3 z. € > Ss 
€oTwaav eis TO KEevTpov Hypévar ai AB. ef ody 


tonv AapBdvo. rHv AT ywviav 7H BA pi) dAws 





* Aristotle had been arguing that in any syllogism one 
of the propositions must be affirmative and universal. 

> Lit. “ drawn.” : 

* For this method of expressing the sum of two angles 
by the juxtaposition of the letters representing them, see 
Archytas’s method of representing the sum of two numbers 
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point on them, but they are so called only after a 
certain resemblance, and not strictly ; for this ought 
to be an essential attribute, and the same point should 
never do duty again; but in the circle this is not so, 
but the same point is used over and over. 


Ibid. T 7, 207 b 27-34 


But the argument does not deprive mathematicians 
of their study, although it denies that the infinite 
exists in the sense of actual existence as something 
increased to such an extent that it cannot be gone 
through ; for even as it is they do not need the 
infinite (or use it), but only require that the finite 
straight line shall be as long as they please. Now 
any other magnitude may be divided in the same ratio 
as the largest magnitude. Hence it will make no 
difference to them, for the purpose of demonstration, 
whether there is actually an infinite among existing 
magnitudes. 


(ce) Proor pirFerinG FRoM Evcxip’s 
Aristotle, Prior Analytics i. 24, 41 b 5-22 


This*¢ is made clearer by geometrical theorems, such 
as that the angles at the base of an isosceles triangle 
are equal [Eucl. i. 5]. For let A, B be joined® to 
the centre. If then we assumed that the angle AI 
{t.e. A+I']° is equal to the angle BA [i.e. B+ A] 


supra, p. 130. The angles A, B are the angles OAB, OBA, 
and are the same as those later described, in a confusing 
manner, as E, Z. The angles Tr, A are the smaller angles 
between AB and the arcof the circle. There is other evi- 
dence that such “‘ mixed ”’ angles played a big part in pre- 
Euclidean geometry, but Euclid himself scarcely uses them. 
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> t ww A ~ ec Ff A , A 

awwoas icas Tas TOV tyixvkAiwy, Kal mdAw Ti 
~ ~ ~ , 

T 7% A px mécav zpooraBedw tiv rob THT [LATOS, 

ia > > > ~ ~ oe ~ Lf 

ért O° am towy otody Tav GAwy ywuidy Kai towv 

> Fé Ww = A ‘ 4, 1} 7, 

adnpnuevwv icas elvar tas owas tas EZ, 76 e€ 
>” ~ Ww 

apxijs airjcera, éav pn AdBn ad tdv towv iow 

adatpovpévwv ica detwecOar. 


(d) Mecuanics 
(i.) Principle of the Lever 
[Aristot.] Mech. 3, 850 a~b 


*Emet S€ Oarrov bad Tob tcov Bapous Kwetras % 
petlav t&v éx tod Kévrpov, gar 5é tpia Ta Trepi 
Tov poxAdv, Td peév tropdyAov, ondprov Kal 
Kévtpov, dvo 5€ Bapn, 6 re Kav Kal TO Kwovpevor- 
6 ovv 76 Kvodpevov Bdpos mpos 7d Kwotv, 76d 
Lijkos 7pos TO pijKos avtiumérovbev, alel 5é dom 
dv petlov agearikn Tod daopoyAlov, paov Kwaet. 
airia dé €orw 7 mpodeybeica, Sri 4 mAciov dn- 





* Euclid proves this theorem by producing the equal 
sides AB, AC of an isosceles triangle to F, G where AF is 





equal toAG. He shows that the triangle AFC is congruent 
with the triangle AGB, hence that the triangle BFC is 
congruent with the triangle CGB, and so finally that the 
angle ABC is equal to the angle ACB. 

» The Mechanics is not by Aristotle, but must have been 
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without asserting generally that the angles of semi- 
circles are equal, and 
again that the angle I’ is 
equal to the angle A with- 
out assuming generally 
that the two angles of all 
segments are equal, and 


if we further inferred 
that, since the whole 
angles are equal, and A / 
equal angles have been ye 
subtracted from them, 


the remaining angles 

k, Z are equal, we should commit a petitio principii 
unless we assumed generally that if equals are sub- 
tracted from equals the remainders are equal.¢ 


td 


(d) Mec#anics 
(i.) Principle of the Lever 
[Aristotle], Wechanics 3, 850 a~b® 


Since the greater radius is moved more quickly 
than the less by an equal weight, and there are three 
elements in the lever, the fulerum, that is the cord*® 
or centre, and two weights, that which moves and 
that which is moved, therefore the ratio of the weight 
moved to the moving weight is the inverse ratio of 
their distances from the fulerum. It is always true 
that the farther the moving weight is away from the 
fulerum, the more easily will it move. The reason is 
written by someone under his influence at a not much later 
date; it may be taken as reflecting Aristotle's own ideas. 

© The author has compared the fulcrum supporting a lever 
to the cord by which the beam of a balance is suspended. 
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> ~ 
éyovoa €k tod Kévrpov peiLova xvKAov ypdadet. 
‘ - ~ 
wore amd Tis avTis taxyvos mA€ov peraoTHoeTas 
a ~. - -~ 
76 Kwotv 76 mAEtov Tod bTopoyAlov amexov. 


(ii.) Parallelogram of Velocities 
{Aristot.] Mech. 1, 848 b 


"Oray pev odv ev Aoyw twi dépynrat, én” edbetas 
> , 4 bY a x [a f 
avayrn dépecbar to depopevov, Kal yiverar bid- 
fetpos aur?) Tod ox7paros 6 movotaw al ev tovTw 
T& Adyw ovvreBeioat ypappat. 

” ‘ = 4 a /, \ , 

Eorw yap 6 Adyos dv déperar 76 Pepdpevor, 
év éxee 7 AB pds THv AT: Kat 76 pev AT depéobw 
mpos 70 B, 4 dé AB drodepécbw mpos riv HT: 
evnvéxOw S€ 7d prev A mpds to A, 4 Sé ef” ff AB 

1 \ > PF vA a ps e , a 

mpos TO E. ei ody emi ris dopds 6 Adyos jv dv 
9 AB éyer mpds rHv AT, dvdyxn Kal rnv AA mpds 
thy AE rotrov éxew tov Adyov. Spovov dpa éari 
7TH Ady 76 pKpov Terpamheupov TH petlo, wore 
kal 7 abr? Sidpetpos abt&y, kat ro A éotas mpds 
Z. rév atrov §} tpdmov SetxOyjoerar Kav drov- 
“A ~ ¢ 4 27. x wv > ‘ ~ 
ody dSiadndOA 7 dopa: aici yap ora emi ris dia- 
pérpov. davepoy obv é7t TO Kata THY SidueTpor 
depdpevov ev dv0 dopais avaykn tov Tw@V TAEcvpayv 
dépecbar Adyov. 





* i.e, has two linear movements in a constant ratio to each 
other. 
> i.e, parallelogram. 
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that already stated, that the point which is farther 
from the centre describes the greater circle. As a 
result, if the power applied is the same, that which 
moves the system will have a greater effect the 
farther it is from the fulcrum. 


(ii.) Parallelogram of Velocities 
[Aristotle], Wechanics 1, 848 b 


When a body is moved in a certain ratio,* it must 
move in a straight line, and this straight line is the 
diagonal of the figure ° formed from the two straight 
lines which have the given ratio. 

For let the ratio according to which the body moves 
be that of AB to AI; let AT be moved towards B 
while AB be moved 


towards HI’; and’ A A B 


let A travel to <A, 


while AB travels to 
a position marked 
by E. If the ratio 


of the movement is E 
that of AB to AT, 
then AA must needs 
have the same ratio 
to AE, Therefore 1 H 
the small quadri- 
lateral is similar to the larger, so that they have the 
same diagonal, and A will be at Z. It may be shown 
that it will behave in the same manner wherever the 
motion be interrupted; it will be always on the 
diagonal. Therefore it is also manifest that a body 
travelling along the diagonal with two movements 
will travel according to the ratio of the sides. 
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XV. EUCLID 
(a) GENERAL 
Stob. Eel. ii. 31. 114, ed. Wachsmuth ii, 228. 25-29 


Hap’ Ednretdn tes dpEdevos yewperpeiv, ws 
76 mparov Decspnpa éuabev, 7 ‘pero TOV Evnrcidny 

‘rt d€ por wAdov Estat radra pabdyrt;”’ Kal 6 
Edaeiins tov maida Kadéaas ‘‘ dé,” ebn, ‘ adrd 

- ? x a 2 ~ > e rd 
tpubBorov, ered) Set adt@ e€ av paviave 
Kepdaivey.” 
(6) Tue Evements 


(i.) Foundations 
Eucl. Elem. i. 


"Opot 


a’. Lneidv eorw, ob pepos ovddev. 
B’. Tpapp de LfjiKos amAarés. 
y’. Tpappis 8€ wépara onycia. 


* Hardly anything is known of the life of Euclid beyond 
what has already been stated in the passage quoted from 
Proclus (supra, p. 154). From Pappus vii. 35, ed. Hultsch ii. 
678. 10-12, infra, p. 489, we infer the additional detail that 
he taught at ‘Alevandila and founded a school there. Arabian 
references are summarized by Heath, The Thirteen Books of 
Euclid’s Elements, 2nd edn., 1926, vol.i. pp. 4-6. Euclid must 
have flourished c. 300 s.c. 


436 





XV. EUCLID? 


(a) GENERAL 


Stobaeus, Extracts ii. 31.114, ed. Wachsmuth ii. 228, 
25-29 

Someone who had begun to read geometry with 
Euclid, when he had learnt the first theorem asked 
Euclid, “ But what advantage shall I get by learning 
these things?’’ Euclid called his slave and said, 
“Give him threepence, since he must needs make 
profit out of what he learns.” 


(6) Tue Exements ® 
(i.) Foundations 
Euclid, Zlements i. 
DEFINITIONS © 


1. A point is that which has no part. 
2. A line is length without breadth. 
3. The extremities of a line are points. 


» ¥or the meaning of elements, sce supra, p. 150 n. ¢. 
¢ For a full discussion of the many problems raised by 
Euclid’s definitions, postulates and common notions the 
reader is referred to Heath, The Thirteen Books of Euclid’s 
Elements, vol. i. pp. 155-240. 
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8’. Evéeta Ypapeee éorw, Arts €& iaov tots &f 
éaurijs onpetous Keira. 
a ~ ‘ ¥- 
«’. "Emddvera 5€ ear, 6 pjKkos Kai mAdtos 
phe exet. 
’Emidaveias € mépara. Ypappiat. 
t *Enrimedos emupaverd éotw, qTts €€ icov Tais 
ed? eavris ev0eiais Ketrav. 
€ > = LA uA 
"’. "Enimedos S€ ywria éor a ev emimedep dvo 
ypappedav dmropevav aArjAwv Kal LH en «dbelas 
ona Tpos adAjdas TOV ypappav KAiots. 
“Orav 8€ at mepiéxovoat Ti yeviay ypappadt 
cin aow, edOdypappos Kadeirar 7 ywria. 
"Orav 8€ edeia én’ edfeiav orabetca tas 
? ~ ry mw > 4 ~ > A ¢ f 
eheeias ywvias toas arArjAas Towf, dpb éxaTEpa. 
T&v towy ywridy éott, Kal 7» epeorynkvia edieia 
KdBetos Kareira, ef’ hv édéornKev. 
ta > a ff > ‘ € / > ~ 
ta”. "Au BActa yevia €or 7) peilwv dpOfs. 
(B". ’O€eta be a Adoowy ophiis. 
ty’. “Opos eoriv, 6 twos éore mépas. 
ww’. Lyjwa eore TO bad twos 7 Twwv spwv 
renee 
ra \aietg ? ‘ a > 3 ¢ \ ~ 
. Kudos éort oxnpa émimedov td jucds 
ypap pi TEplexOpevov [n Kahetra mrepupepera], 
mpos nv ad’ évos anetov ray évTos TOU axApaTos 
Keyerwv maoar at mpoominrovaa. edbeia [mpos 
\ a , , J > My pee A 
Thy Too KUKAoU mepipépevay] tcar aAAjAaIs ciaiv. 
is’, Kévrpov 5€ tod KuKAov TO onpetiov Kadcirat. 
F , a “~ 4 > A § > at 
6’, Acauetpos &€ tod KvKAov éoriv edbetd Tis 
did tod KevTpov Hypévn Kal mepatoupevy éd’ 





4 Plato (Parmenides 137 ¥) defines a straight line as “ that 
of which the middle covers the ends.’ Euclid appears to 
be trying to say the same kind of thing in more geometrical 
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4. A straight line is a line which lies evenly with the 
points on itself.¢ 

5. A surface is that which has length and breadth 
only. 

6. The extremities of a surface are lines. 

7. A plane surface is a surface which lies evenly 
with the straight lines on itself. 

8. A plane angle is the inclination towards one 
another of two lines in a plane which meet one 
another and do not lie in a straight line. 

9. And when the lines containing the angle are 
straight, the angle is called rectilineal. 

10. When a straight line set up on a straight line 
makes the adjacent angles equal one to another, each 
of the equal angles is right, and the straight line 
standing on the other is called a perpendicular to that 
on which it stands. 

11. An obtuse angle is an angle greater than a right 
angle. 

12. An acute angle is an angle less than a right 
angle. 

13. A boundary is that which is the extremity of 
anything. 

14. A figure is that which is contained by any 
boundary or boundaries. 

15. A circle is a plane figure contained by one line 
such that all the straight lines falling on it from one 
point among those lying within the figure are equal 
one to another. 

16. And the point is called the centre of the circle. 

17. A diameter of the circle is any straight line 
drawn through the centre and terminated in both 


language. Neither statement is satisfactory as a definition 
(ef. Def. 7). 
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éxdrepa Ta pepn b70 THs Tod KiKAoV Trepidepetas, 
Yris Kal diya réuver tov KvKAov. 

un’ “Hyexdxdcov dé dort TO mepiexdpevov oxy 
und te THs Suaperpou Kal Tis drrorapBavopevns b on 
avrijs mepubepetas. KévTpov be TOU ypuKuKAiov 
TO avdTd, 6 Kal Tot KUKAov eoriv. 

x 3 A > ~ 

0’. XLyjpara evOvypappd dare Ta bro edOercov 
mepiexyopueva, TpimdAevpa pev Ta Ud TpLdV, TeTpA- 
mAeupa 5é Ta UTO Tecodpwv, ToAvTAeupa Sé Ta 
um mAcidvwv 7 Tecodpwr evlerdv Tmepreydpeva. 

Ke F Tay Be Tputhevpev oxnparev iodmAevpov 
pev tpiywrdv eo TO Tas tpeis ioas éxov mAeupas, 
tgoaxees bé 70 Tas dvo0 povas tous éxov 7rAeupas, 
oxahn vov S€ TO Tas TpEls aviacous ExoV mAcupas. 

Ka” i "Ere de tov Tpemdetpwv oXNUaTwY dp8o- 
yeviov pev Tplywvdv core TO €xov opOnv ywviay, 
apBrvycsviov be TO exov auBdrctav yeoviav, oéu- 
ywviov 8 7O tas Tpeis d&elas éxov yeovias. 

Kp’. Tay de Tetpamhevpw oxnpdro TeTpd- 
yervov pev éorw, é todmeupov TE €OTL Kal dpbo- 
yuuov, érepounkes dé, 6 o ployusvioy wey, ovK 
iadmAevpov dé, poyBos Sé, 6 Dadwleunee pev, odk 
> if , ¢ A A ‘ A 2 ¥. 
opfoywriov S€, poyBoewdes 5é TO Tas amevavriov 

4, a fe wn > 4 wa a“ Ww 
mAeupas TE Kal ywrias icas aAAnAas Exov, 6 ode 
iodmAcupdv €otw ovte dpfoymvov ra dé Tapa 
tabra terpdmAevpa tpamélia Kareiobw. 

rd 4 , > ‘J ~ or > ~ 
wy’. TlapdAAndot ciow edOciar, airwes ev TH 
> ~ > 4 - \ > , > ” 
avrg emimedyy oboat Kat exBadrdopevat els dvetpov 
ep exdtepa Ta pepy emt pndérepa ovprimrovow 


aAAnjAats . 





* Heath classities modern definitions of parallel straight 
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directions by the circumference of the circle, and such 
a straight line bisects the circle. 

18. A semicircle is the figure contained by the 
diameter and the circumference cut off by it. And 
the centre of the semicircle is the same as that of 
the circle. 

19. Rectilineal figures are those contained by straight 
lines, trilateral tigures being those contained by three, 
quadrilateral those contained by four, and multilateral 
those contained by more than four straight lines. 

20. Of trilateral figures an equilateral triangle is that 
which has its three sides equal, an isosceles triangle 
that which has only two of its sides equal, and a 
scalene triangle that which has its three sides unequal. 

21. Further, of trilateral figures, a right-angled 
triangle is that which has a right angle, an obtuse- 
angled triangle is that which has an obtuse angle, and 
an acute- angled triangle is that which has its three 
angles acute. 

29, Of quadrilateral figures, a square is that which is 
both equilateral and right-angled ; an oblong is that 
which is right-angled but not equilateral ; a rhombus 
is that which is equilaterat but not right-angled : and 
a rhomboid is that which has its opposite sides and 
angles equal one to another but is neither equilateral 
nor right-angled ; and let quadrilaterals other than 
these be called trapezza. 

23. Parallel straight lines are straight lines which, 
being in the same plane and produced indefinitely in 
both directions, do not meet one another in either 
direction.% 


lines into three main groups: (1) Parallel straight lines have 
no point common, under which general conception the 
following varieties of statement are included: (a) they do 
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Airjpata 
, > ta = Be & FA J Y ~ 
a’. "Hirjo8w amd mavtos onpelou ent may 
onpeiov edGciay ypappny dyayetv. 
f Xx f 30 ~ 4 \ A 
Bp’. Kal werepacpévyy ed0ciav xara 7d ouvexés 
ex eddeias éxBurciv. 
r A \ s \ ca co 
y’. Kat mavtt kévtpw Kai Siacripate KvKAov 
ypadecOar. 
8’. Kai wdoas tas dpas ywvrias toas aAAjAats 
We 
elvat. 
a ‘ oA > ta +. > a > , 
e’. Kai dav eis dv0 edfeias dOcia euninrovoa 
s > ‘ A > ‘ ‘ 3 ‘ f / A > ~ 
Tas evTOs Kat emt TA adTa pépyn ywrias dvo ophav 
éAdogovas mow}, exBaddAopevas tas do edOeias en” 
Mu ra 27? a 4 + | ¢ “~ , 
dmewpov oupminrew, ep a& péepyn elaly at tdv Svo 


opldyv eAdcaoves. 





not cut one another, (b) they meet at infinity, (c) they havea 
common point at infinity; (2) parallel straight lines have 
the same, or like, direction or directions; (3) parallel 
straight lines have the distance between them constant. 
Euclid’s definition belongs to 1(a),and he avoids many fallacies 
latent in the other definitions, showing himself superior not 
only to many ancient, but to many modern, geometers. 

* The chief purpose of these first three postulates is perhaps 
not to lay down that straight lines and circles can be drawn, 
but to delineate the nature of Euclidean space. They imply 
that space is continuous (not discrete) and infinite (not 
limited). 

> This gives a determinate magnitude by which angles 
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POSTULATES 


1. Let the following be postulated: to draw a 
straight line from any point to any point. 

2. To produce a finite straight Jine continuously in 
a straight line. 

3. To describe a circle with any centre and dia- 
meter.*® 

4. All right angles are equal one to another.® 

5. If a straight line falling on two straight lines 
make the interior angles on the same side less than 
two right angles, the two straight lines, if produced 
indefinitely, meet on that side on which are the angles 
less than two right angles.¢ 


can be measured, but it does far more. To prove this 
statement it would be necessary to assume the inrariability 
of figures. Euclid preferred to postulate the equality of 
right angles, which amounts to an assumption of the in- 
variability of figures or the homogeneity of space. 

¢ Heath says that this postulate ‘ must ever be regarded 
as among the most epoch-making achievements in the 
domain of geometry,” and observes: ‘‘ When we consider 
the countless successive attempts made through more than 
twenty centuries to prove the postulate, many of them by 
geometers of ability, we cannot but admire the genius of 
the man who concluded that such a hypothesis, which he 
found necessary to the validity of his whole system of 
geometry, was really indemonstrable.”’ 

The postulate was frequently attacked in antiquity and 
many attempts have been made to prove it—by Ptolemy 
and Proelus in ancient days, by Wallis, Saccheri, Lambert 
and Legendre in modern times. All have failed. By 
omitting this postulate, Lobachewsky, Bolyai and Riemann 
developed *‘ non-Euclidean ” systems of geometry. Saccheri, 
in his book Euclides ab omni naevo vindicatus (1733), saw 
the possibility of alternative hypotheses, and worked out 
the consequences of several; but his faith in Euclidean 
geometry as the sole possible geometry was so strong that 
he failed to realize the full implications of his work. 
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Kowa évvorat 


a’. Ta 7@ att@ ica Kat addAjAots eoriv ica. 
ra x 2% wv Mw ~ x oe > 4 
B’. Kat éav tcous toa mpoorefH, ta dAa €otiv 
ica. 
, \ aN > A W w > ~ A 
y’. Kat dav dao towv ica adaipeOH, Ta Kara- 
Aeirropevd éorw ica. 
8’ K \ A > , w+ ~ A ¢ > 4 
[8’. Kat éav davicois toa mpooreOH, Ta GAa eariv 
dvica. 
e’. Kai ta rod advrot SirAdota toa aAdjAots 
€oriv. 
s’. Kai ra tod adrob jyton toa ddAdAjAas eoriv.| 
Ea \ ‘ > ft oe eS , w > / 
0’. Kai ra efappdlovra én’ addjda ica adAjAots 
éoriv. 
n’. Kati 76 édov rod pépous petlov [ore]. 
g’ K \ ) , 30 a f > # 
0’. Kai 8vo etfeta xwpiov ob mrepréxovow.] 


(ii.) Theory of Proportion 
Eucl. Elem. v. 


“Opor 


a’. Mépos €ort péyeBos peyébous TO €dacoov Tob 
petlovos, orav KaTapeT pi TO petlov. 

B’. TloAAamAdouov de TO peilov tod €AdtTovos, 
oTayv KatapeTpHrat b10 Tob €AdtTOVoS. 

y’. Adyos éort do peyeOGv spoyevav 7 Kara 
aydcKdTyTa. Trova, oxears, 

8’. Adyov éxew mpos ddAnAa peyedn Ayerat, a 
dvvarar moMamacraldpeva aAATAwY dmepexew. 

«’. *Ev 7 att@ Adyw peyeOn Aéyerar elvat 
Tp@Tov mmpos Sevrepov kal tpitov mpos téraprov, 
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COMMON NOTIONS 


1. Things which are equal to the same thing are 
equal one to another. 

2. If equals are added to equals, the wholes are 
equal, 

3. If equals are subtracted from equals, the re- 
mainders are equal. 

7. Things which coincide with one another are 
equal one to another. 

8. The whole is greater than the part.? 


(ii.) Theory of Proportion 
Euclid, Elements v. 
DEFINITIONS 


1. A magnitude is a part of a magnitude, the less of 
the greater, when it measures the greater. 

2. The greater is a multiple of the less when it is 
measured by the less. 

3. A ratio is a sort of relation in respect of size 
between two magnitudes of the same kind. 

4. Magnitudes are said to have a ratio one to 
another which are capable, when multiplied, of ex- 
ceeding one another. 

5. Magnitudes are said to be in the same ratio, the 
first to the second and the third to the fourth, when, 


* The mss. have four other Common Notions, but they 
are unnecessary, and their genuineness was suspected even 
in antiquity. They are: +. If equals are added to unequals, 
the wholes are unequal; 5. Things which are double of the 
same thing are equal one to another; 6. Things which are 
halves of the same thing are equal one to another; 9. Two 
straight lines do not enclose a space. 
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LZ A ~ - ‘ f > , AA Xr / 
6tav Ta TOU TPWTOV Kai TpiTOV ioaKis TOAAaTAGCLA 
t&v rod Sevrépov Kat rerdprov iodkis troAAa- 
¥ > ¢ ~ 4 ¢ , 
mAaciwy Kal? dmoiovoty mo\AaTAactacpov éKa- 
” i hal 

Tepov éxatépov 7 dpa vbrepéexn H aya toa H 7 
dpa éAXeinn Andbévta KarddAnda. 

sg’. Ta S€ tov adrov éxovta Adyov peyébn ava- 
Aoyov Kadcicbw. 

t’. “Orav 8€ t&v icdkis TwodAamAaciny TO pev 

~ Fd 4 . / ~ ~ 
Too mputov moANaTAdovov bmepéxn Tod Tob Sev- 
répov moAAamAaciov, To 5é€ Tob Tpitov ToAAaTAd- 
a.ov pn depeyn TOO Tod TeTdpTov ToAAarAaciou, 
TOTE TO TP@Tov Tpos TO SevTepov peilova Adyov 
éxew A€yeTaL, WEP TO TpiTov mpos TO TéTapToV. 

¢ > s A > \ oe > , ? f 

n’. "Avadoyia 5€é év tpialv dpos eAaxiorn éotiv. 

, o be , / > / * \ ~ 

0’. “Orav dé tpia peyébn avddoyov 4, TO mpaTov 
mpos TO Tpitov Simdaciova Adyov éxew A€yerat 
Hrep mpos TO SevTEpov. 





@ In the translation of this remarkable definition I cannot 
improve on Heath. Literal translation is difficult because 
the words xa§’ dzotovoty wodAamAactacpov come only once 


in the Greek but refer both to 7a... isd«is moAAamAdota 
in the nominative and ra@v . . . dodxts 7odamAaciwy in the 
genitive. 


The definition, which avoids all mention of a part of a 
magnitude (unlike Elements vii. Def. 21), is applicable to all 
magnitudes, commensurable and incommensurable. It must 
be due, in substance at least, to Eudoxus (see supra, p. 408). 
The definition has often been assailed through misunder- 
standing, but has been brilliantly defended by such great 
mathematicians as Barrow and De Morgan, and was adopted 
by Weierstrass for his definition of equal numbers. 
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if any equimultiples whatever be taken of the first 
and third, and any equimultiples whatever of the 
second and fourth, the former equimultiples alike 
exceed, are alike equal to, or alike fall short of, the 
latter equimultiples respectively taken in correspond- 
ing order.* 

6. Let magnitudes which have the same ratio be 
called proportional. 

7. When, of the equimultiples, the multiple of the 
first magnitude exceeds the multiple of the second, 
but the multiple of the third does not exceed the 
multiple of the fourth, then the first is said to have a 
greater ratio to the second than the third has to the 
fourth. 

8. A proportion in three terms is the least possible. 

9. When three magnitudes are proportional, the 
first is said to have to the third the duplicate ratio of 
that which it has to the secund.? 


Max Simon (Luclid und die sechs planimetrischen Biicher, 
p. 110) thinks it is clear from this definition that the Greeks 
possessed a notion of number as general as modern mathe- 
maticians. Heath (The Thirteen Books of Euclid’s Elements, 
ii, pp. 124-126) shows how Euclid’s definition divides all 
rational numbers into two coextensive classes, and so defines 
equal ratios in a manner exactly corresponding to Dedekind’s 
theory of the irrational. 

De Morgan gives the following modern equivalent of the 
definition. ‘* Four magnitudes, A and B of one kind, and 
C and D of the same or another kind, are proportional 
when all the multiples of A can be distributed among the 
multiples of B in the same intervals as the corresponding 
multiples of C among those of D.”’ That is to say, m, n 
being any numbers whatsoever, if mA lies between nB and 
(n+ 1)B, mC lies between nD and (n+ 1)D. 

aa _@ a 

If cae then 3 
ofa toa. 


=o» and a has to 6 the duplicate ratio 
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’. “Orav 8€ réscapa peyéOn avddoyov 7, Td 
mp@rov mpos TO TéTaptov TpitAaciova Adyov Exe 
Aéyerar yrep mpds 7d Sedrepov, Kai det éfis 
opoiws, ws av 7 avadoyia brdpyn. 

ra ¢€ / f f x a ¢ 
ta’. “Opdroya peyébn A€yerar Ta pev Fyovpeva 
Tots Hyoupevois Ta S€ Errdpeva Tos éTropevots. 

8’. "Evaddra€ Adyos éori Anus Tod Fyoupevou 
mpos TO yyovpevov Kal Tod émopévou mpos Td 
émopevov. 

ty’. ’"Avdradw Adyos é€orl AjYus Tod ézopévou 
Ws Wyoupevov mpos TO Hyovpevov ws émdpevov. 

a tA 4 > ‘ ~ ~ ¢ uA 

8’. Ldvbecis Adyou ear Afyus Tob Tyoupéevou 
pera TOU Erropévov ws Evds Tpds adTO TO émdpevoy. 

ra / ~ ~ ~ 
te’. Ataipeais Adyou é€ori Ajyus Tis drepoyys, 
h dmepéxer TO Wyovpevov Tob érropévov, pds adTo 
TO €7dpLEVvov. 
i) > ~ ~ 

us’. "Avacrpodgy Adyou €oti Ajyus TOG Ayoupévou 
mpos THv dtEepoxnv, H Urepexer TO HyoUpevov TOO 
€7TO[LeVvou. 

‘a > ” id > \ , mv 
if’, AV taov Adyos ori mAcdvwY dvTwY pe- 
~ a mM” 2 ~ Ww ‘ ~ vA 
ybav kat d\Awv adtois iowv 76 TAROos avvdv0 
AapBavopevwy Kat év TH adTd Adyw, Grav 7 ws 
ev tots mpwros peyéfeot TO mp&tov mpos Td 
Eaxatov, oUTws ev Tois Seurépois peyebeot 76 





® The magnitudes must be in continuous proportion. If 
a ere : 
aa ae en 3 = 3 and a has to 8 the triplicate ratio of 


ato x. Alternatively, a cube with side a has the same 
ratio to a cube with side a as a to b (see supra, p. 258 n. b). 
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10. When four magnitudes are proportional ¢ the 
first is said to have to the fourth the ériplicate ratio of 
that which it has to the second, and so on continually, 
whatever the proportion. 

11. The term corresponding magnitudes is used of 
antecedents in relation to antecedents and of con- 
sequents in relation to consequents.? 

12, Alternate ratio means taking the antecedent in 
relation to the antecedent, and the consequent in 
relation to the consequent.°® 

13. Inverse ratio means taking the consequent as 
antecedent in relation to the antecedent as conse- 
quent.? 

14. Composition of a ratio means taking the ante- 
cedent together with the consequent as one in 
relation to the consequent by itself. 

15, Separation of a ratio means taking the excess by 
which the antecedent exceeds the consequent in 
relation to the consequent by itself.f 

16. Conversion of a ratio means taking the ante- 
cedent in relation to the excess by which the ante- 
cedent exceeds the consequent.’ 

17. A ratio ex aequali arises when, there being 
several magnitudes and another set equal to them in 
multitude which taken two by two are in the same 
proportion, as the first is to the last in the first set of 
magnitudes, so is the first to the last in the second 


» * Antecedents ” are literally “‘ leading terms,” ‘‘ con- 
sequents ” the “‘ following terms.” In the ratio a: 6, a is 
the antecedent, 4 the consequent. 

¢Ifa:6::A:B,thena:A::6: B. 

@%fa:6::A:B, then d:a::B:; A. 

* j.e, the transformation of the ratio a: 4 intoa+6:6. 

f ive. the transformation of the ratio a: 6 into a— 6: 6 

9 i.e, the transformation of the ratio a: b into a: a— b. 
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~ ® A la x” * ~ ~ 
™p@tov mos To Eaxatov: 7 dAdws- AiYus TeV 
dxpwv Kal treéaipecw TeV péowv. 

a, ia b > , ? 2 a ~ 

in’. Tetapaypevn € avadoyia éeotiv, éray Tpidy 
a ~ a »” 3 a w \ Feo} 
évTwy peyeb@v Kai dAAwy adrois iow 7d AROS 
yirnras as pev év rots mparrous peyeDeow yyou- 
peevov mpos emo pLevov, obrws év Tots Sevrépors pe- 
yebeow HyoupLevov mpos émopevov, ws dé év ois 
Tpusrous peyéBeaw émdpevov mpos aMo Tl, OUTWS 
ev tois Sevrépos GAAO Te mpds tyovpevov. 


(iii.) Theory of Incommensurables 
Eucl. Elem. x. 
"Opot 


a’. Lvpperpa peyeOn A€éyerau Ta TH AbTH wéeTpw 
HeTpotpeva, dovppetpa Sé, dv pydev evdéxerau 
Kowvov pérpov yevecOar. 

ie > ~ 4 4, ‘ > oe ‘ > 9? 

B. Evetae Suvdyret ovpperpot elow, ray Ta dar 
avrav TeTpdyuva TO abre xwplep peTpyrat, dovp- 
petpoe Sé, érav tots a7 abray TeTpaywrois pNdev 
evdexntat ywpiov Kowvdv pétpov yeveoOar. 

’, Tovrwy drroKeypevenv SeixvuTat, Ort Ti} ™po- 
rebelon ed0eia imdpxovow evdeian mdi beu dmreupou 
ovpperpot Te Kal dovpperpor ai pev baer pOvov, 
at d€ Kai Suvdper. Kadeicbw obv 7) pev mpotebeioa 
eddeia pyr, Kal ai TavTn avppeTpot eire prjKes 





2 & icov must mean“ at an equal distance,” i.¢., after an 


equal number of terms. If a, b, ¢ . . . m, n is one set of 
magnitudes and A, B,C... M,N o other, and a:6= 
A: B, and 50 on, up to m:n=M: then a:n=A:N. 


This is proved in vy. 22. The defiaition merely serves to 
gave a name to the inference. 
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set of magnitudes ; in other words, a taking of the 
extremes by removal of the intermediate terms.* 

18. A perturbed proportion arises when, there being 
three magnitudes and another set equal to them in 
multitude, as antecedent is to consequent in the first 
magnitudes, so is antecedent to consequent in the 
second magnitudes, while as the consequent is to the 
other term in the first magnitudes, so is the other 
term to the antecedent in the second magnitudes.® 


(iii.) Theory of Incommensurables 
Euclid, Elements x. 
DEFINITIONS 


1. Those magnitudes are said to be commensurable 
which are measured by the same common measure, 
and those incommensurable which cannot have any 
common measure. 

2. Straight lines are commensurable in square, when 
the squares on them are measured by the same area, 
and incommensurable in square when the squares on 
them cannot have any area as a common measure. 

3. With these hypotheses, it is proved that there 
exist straight lines infinite in multitude which are 
commensurable and incommensurable respectively, 
some in length only, and others in square also, with 
an assigned straight line. Let then the assigned 
straight line be called rational, and those straight lines 
which are commensurable with it, whether in length 

> If a, b, c and A, B, C are the two sets of magnitudes, 
and a:6=B:C, 6:c=A:B the proportion is said to be 
perturbed. It follows thata:c=A:C. Thisis a particular 
case of the inference 8’ icov and is proved in v. 23. 
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‘ 4 wn 4 , e , € ‘ (ak 
Kal Suvaper cite Suvdyer pdvov pytat, ai S¢ ravrn 
> ta ¥ ft 
dovppetpor dAoyor KadetoOwaoav. 
a ¥ A 4 > 4 cal f > 4 
8’. Kai 76 pev amo tis mpotebeions ebbetas 
4 ¢ / 4 xX 4 4, LA , 
TeTpaywrov pyTov, Kal Ta TOUTwW ovppETPA pyTA, 
A A t4 > vA a ¥. ‘ ¢ 
7a d€ To’Tw dovppetpa dAoya KadcicOw, Kal af 
£ > A ” > 4 , ww 
duvduevar atta ddoyou, ef pev rerpdywva ein, 
> ‘ ¢ f >? A e 4 > if: 
atdrat ai mAevpal, ei S€ Erepd twa cedOvypappa, 


e a 
at ica aurots TeTpdywva dvaypadovoat. 


a’ 


rd ~ ae 2: fs vA > ‘ a 

Avo peycbdv aviowy éexxeysévwr, édav amd rob 

, > al a nn” ‘ Ld ‘ ~ 
peilovos ddatpeOh petlov 7) 76 pov Kai Tod KaTa- 

£ ~ n A oo ‘ ~ > \ 
Aetrropévov petlov TO wyuwov, Kal Tobro dei 

i , , , a Ww 
yiyvyntat, AethOjoetai Te wéyebos, 6 éoras EAaccov 

“A > fA > , / 

To0 éexkeysévov eAdcoovos peyébous. 

“Eorw dvo peyébn auoa ta AB, T, civ petlov 
70 AB: Aéyw, dre éav aro Tod AB adaipeOf petlov 
hal A 4 a ~ le ~ aA A 
TO Aucv Kat Too KaTadevTopevou petlov 7 70 
Ld A ~ 74 f , ta 
Tuov, Kat toro del yiyvntar, AebOyjoerat Tr 
HéyeBos, 6 €arar éAacaov Tod T peyébous. 


To T yap modAamAacialdpevov éorar mote Tob 
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and in square or in square only, be called rational, but 
those which are incommensurable with it be called 
irrational. 

4. And let the square on the assigned straight line 
be called rational, and those areas which are com- 
mensurable with it rational, but those which are 
incommensurable with it zrrational, and the straight 
lines which produce them :rrational, that is, if the 
areas are squares, the sides themselves, but if the 
areas are any other rectilineal figures, the straight 
lines on which are described squares equal to them. 


Prop. 1 


Two unequal magnitudes being set out, if from the 
greater there be subtracted a magnitude greater than the 
half, and from the remainder a magnitude greater than 
tts half, and so on continually, there nill be left some 
magnitude which will be less than the lesser magnitude set 
out. 

Let AB, I be the two unequal magnitudes, of which 
AB is the greater; I say that, if from AB there be 
K 0 r 
A—t+—_+———- B = 


subtracted a magnitude greater than its half, and 
from the remainder a magnitude greater than its half, 
and so on continually, there will be left some magni- 

tude which will be less than the magnitude I. 
For I’, if multiplied, will at some time be greater 
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AB petlov. memoAdamAacidcbw, Kai €orw 76 AE 
tod pev T’ moAAamAdotov, Tod 8€ AB petlov, Kai 
Sinpjobw ro AE «is 74 7H T ica. va AZ, ZH, HE, 
kal adynpyobw amd ev tod AB petlov 4 TO Hyuov 
76 BO, amo6 5é rod AO petlov 7 To Hurov 7d OK, 
Kat Toto del yuyvécbw, ews av al ev 7@ AB 
dtaipécets icomAnfe’s yévwvrat tats év TH AE 
dtaipéceoy. 

*"Eorwoav otv af AK, KO, OB d1apécets ico- 
mAn Geis obcat tats AZ, ZH, HE: kai evel petldv 
eort TO AE rod AB, kal adypyta amd pév Tob 
AE €\acaov Tod jpicews to EH, azo 5€ rob AB 
peeifov 7) TO Hutov to BO, Aowrdv dpa 7o HA 
Aowrob Tot OA peildv éorw. Kai émet peildv are 
to HA 706 OA, Kal ddyjpnrar rod pev HA jynwov 
70 HZ, rod S€ OA peilov % 7d yusov 7d OK, 
Aourdv dpa to AZ Aowrod rob AK pei{ov éorw. 
igov d€ 70 AZ 7G T+ wat ro T dpa rob AK petlov 
€or. éAacoov dpa to AK 70d T. 

Karadetrerat dpa azo tod AB peyéBous to AK 
péyeDos éXaccov dv Tot éxkeyévov éAdccovos 
peyéfovs tot I orep er deifar—dpoiws de 
detxyOjoerar, Kav Huion 7% Ta adaipovpeva. 
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than AB [see v. Def. 4]. Let it be multiplied, and let 
AE be a multiple of I’, greater than AB, and let AE 
be divided into the parts AZ, ZH, HE equal to T, 
and from AB let there be subtracted BO greater 
than its half, and from AQ let there be subtracted OK 
greater than its half, and so on continually, until the 
divisions in AB are equal in multitude to the divisions 
in AE, 

Let, then, AK, KO, OB be divisions equal in 
multitude with AZ, ZH, HE; now since AE is 
greater than AB, and from AE there has been sub- 
tracted EH less than its half, and from AB there has 
been subtracted BO greater than its half, therefore 
the remainder H. is greater than the remainder OA. 
And since H. is greater than OA, and from H.\ there 
has been subtracted the half, HZ, and from OA there 
has been subtracted OK greater than its half, therefore 
the remainder AZ is greater than the remainder AK. 
Now AZ is equal to ['; and therefore T is greater 
than AK. Therefore AK is less than I. 

There is therefore left of the magnitude AB the 
magnitude Ak which is less than the lesser magnitude 
set out, namely, I; which was to be proved—and 
this can be similarly proved even if the parts to be 
subtracted be halves.* 


2 This important theorem is often known as the Axiom 
of Archimedes because of the use to which he puts it, or a 
similar lemma: ‘‘ The excess by which the greater of two 
unequal areas exceeds the lesser can, by being continually 
added to itself, be made to exceed any given finite area.” 
Archimedes makes no claim to have discovered this lemma, 
which is doubtless due to Eudoxus. The chief use of the 
“axiom ”’ by Euclid is to prove Elements xii, 2, that circles 
are to one another as the squares on their diameters. 
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Prop. 111, coroll. 


€ > By A e > > A ” LA ~ 
H dzoropy cai ai per adriv dAoyou ovre TH 
piéon ovre aAAjAas eioiy ai adrai. . . . 
* > ‘ + t > X > 5 « > ‘ 
Kai évei déS5exrae 4 doTopy) ovK otca 7 avr? 
~ ~ e \ 
Th éx S00 dvopaTwr, movober dé TAdTH Tapa pnTHY 





@ Much of Eucl. Elem. x. is devoted to an elaborate classi- 
fication of irrational straight lines. Zeuthen (Geschichte der 
Mathematik im Altertum und Mittelalter, p. 56) suggests 
that, inasmuch as one straight line looks very much like 
another, the Greeks could not perceive by simple inspection 
that difference among irrational quantities which our system 
of algebraic symbols enables us to see; consequently they 
were led to classify irrational straight lines in the manner of 
Eucl. Elem. x., and we know from an Arabic commentary 
on this book discovered by Woepcke (Mémoires présentés a 
U Académie des Sciences, xiv., 1856, pp. 658-720) that Theae- 
tetus had to some extent preceded Rackid. Tn this system 
irrational straight lines are classified according to the areas 
they produce when “ applied” (v. supra, pp. 186-187) to 
other straight lines. For full details the reader must be 
referred to Loria, Le scienze esatte nell’ antica Grecia, pp. 
225-231, Heath’s notes in The Thirteen Books of Euclid’s 
Elements, vol. iii., and H.G.M. i. 404-411, but it may be useful 
to give here, in Heath’s notation, the modern algebraic 
equivalents of Euclid’s irrational straight lines. A medial 
line is of the form k‘p, i.e., the positive solution of the equation 
23— p\/k.p=0. The other twelve irrational lines are com- 
pound, and may best be arranged in pairs as follows : 


1. Binomial\ rz 
Apotome J ptvk.p, 


being the positive roots of the equation 
xt — 2(1+k)p? . 2? + (1 - k)*pt=0. 


2. First bimedial } 
First apotome of a medial { 


being the positive roots of the equation 
at ~ Q4/K(1 + k)p?. 2 + k(1 — k)2pt=0. 


kip + Kp, 
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Prop. 111, corollary 


The apotome and the irrational straight lines following 
it are the same neither nith the medial straight line nor 
nith one another.2 ... 

Since the apotome has been proved not to be the 
same as the binomial straight line [x. 111], and, if 


3. Second bimedial \ 
Second apotome of a medial J 


being the positive roots of the equation 





4. Major\ p k _ Pp k 
Minor) 50/4 vere) *va/ > ae) 
being the positive roots of the equation 
ke 
— 2p? w+ Tre =0 


5. Side of arational plusa\ | 
medial area oles + oo 


Producing with a rational fas Vite 


J (V1t +h) 


area a medial whole 


being the positive roots of the equation 
Q 


ke 
- =: 7? 2 Spe es Ae, 
Vasey? a+ ey 
6. Side of the sum of two| pat ea/ (1+ =z) 
mediul areas f2 +o the 


Producing with a med- at 
ial area a medial| 4. P™ /(1 
whole aye N 


being the positive roots of the equation 


=0. 





- Fis ®) , 


R 
Be ee eer) irae 
Q4 A. wp + APP =0. 
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5 
mrapaBaAAdpevor ai peta THY amoTopnY atoTOLGs 
> eA < , ~ é: ~ > € ia e de 
axodov0ws éExdotn TH Take TH Kal” adrHy, at oe 
pera tiv éx Svo0 dvoudtwr tas éx dvo0 dvoudtwr 
Kat adrai TH Tafer dxodovOws, Erepar dpa «tow 
Gi pera THY GTOTOUAY Kal ETEpar al peTa THY EK 
dvo dvopdtwr, ds elvar TH TA€er TaGas GAdyous Ly, 

Méony, 
> , > / 
Ex dvo dvopdtrwr, 
> , F< ys 
Ex dvo pécwy mpwriy, 
> , ta , 
Ex Svo péowv Seutépay, 
Medlova, 
‘Pyrov Kai péoov duvaperny, 

ee 
Avo péca duvaperny, 
> 
Azotopny, 
Méons amoropny mparyy, 
Méons amoropny Sevrépav, 
*EAdaoova, 

e ~ ~ 

Mera prod pécov 76 dAov Tovotcay, 
Mera pecov pécov 7d GAov moofcay. 


(iv.) Method of Exhaustion 
Euel. Elem, xii. 2 

Of KUKAoL mpds aAAjAous eicly ws TA amd TeV 
dtapetpwv TeTpaywvra. 

"Eotwoav xixdot of ABTA, EZHO, didperpor 
d¢ adtdv at BA, ZO- Adyw, dt eotiv ws 6 ABLA 
KUKAos mpos TOV EZHO Kvdrov, odtrws TO amd THs 
BA rerpaywvov mpos To amo THs ZO rerpdywrov. 





@ Fudemus attributed the discovery of this important 
theorem to Hippocrates (see supra, p. 238). Unfortunately 
we do not know how Hippocrates proved it. 
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applied to a rational straight line, the straight lines 
folowing the apotome produce, as breadths, apo- 
tomes according to their order, and those following 
the binomial straight line produce, as breadths, 
binomials according to their order, therefore the 
straight lines following the apotome are different, 
and the straight lines following the binomial straight 
line are different, so that in all there are, in order, 
thirteen straight lines, 


Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Side of a rational plus a medial area, 

Side of the sum of two medial areas, 
Apotome, 

First apotome of a medial straight line, 
Second apotome of a medial straight line, 
Minor, 

Producing with a rational area a medial whole, 
Producing with a medial area a medial whole. 


(iv.) Method of Exhaustion 
Euclid, Elements xii. 2 4 


Circles are to one another as the squares on the 
diameters. 

Let ABTA, EZHO be circles, and BA, ZO their 
diameters ; I say that, as the circle ABI'A is to the 
circle EZH9, so is the square on BA to the square on 
ZO. 
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Ei yap uy éorw ws 6 ABTA kdxdos mpds Tov 
EZHO, otrws 76 aad tis BA tetpaywvov mpos 
To amo ths ZO, gora ais 76 amd tis BA mpos 76 
ano tis ZO, otrws 6 ABT'A kvKAos yrow mpos 
éNagadv te To’ EZHO kvKrov ywpiov 7 mpos 
peilov. €otw mpdtepov mpds éAaccov TO XL. Kat 
eyyeypadbw eis tov EZHO xvKcdov retpdywvov 
76 EZHO- 76 87 eyyeypappévov tetpdywvov 
peilov e€orw 9 TO yyuov toi EZHO xkvxdov, 
erevdymep eav dia Tov E, Z, H, © onpeiwv éd- 
anropevas ToD KUKAOUV aydywpev, TOO Teptypado- 
pévou mepi Tov KvKAoV TeTpaydvou Huta’ eaTL TO 
EZH® rerpdywvov, rob 5é mepiypadévros TeTpa- 
ydvou éAdrtwy éotiv 6 KUKAos wote TO EZHO 
eyyeypappevov tetpdywvrov petldv ear. Too mui- 
sews tod EZHO xKvndov. retpijcbwoav diya at 
EZ, ZH, HO, OE zepidéperat xara ta K, A, 
M, N onpeia, cai érelevyPwoay ai EK, KZ, ZA, 
AH, HM, MO, ON, NE- xat exacrov dpa trav 
EKZ, ZAH, HMO, ONE tpryovev petldv éoTw 
} TO Husov Tod Kal” €avTd tTerpatos Tod KUiKAov, 
ereidnmep eav dia tov K, A, M, N onpetwv 
edanropévas Tod KUKAoU aydywyev Kal dva- 
TAnpwowpev Ta emi trav EZ, ZH, HO, OE 
edbciav mapaddAnAdypappa, exaotov Tv EKZ, 
ZAH, HMO, ONE cprydvev sov éorar rod 
Kal’ éavtd mrapaAAndroypdppov, dAda Td Kal? 
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For if the circle ABTA is not to the circle EZH®O as 
the square on BA to the square on ZO, then the 
square on BA will be to the square on ZO as the circle 
ABLA is to some area either less than the circle 
EZHO or greater. Let it first be in that ratio to a 
lesser area 2. And let the square KEZHO be inscribed 
in the circle EZHO; then the inscribed square is 
greater than the half of the circle EZH@, inasmuch 
as, if through the points EK, Z, H, 0 we draw tangents 
to the circle, the square KZHO is half the square 
circumscribed about the circle, and the circle is less 


A 


ft nd 
= P 


O 





r 


than the circumscribed square ; so that the inscribed 
square EZHO is greater than the half of the circle 
EZHO. Let the circumferences EZ, ZH, HO, OE be 
bisected at the points K, A, M, N, and let EK, KZ, 
ZA, AH, HM, MO, ON, NE be joined; therefore 
each of the triangles EKZ, ZAH, HMO, ONE is 
greater than the half of the segment of the circle 
about it, inasmuch as, if through the points K, A, M, N 
we draw tangents to the circle and complete the 
parallelograms on the straight lines EZ, ZH, HO, OF, 
each of the triangles ENZ, Z.AH, HMO, ONE will be 
half of the parallelogram about it, while the segment 
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éauTo THIS édarTov ett Tob TapadAnAoypapypov' 
@oTe €KagTov Tay EKZ, ZAH, HMO, ON i 
Tpiywrwy petldv eott Tod Hyicews Tob Kal” éavTo 
THpaTOS Tod KUKAOU. TépvorTes 57) Tas UrroXeuTO- 
pévas Tepupepeias dixa Kal émilevyvivtes edbcias 
Kal Toro del movobytes caraheipouev Twa atro- 
THNpaTa Tob Kdidov, & éota éAdcoova Tis 
UrrEpoxys, 7 drepexer 6 EZHO KvKAos Too X 
xwpiov. édetyOn yap ev TO PWT Bewprnpare Too 
dexdtov PiBriov, dt. Svo peyeOGv aviowy éKxKet- 
pevwv, €av amd Tot peilovos adaipeOR peilov 7 
TO qutov Kai TOO Karademopéevov petlov 7 TO 
Hptov, Kal TodTo del yiyynrar, AetPOyjoerai 7 
péyeBos, 6 €arar éAacaov Tob EKKELEVOU eAdooovos 
peyéBous. reAcipfw obv, Kai eoTw Ta emt Téy 
EK, KZ, ZA, AH, HM, MO, ON, NE TpHara 
Tob EZHO sdxdov eAdrrova THs drrepoys, 7 
bmepéyes 6 EZHO xvkdos toi X& ywpiov. Aoumov 
dpa 76 EKZAHMON odvywrov petlov eort tod 
LX ywpiov. eyyeypadbw kai eis tov ABTA kvKdov 
7 EKZAHMON zodvyave spovov roddywrov 
7o ARBOTHAP: éorw dpa ws to amd rijs BA 
TeTpaywvov mpos To amo THs ZO TeTpdywvrov, 
ovrws 76 ASBOTTAP zodvywvov mpos ro 
EKZAHMON mrodbywvov. aa Kal Ws TO amo 
Tijs BA rerpaywvov apos TO avo THs ZO, ovrws 

6 ABTA kvkados mpos TO xwpiov: Kat ws dpa 
6 ABTA kvKdos mpdos To x xwpiov, OUTWS TO 
AZBOLTIAP zodvywvov mpos To EKZAHMON 
moAvywvrov: évaddAdé dpa ws 6 ABTA kvxdos pos 
76 €v atT® Tokdywvov, otTws TO LX ywplov mpds 
7o EKZAHMON zodvywrov. peilwy 6€ 6 ABTA 
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about it is less than the parallelogram ; so that each 
of the triangles EKZ, Z\H, HM0, ONE is greater 
than the half of the segment of the circle about it. 
Thus, by bisecting the remaining circumferences and 
joining straight lines, and doing this continually, we 
shall leave some segments of the circle which will 
be less than the excess by which the circle EZH#) 
exceeds the area >. For it was proved in the first 
theorem of the tenth book that, if two unequal 
magnitudes be set out, and if from the greater there 
be subtracted a magnitude greater than its half, and 
from the remainder a magnitude greater than its half, 
and so on continually, there will be left some magni- 
tude which is less than the lesser magnitude set out. 
Let such segments be then left, and let the segments 
of the circle EZHO on Ek, KZ, ZA, \H, HM, MO, 
ON, NE be less than the excess by which the circle 
EZHO exceeds the area®. Therefore the remainder, 
the polygon EKZAHMON, is greater than the area . 
Let there be inscribed, also, in the circle ABTA 
the polygon AZBOTIIAP similar to the polygon 
EKZAHMON ; therefore as the square on BA is to 
the square on Z®, so is the polygon AZBOTIIAP to 
the polygon EKZAHMON [xii. 1]. But as the square 
on BA is to the square on ZO, so is the circle ABrA 
to the area “; therefore also as the circle ABTA is 
to the area %, so is the polygon AEBOTILAP to the 
polygon EKZAHMON [v.11]; therefore, alternately, 
as the circle ABTA is to the polygon in it, so is the 
area = to the polygon EKZAHMON. Now the circle 
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KbKAos ToD ev att moAvywvrou- petlov dpa Kas 
7 L xwpiov Tro6 EKZAHMON aodvydvov. dada 
Kal €Aatrov: Orep eat advvatov. ovK dpa éariv 
ws TO amd THS BA tetpaywvov mpds Td do Tis 
ZO, otrws 6 ABTA xuxdros apos eAacadv ti Tod 
EZHO kvKdrov ywpiov. spoiws 87 SdeiEouev, dre 
ovdé ws To amd ZO mpos 7d amd BA, otTws 6 
EZH® kudos mpos éAacadv tt Tob ABTA KvcdAov 
xwpiov. 

Aéyw 87, drt odd€ Ws TO amd THs BA mpds 7d 
amo tis ZO, otrws 6 ABLA kuKdos mpos petlov 
qt ToU EZHO kvKdrov ywpiov. 

Ei yap Svvardv, €orw mpos peifov ro XL. avd- 
madw dpa ws 7d and THs ZO tetpaywvov mpds 76 
amo Tis AB, ovrws 76 & ywpiov mpds tov ABTA 
KUkAov. GAN ws TO X% ywpiov mpos tov ABTA 
KUKAov, odTws 6 EZHO Kudos mpos edarrov TW 
Too ABr A adiAou xepiov- kat as dpa 70 amo THs 
ZO mpos TO a7rd Tijs BA, odrws 6 EZHO KUKAos 
mpos eAacodv te TOG ABTA xuxdov ywpiov: émep 
adtvarov edeixOn. odk dpa coTiv ws TO amd BA 
TeTpdywvov T™pos TO a1r0 Tis ZO, ovrws 6 ABPA 
Kdxdos mpds peilov te Tob EZHO Kv«Aou Xewplov. 
edetxOn dd, Ore ovdE impos éAacaoy: éorw dpa ws 
70 amo THs BA terpdywvrov mpos To ato THs ZO, 
ottws 6 ABTA kudos mpos Tov EZHO kvcdov. 

Ot dpa KvKXror mpds aAAjAous eioty ws Ta amd 
tHv Stapetpwv retpdywra: dep éder Setar. 
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ABTA is greater than the polygon in it; therefore 
the area 2 also is greater than the polygon 
EKZAHMON. But it is also less; which is im- 
possible. Therefore it is not true that, as is the 
square on BA to the square on ZO, so is the circle 
ABLIA to some area less than the circle EZHO. 
Similarly we shall prove that neither is it true that, as 
the square on ZO is to the square on BA, so is the 
circle EZH® to some area less than the circle ABTA. 

I say now that neither is the circle ABFA towards 
some area greater than the circle LZH6 as the square. 
on BA is to the square on ZO. 

For, if possible, let it be in that ratio to some greater 
area 2. Therefore, inversely, as the square on ZO is 
to the square on AB, so is the area = to the circle 
ABLA. But as the area © is to the circle ABTA, so 
is the circle EZHO to some area less than the circle 
ABIA ; therefore also, as the square on ZO is to the 
square on BA, so is the circle EZH® to some area less 
than the circle ABA [v. 11]; which was proved 
impossible. Therefore it is not true that, as the 
square on BA is to the square on ZQ, so is the circle 
ABPA to some area greater than the circle EZHO. 
And it was proved not to be in that relation to a less 
area ; therefore as the square on BA is to the square 
on ZO, so is the circle ABI'A to the circle EZHO. 

Therefore circles are to one another as the squares 
on the diameters ; which was to be proved. 
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GREEK MATHEMATICS 
(v.) Regular Solids 
Eucl. Elem. xiii. 18 


Tas mAeupas Tav mévre oxnpdtwv exbécbar Kab 
ovyKpivat mpos aAdAjAas. 

°"ExxeioOw 1) Tis S08cions adaipas Sudpyetpos 7 
AB, kat retpyo8w Kara ro TI dore ionv elvae 
av AD 7H TB, xara 8€ 76 A core SirAaciova 
elvat tiv AA rijs AB, Kal yeypddOw ent ris 
AB jyuxdxdov 76 AEB, kal dad trav T, A rH 
AB zpos dpfas ny8woav ai TE, AZ, cai émelev- 
xXPwoav at AZ, ZB, EB. kai émei dimdq eorw H 
AA ris AB, tpimdf} apa early % AB ris BA. 
dvaotpépavte Hutodia dpa éoriv % BA ris AA. 
ws dé 7 BA mpds zHv AA, otrws 1O amo Tis 
BA apos 16 amd tis AZ: lcoydnov ydp éort TO 
AZB tpiywvov 7 AZA tpiydvw: jpyidAvov dpa 
€oTi TO amd tis BA tot amd tis AZ. €ort b€ 


Kal 1) Tis adaipas Sidpetpos Suvdwer ptodAla 





* For the earlier history of the regular, cosmic or Platonic 
figures, v. supra, pp. 216-225, 878-379. 

>» This proposition cannot be fully understood without the 
previous propositions in the book which it assumes, but it will 
give an insight into the thoroughness and comprehensiveness 
of Euclid’s methods. 
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(v.) Regular Solids 4 
Buclid, Llements xiii. 18 ® 

To set out the sides of the five figures and to compare 
them one nith another. 

Let AB, the diameter of the given sphere, be set 
out, and let it be cut at I’ so that AT is equal to IB, 
and at \ so that AA is double of AB; and on AB 
let the semicircle AEB be drawn, and from I, A let 
TE, AZ be drawn at right angles to AB, and let AZ, 
ZB, EB be joined. Then since A\=2.B, there- 
fore AB=8BA. Convertendo, therefore BA =3A.. 
But BA: A\=BA?: AZ? [v. Def. 9], for the triangle 
AZB is equiangular with the triangle AZA [vi. 8]; 


H 





therefore BA?=2AZ?. But the square on the dia- 
meter of the sphere is also one-and-a-half times the 
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Tis mAeupGs tis Tmupapidos. Kai éorw 4 AB 
rhs odaipas Sdiduetpos: 7% AZ dpa ion éori 
mAcupa Tis mupapisos. 

IldAw, eet SimdAaciwy éoriv 7 AA ris AB, 
tpimdkh dpa éeotiv 4 AB ris BA. ws dé 4% AB 
mpos THY BA, ottws 76 amo tis AB mpos 76 a6 
ths BZ: tpimAdowov dpa éori 76 amo ths AB rot 
and THs BZ. gor 3€ Kal % Tis odaipas did- 
petpos Suvdper tpitAaciwv tis To’ KUBov TAcv- 
pas. Kal éorw 7 AB % ris odaipas didperpos- 
% BZ dpa tod KvBou éori wAcupd. 

Kai érei ion eorly 7 AT 7H TB, SiadG dpa 
€orly » AB ris BY. ws Sé 4 AB apos rv BY, 
obrws 76 and THs AB mpds 76 ané THs BE: dumAd- 
stov dpa €oti 7d and Tis AB rob amd ris BE. 
€or, 8€ Kal 7 Tis adaipas Sidperpos Suvdyer 
Simdaciwy rijs tod déxradSpou mAevpas. Kal éeorw 
7 AB 4 ris Sobetans odaipas Sidperpos: 7 BE 
dpa tod dxraédpou ori mXeupd.. 

"Hx8w 8) dao too A onpetov rH AB cdOcia 
mpos opbas 4 AH, xai keicbw 4 AH ion 7H AB, 
Kat éemelevyOw 4 HI, ‘cai daé rot © emi rv AB 
KdBeros 7xOw 7 OK. kai eet SumdAGj eorw 7 
HA ris AI’: ton yap ) HA 79 AB- cis 8¢ } HA 
mpos tHv AT, ovtws % OK apos ri KT, duran 
dpa kat 4 OK ris KT. rerpamAdowov dpa ori 
70 do Tis OK 700 do ris KT: ra dpa amd rev 
OK, KT, dep eori +6 dé THs OF, mevranAdoidy 
€or. tod amd ris KT. ton 8¢ 4 OL 7H TB: 
mevramAdowv dpa éari ro dad tis BI’ rod dro 
tis TK. Kai émel Sumdq éorw 4 AB ris TB, dv 
9 AA rijs AB dor Sutdq, Aovr} dpa % BA Aourijs 
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square on the side of the pyramid [xiii. 13]. And 
‘AB is the diameter of the sphere ; therefore AZ is 
equal to the side of the pyramid. 

Again, since AA=2AB, therefore AB=3BA. But 
AB: BA=AB?: BZ? [vi. 8, v. Def. 9]; therefore AB? 
=3BZ%, But the square on the diameter of the 
sphere is also three times the square on the side of 
the cube [xiii. 15]. And AB is the diameter of the 
sphere ; therefore BZ is the side of the cube. 

And since AI'=I'B, therefore AB=2BI. But 
AB: BI'=AB?: BE* [vi. 8, v. Def. 9]. Therefore 
AB?=2BE2, But the square on the diameter of the 
sphere is also double of the square on the side of 
the octahedron [xiii. 14]. And AB is the diameter 
of the given sphere ; therefore BE is the side of the 
octahedron. 

Now let AH be drawn from the point A at right 
angles to the straight line AB, and let AH be made 
equal to AB, and let HI" be joined, and from 0 let 
OK be drawn perpendicular to AB. Then since 
HA=2AT (for HA=AB), and HA: AT=0K:kT 
(vi. 4], therefore OK=2KT. Therefore OK? =4KT?, 
Therefore OK?+KT?=5KIT?=OF [i. 47]. But 
OlF=TB; therefore BT?=5IK2. And since AB= 
21'B, and in them AA=2AB, therefore the remainder 
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ris AT éore SurAG. tpimAj dpa 4 BI ris TA: 
> ai La a cd 4 ~ ~ 2? i ~ 
évvatrAdowov dpa to amo THS BI rod amo ris TA. 
va 4 § 3 ‘ = a? \ Lond 
mevramAdawov d¢€ ro aro THS BI rod amo tHs TK- 
~ Ea \ > A ~ ~ > ‘ ~ 
peilov dpa 76 amd THs TK rot dao ris TA. 
peilwy dpa éoriy 7 TK ras TA. xeiobw ri TK 
ton 4 TA, wat azo roi A rH AB zpos dpbas 
Hxow % AM, kai éeeledy$w 4 MB. kai ézel 
mevramAdowyv é€ott TO and THs BI tod amo rigs 
TK, cat €ore ris pev BP duaAq AB, 7H Se TK 
dutAn % KA, wevramAdowv dpa éoti TO amd Ths 
AB tot amo ris KA. gore 5€é Kai 4 THs opai- 
pas Sudpetpos duvaper mevtamAaciwy tis eK Tob 
Kévtpov Tob KUKAov, ad’ od Td eikocdedpov ava- 
/ , > ¢ € Lol z 8 4 
yéypanrat. Kai éorw 7 AB % tis odalpas dia- 
petpos' 7 KA dpa ek tod Kévtpou éoti Tob 
«vkAov, ag’ 08 Td eikoodedpov dvayéyparrat 7 
KA dpa eayavov éori mAevpa tod cipnuevov 
KUKAov. Kal émel 4 Tis odaipas Sidperpos avy- 
Ketan €K TE THS TOD eLaywrov Kai dvo Ta&V TOD 
dexaywvov Tav eis Tov eipnuévov KUKAoV éyypa- 
fopevwv, Kal dorw 7 pev AB 7 THs odaipas 
duduetpos, 7 Sé KA éEaydvou mAcupd, Kai ton 7 
AK 79 AB, éxarépa dpa trav AK, AB dexaydvou 
€ati mAcupa Tod éyypadopevov eis Tov KvKAOY, ad’ 
od 70 eikoodedpov avayéypanrat. Kal émel dexa- 
yowov pev 7 AB, eEayadvou Sé 4 MA: ion yap 


> an > ~ 
eott TH KA, evel kai 7H OK- icov yap améxovow 





* Euclid’s procedure, in constructing the icosahedron 
inscribable in a given sphere, is first to construct a circle with 
radius r such that r?=1d2, where d is the diameter of the 
sphere. In this he inscribes a regular decagon, and from its 
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BA is double of the remainder AI. Therefore 
Br=30A; therefore BT?=90A% But BI?=5rK?; 
therefore [K2>TA?. Therefore TK>TA. Let TA 
be made equal to ['K, and from A Jet AM be drawn 
at right angles to AB, and let MB be joined. Then 
since BI?2=5T'K2, and AB=2Br, KA=2PK, there- 
fore AB?=5KA?. But the square on the dia- 
meter of the sphere is also five times the square 
on the radius of the circle from which the icosahedron 
has been described [xiii. 16, coroll.].¢ And AB is the 
diameter of the sphere; therefore K.\ is the radius 
of the circle from which the icosahedron has been 
described ; therefore K.\ is a side of the hexagon in 
the said circle [iv. 15, coroll.].. And since the diameter 
of the sphere is made up of the side of the hexagon 
and two of the sides of the decagon inscribed in the 
same circle [xiii. 16, coroll.], and AB is the diameter 
of the sphere, while KA is the side of the hexagon, 
and AK =AB, therefore each of the straight lines 
AK, AB is a side of the decagon inscribed in the circle 
from which the icosahedron has been described. And 
since AB belongs to a decagon and M.\ to a hexagon 
(for MA is equal to KA since it is also equal to OK, 


angular points draws straight lines perpendicular to the 
plane of the circle and equal in length to r; this determines 
the angular points of another decagon inscribed in an equal 
parallel circle. By joining alternate angular points of one 
decagon, he obtains a pentagon, and then does the same 
with the other decagon, but in such a manner that the angular 
points are not opposite one another. Joining the angular 
points of one pentagon to the nearest angular points of the 
other, he obtains ten equilateral triangles, which are faces of 
the icosahedron. He completes the procedure by finding the 
common vertices of the five equilateral triangles standing on 
each of the pentagons, which form the remaining faces of the 
icosahedron. 
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amd Tot Kévrpou: Kai éorw éxatépa trav OK, KA 
Sumdaciwy ris KD: wevraydvov dpa éoriv 7 MB. 
¢ x a“ cA * x ¢ ~ 3 a 

4 5€ too mevraydvov éotiv % Tot eixooaédpou: 
elxooaddpou dpa éoriv 7 MB. 

Kai éet 4 ZB xvBou éori mAeupd, rerprjobw 
Nv A 4 4 x 4 ‘ v 
dxpov kai pécov Adgyov xara to N, kal éorw 
peilov tpAua 76 NB- 4 NB dpa 8wdexaddpou éori 
mXevpa. 

Kai émei 4 ris odaipas Siduetpos edelyOn Tijs 
pev AZ adevpas ris mupapidos Suvdper jpwodia, 
tis 8€ rob dxraddpov tis BE Suvdper Simdaciwv, 
Tis 8€ tod KvBov tis ZB duvdpe rpimAaciwv, 
oiwy dpa % Tis odaipas Sidperpos Suvdper €€, 
TovovTwy 7 pev THs Tupapidos Tecadpwr, 7% Sé TOD 
dxraddpou tpidv, % Sé rod KUBou dvo. H pév 
dpa Tis mupapisos mAeupa tis pev TO dKTaedpov 
XA ~ Ps) , ? +) > Ls ~ de ~ ‘4 
mAevpas Suvdpe eotiv éxirpitos, Tis 5€ Tod K¥Bov 
Suvaper SurdH, 4 5é rob éxradSpov Tis Too KUBov 

Ae % pou 7H 
duvder Husodia. al pev obv eipnpéevar THY Tpidv 
oxnudtwv mrevpai, Aéyw 817) mupapidos Kal dxTa- 
édpov Kai xvBov, mpos aAAnAas elow ev Adyots 
pyrois. at 8€ Nowrai So, Aéyw Sy Y TE TOO 

> a 
eikogaddpou Kai 4 Tod Swdexaddpov, ovTe mpds 
> l4 
aMijras obre mpds tas mpoetpyuévas ciciv ev 
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being the same distance from the centre, and each 
of the straight lines OK, KA is double of KT), there- 
fore MB belongs to a pentagon [xiii. 10, i. 47]. But 
the side of the pentagon is the side of the icosa- 
hedron [xiii. 16]; therefore MB is a side of the icosa 
hedron. 

Now, since ZB is a side of the cube, let it be cut 
in extreme and mean ratio at N, and let NB be the 
greater segment ; therefore NB is a side of the dode- 
cahedron [xiii. 17, coroll.].¢ 

And, since the square on the diameter of the sphere 
was proved to be one-and-a-half times the square on 
the side AZ of the pyramid, double of the square 
on the side BE of the octahedron, and triple of the 
square on the side ZB of the cube, therefore, of parts 
of which the square on the diameter of the sphere 
contains six, the square on the side of the pyramid 
contains four, the square on the side of the octa- 
hedron contains three, and the square on the side of 
the cube contains two. Therefore the square on the 
side of the pyramid is four-thirds of the square on 
the side of the octahedron, and double of the square 
on the side of the cube ; while the square on the side 
of the octahedron is one-and-a-half times the square 
on the side of the cube. The said sides of the three 
figures, I mean the pyramid, the octahedron and the 
cube, are therefore in rational ratios one to another. 
But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in 
rational ratios either to one another or to the afore- 


* To construct the dodecahedron inscribable in a given 
sphere Euclid begins with the cube inscribed in the same 
sphere, and draws pentagons having the edges of the cube as 
diagonals. 
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Adyous pyrois: Groyo. ydp ciow, h pev eAdtrwv, 
 O€ amoTopy. 
"Ort peilwy eoriv 4 Tod eixocaddpov mAeuvpa 1 
MB ris tod Swdexaddpov THs NB, detEopev odtws. 
"Emel yap tcoywvidv éort 76 ZAB tpiywvov tO 
ZAB Tpryavey, dvdhoyov eo ws 7 AB mpos tiv 
BZ, ottws 74 BZ mpos Ty BA. Kat! eet Tpets 
ebOcias _dvddoyov clow, éorw Ws Wy mpwaTH mpos 
™7Y Tpirny, ovTWs TO amo Tis mparns mpos TO 
amo Tijs Seurépas’- éorw dpa ws a] AB mpos THY 
BA, ovtws 70 amd tis AB apos 76 amd tH BZ- 
eudealiv dpa ws 7 AB mpos tv BA, otrws ro 
ano tis ZB mpos 76 ao ths BA. tperaAq 5€ 7 
AB ris BA: rpurAdovov dpa 7d aad tTHs ZB rob 
amd tis BA. éore 5é Kai to and ths AA rob 
ano ths AB retparAdawov: diAq yap 4 AA rijs 
AB: petlov dpa 76 amo tis AA tod ano rhs ZB: 
peilwy dpa 7 AA ris ZB 7oAAS dpa 4 AA rijs 
ZB peilwy éeoriv. Kal THs pev AA dpov Kat 
péoov Adyov Tepvopevns TO petlov THAIS éorw 7 
KA, ézedirep 7 Hey AK éSaydvov coriv, H de 
dexayesvou- THs 6€ ZB dicpov Kat peéoov Adyov 
Tepvomerns TO ae THA éorw 7 NB: peifoov 
dpa 7) KA TAs. NB. ton 6é€ 4 KA 7H AM: peiley 
dpa 7 AM ris NB [ras b¢ AM peilwv eorlv 7 
1 kat émet.. . Seurépas. ‘‘ Miramur, cur haec definitio hoc 
loco omnibus verbis citetur, praesertim forma parum Euclidea, 
cum tamen antea in hac ipsa propositione toties tacite sit 


usurpata. itaque puto, verba «ai évet... Sevrépas subditiva 
esse.”’—Heiberg. 





* If r be the radius of the sphere circumscribing the five 
regular solids, 
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said sides; for they are irrational, the one being 
minor (xiii. 16], the other an apotome [xiii. 17].¢ 

That the side MB of the icosahedron is greater than 
the side NB of the dodecahedron we shall prove thus. 

For since the triangle ZAB is equiangular with the 
triangle ZAB [vi. 8], the proportion arises, \B : BZ = 
bZ:BA [vi. 4]. And since the three straight lines 
are in proportion, as the first is to the third, so is 
the square on the first to the square on the second 
[v. Def. 9]; therefore 1B: BA=.\B?: BZ?;  there- 
fore, inversely, AB:BA=ZB?:BA% But AB= 
3BA; therefore ZB?=3BA2, But AA\?=4AB2, for 
AA=2\B; therefore AA?>ZB?; therefore AA> ZB; 
therefore A.\ is by far greater than ZB. And, when 
AA is cut in extreme and mean ratio, KA is the 
greater segment, since AK belongs to a hexagon. 
and KA to a decagon [xiii. 9]; and when ZB is cut 
in extreme and mean ratio, NB is the greater seg- 
ment; therefore K.\ is greater than NB. But 
KA=AM; therefore AM>NB. Therefore MB, 


side of pyramid =3/6.r 
side of octahedron = \2.7 
side of cube =3.3-9 
side of icosahedron =F /10(5- \5) 


side of dodecahedron =5( /15- ’8). 


In the sense of the term irrational as used by Euclid’s pre- 
decessors and by modern mathematicians, all these expres- 
sions are irrational ; but in the special sense of Eucl, Hlem. 
x. Def. 3, the first three are rational, because their squares are 
commensurable one with another. The fourth and fifth 
expressions are irrational even in Euclid’s sense, belonging 
to two species of irrational lines investigated in Book x. 
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MB]. mod dpa a MB zAevpa odca 706 
eixoaaedpou peetlooy éort tis NB mAcupas ovens 
Tod Swdexaddpou Gmep der Sei~ar. 


Aéyw 8, ote mapa Ta. etpnpeva mevre oxjpara 
od avaTabycera & erepov ox7pa, TeplexOpLevov bm 
igomAedpw Te Kal looywviay iow adAnAots. 

‘Yo ev yap S00 rpiywvwr 7 dAws an 
oTeped ywvia ov ovviorarar. to dé Tpiddv Tpl- 
ywvev Tis mupapidos, to Sé Tecodpwy Tob 
Gxraddpov, vid d€ mévTE 4 TOD eixocaddpou" bm 
be ef tTprydvew ioomAedpev TE Kal iooyevicoy mpos 
evi onpetep guviaTapevay od Eorat oTeped. yeovia 
ovens yap Tis Tob tcomevpou Tpeyevov yevias 
Sipotpov opOAs éoovrat at && Téooapow opBais 
ioau: Orrep adin arov daca yap oreped yovia dnd 
eAacodvev 7) q Teaodpey opbav TEpleXETaL. dua 7a 
avra 89 ovde b70 Treidvew 7 q €& ywudy émimédwv 
areped ywvia owviorarat. 

‘Yo &€ retpaydve:y tpidv 4 rob KUBov ywria 
mepiéxeTat’ bird Sé Tecodpwv advvarov: EgovTat yap 
mdAw Téscapes dpbat. 

‘Tro 8€ mevraydévwy icomrAc¥pwv Kai icopwriwy 

770 y p oywvie, 
bod ev TpLOv 7 TOD Swoexaddpov: U6 bé Tecodpwv 
advvarov' ovens yap Tis Tod mevraywvou igo- 
TAevpou yevias opbys Kal méumrov, éoovrat at 
Téooapes ywriat tecodpwyv dp0av peilous: Srep 
advvarov. 

Ovdse piv ta mroduyosvev érepuv oxnudroov 
mepraxeOrjoerat oreped, yeavia dia TO abro dromov. 

Otn dpa mapa ra ecipncva mévre oxTpara 

1 ris... MB del. Heiberg. 
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which is a side of the icosahedron, is much greater 
than NB, which is a side of the dodecahedron ; which 
was to be proved. 


I say now that xo other figure, besides the said five 
figures, can be constructed so as to be contained by equi- 
lateral and equiangular figures equal one to another. 

For a solid angle cannot be constructed out of two 
triangles, or, generally, planes. With three triangles 
there is constructed the angle of the pyramid, with 
four the angle of the octahedron, with five the angle 
of the icosahedron ; but no solid angle can be formed 
by placing together at one point six equilateral and 
equiangular triangles ; for inasmuch as the angle of 
the equilateral triangle is two-thirds of a right angle, 
the six will be equal to four right angles ; which is 
impossible, for any solid angle is contained by angles 
less than four right angles [xi. 21]. For the same 
reasons no solid angle can be constructed out of more 
than six plane angles. 

By three squares the angle of the cube is contained ; 
but it is impossible for a solid angle to be contained 
by four squares ; for they will again be four right 
angles [xi. 21]. 

By three equilateral and equiangular pentagons 
the angle of the dodecahedron is contained ; but by 
four it is impossible for a solid angle to be cou.:ained ; 
for inasmuch as the angle of the equilateral pentagon 
is a right angle and a fifth, the four angles will be 
greater than four right angles ; which is impossible 

xi. 21]. 
: Nor yl a solid angle be contained by any other 
polygonal figures by reason of the same absurdity. 

Therefore no other figure, besides the said five 
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oo ~ 4 ? 
erepov axa orepeov ovvtabyjcetat wm0 ico- 

ta oe 
mAcvpwv Te Kal looywviwy Tepieydpevov' Oo7Ep 
ede SetEar. 


(c) Tue Data 
Eucel., ed. Heiberg-Menge vi. 2. 1-15 
"Opoe 


a’. Acdopéva 7TH peyeber réyerar ywpia TE Kat 
ypappat Kat ywriat, ols Suvdépeba ica mopicacbar. 

B’. Adyos SeSdc8a A€yeTar, @ Suvdpeba Tov 
avTov tropicacba. 

y’. Eddvypaypa oyjpata 7@ cider Seddc0ae 
déyerar, Sv ai re ywviat SeSopévar clot Kata piav 
4A © , A A \ > , f 
Kai of Adyou THY TAEvpHv Tpds aAAAas SedopEvor. 

3. TH Odoe Sedd00a A€yovrar onuetd Te Kab 
ypappat Kal ywriat, & tov adrov dei Témov éréxet. 
, , ~ / , , e 
e’. Kukdos 7H peyéBer SeSdc8ae Aéyerar, ob 
Fé € > a Ht Y ~ / i 
dddorar } ex Tov KéevTpov TH peyeGer. 
s’. TH béce 8é Kal 7H peyeber KvKdos Sedd08ae 
Adyerar, o8 SédoTat TO pev KEVTpOV TH Bécer, » S5€ 
ex tod Kévtpov T@ peyéOer. 


(d) Tue Porisms 


Procl. in Eucl. i., ed Friedlein 301. 21-302. 13; Eucl., 
ed. Heiberg-Menge viii. 237. 9-27 


o ~ ~ , * 

Ev se rév yewperpixav €oTrw dvopaTtwy To 

/ ~ ~ ‘\ 
mopiopa. todro S€ onuatver Surrdv: Kadodar yap 





* Euclid’s Data (Ae8opéva) is his only work in pure geo- 
metry to have survived in Greek apart from the Elements. 
(His book On Divisions of Figures has survived in Arabic, 
v. supra, p. 156 n. c.) It is closely connected with Books 
i-vi. of the Elements, and its general character will be suffi- 
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figures, can be constructed so as to be contained by 
equilateral and equiangular figures ; which was to 
be proved. 
(c) Tue Data? 
Eucl., ed. Heiberg-Menge vi. 2. 1-15 
Definitions 


1. Areas, lines and angles are said to be given in 
magnitude when we can make others equal to them. 

2. A ratio is said to be given when we can make 
another equal to it. 

8. Rectilineal figures are said to be given in species 
when their angles are severally given and the ratios 
of the sides one towards another are also given. 

4. Points, lines and angles are said to be given in 
position when they always occupy the same place. 

5. A circle is said to be given in magnitude when 
the radius is given in magnitude. 

6. A circle is said to be given in position and in 
magnitude when the centre is given in position and 
the radius in magnitude. 


(d) Tue Porisms 


Proclus, On Euclid i., ed. Friedlein 301. 21-302. 133 
Euel., ed. Heiberg-Menge viii. 237. 9-27 


Porism is one of the terms used in geometry. It 
has a twofold meaning. For porisms are in the first 


ciently indicated by these first few definitions. The object 
of a proposition called a datum is to prove that, if in a figure 
certain properties are given, other properties are also given, in 
one or other of the senses defined in the definitions. Pappus 
included the book in his Téaos dvaducpevos (Treasury of 
analysis). 

479 


GREEK MATHEMATICS 


mopiopata, Kal doa Oewpryyata ouyKaraaKenrd- 
Cerat tais di\Awv amodeteow olov Eppata Kal 
Képdn tav CyrovvtTwy imdpyovra, Kai daa Cnreirar 
pev, edpéoews 8€ ypyler Kai ove yevécews porns 
ovre Bewptas dahijs. Ort pev yap TeV ioooxehav 
at mpos TH Bdoe t toa Dewpioa bel, Kal OvTwr oy} 
Two" mpaypdrov eoriv 7 Towarn yraats. THY 
de yooviav diva Tepetv 7 Tptywvov ovaricacbat 7 q 
adereiv 7 mpocbéc0a,’ tatra mavta moinoly Twos 
drracret tot dé do0bdvTos KUKAOV TO KevTpov 
ebpetv, 7 80 Sobevreny OULMETPOV peyebav 70 
peeyvorov Kai Kowev pérpov etpelv, | } Oca Todse, 
perald mas éeott mpoBAnudtwv Kal Oewpyudrwv. 
ovre yap vevéoess elow év tovrois TOV Cnroupevww, 
an’ edpéceis, ovre  Gewpia Yury. Set yap om ays 
adyayeiv Kat mp0 OHH aTOV moujoaobar TO Snrov- 
pevov. Tovatra dpa €ariv kat doa Edxdeidys zopt- 
apara yéypage, y BiBdia Topiopdtwv ovvrd£as. 

Papp. Coll. vii., ed. Hultsch 648. 18-660. 16; Eucl., 

ed. Heiberg-Menge viii. 238. 10-243. 5 

Mera Sé tas "Ezadas év tpiot BiBAious Topicpard 
€or EvxaAeiSou, toAdots Gbpotcpa diAotexverarov 
els thy dvdAvow tadv éeuBpibecrépwv mpoBdAn- 
pdtwy ... 


1 sw» Heiberg, rav codd. 
3 rpoobdcPa Heiberg, 0éc8a codd. 





* A porism in this sense is commonly called a corollary. 

> Euclid’s Porisms has unfortunately not survived, which 
is a great misfortune as it appears to have been the most 
original and advanced of all his works. Our knowledge 
of its contents comes solely from Pappus. 

* Pappus is describing the books comprised in his Tézos 
dvadvepevos (Treasury of Analysis). He proceeds to give an 
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place such theorems as can be established by means of 
the proofs of other theorems, being a kind of windfall 
or bonus in the investigation 7; ‘and in the second 
place porisms are things which are sought, but need 
some finding, being neither brought into existence 
simply nor ‘yet investigated by theory alone. For 
to prove that the angles at the base of an isosceles 
triangle are equal is a matter for theoretic inquiry 
only, and such knowledge is of certain things already 
in existence. But to bisect an angle or to construct a 
triangle, to cut off or to add—all these things require 
the making of something ; and to find the centre of a 
given circle, or to find the greatest common measure 
of two given commensurable magnitudes, and so on. 
is in some way intermediate between problems and 
theorems. For in these cases there is no bringing 
into existence of the things sought. but a finding of 
them ; nor is the inquiry pure theory. For it is 
necessary to bring what is sought into view and to 
exhibit it before the eves. To this class belong 
the porisms which Euclid wrote and arranged in his 
three books of Porcems.® 


Pappus. Collection vi. ed. Hultsch 6 #8, Es -660, 16 5 
Fucl. ed. Heiberg-Menge vii. 255. 10 283, 5 

After the Contacts (of aay come, in three 
books, the Porisms of Euclid. a collection most skil- 
fully framed. in the opinion of many, for the analysis 
of the more weighty problems ° 
explanation of the term porism as used by Euclid with which 
Proclus’s account is in substantial agreement. In addition, 
he gave another detinition by “ more recent geameters “(dae 
Tay vewrépwr), Viz., "4 porism is that which falls short of a 
locus-theorem in respect of rts hypothesis” (mopeopd ear 76 
Acirov brofécer TomiKOd Dewpypatos). 
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A. 4 4A ~ ra ge 
TlepiAaBeiv 5é moAAd pd mpordoe Fxtora Svva- 
Tov ev ToUTOLS Ota TO Kal adrov EdKAcidny od 7oAAd 
e£ éxdotrov eciSous tefeikévar, adda dSeiyparos 
évena éx rhs moAumAnbetas ev 7 dXdiya. pos 
apy S¢ éuws® rod mpwrov PiBriov réGetkev dpo- 
eon tTwa® éxetvov tod SaisiAcordpou eidovs THY 
ToTwv, WS itd TAROOS. SiO Kat weptAaPetv ravTas 
~ a > a, ¢ - C4 > id 
ped mpordoes evdeydpuevov edipdvres otTws éypa- 
24 ci , n” , , % > .7 ~ 
apev: €av brriov } mapumriov tpia Ta emi pds 
onpeia [9 mapadArjrov tis érépas 7a Svo]* Se- 
Souéva 7, Ta 8 Auta TARY évds aaTnTAL Oéoet 
SeSopevns <dbcias, Kat 7060’ diberar Oéoer Sedo- 
pérvns edOcias. robr’ emi reacdpwv pev edberciv 
eipyntar povey, dv od mAcioves 7 S80 Sia Tob abrod 
, > 4 > ~ A > ‘ \ ~ 
onpeiov ciciv, ayvoeirat S¢ emi mavtdos Tot mpo- 
1 & % Littré, Ga Hultsch. 
2 8 duws Heiberg, deSouévov cod. (sequente lacuna) del. 
Hultsch. 


* twa Heiberg, wav cod., mdr’ Hultsch. 
4 4... ddo interpolatori trib. Hulisch. 





* The four straight lines are described in the Greek as (the 
sides) tarriov 4 mapumriov, i.e., as the sides of supine and 
hyper-supine quadrilaterals. Robert Simson (Opera quae- 
dam reliqua, p. 348) explains a Uariov cxfpa as being of the 
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Now to comprehend many propositions in one 
euvunciation is far from easy in these porisms, because 
Euclid himself has not given many of each species, 
but out of a great number he has selected one or a 
few by way of example. But at the beginning of the 
first book he has given certain allied propositions, ten 
in number, from that more abundant species con- 
sisting of loci. Finding that these can be compre- 
hended in one enunciation, we have therefore written 
it out in this manner : If, in a system of four straight 
lines which cut one another two and two, the three points 
[of intersection] on one straight line be given, while the 
rest except one lie on different straight lines given in posi- 
tion, the remaining point also nill be on a straight line 
given in posttion.* This has been enunciated in the 
case of four straight lines only, of which not more 
than two pass through the same point, and it is not 
nature of (1) in the accompanying diagrams, while (2) and 
(3) are wapimria cxjpara. He also explained the correct 


E te a 
~~. Pars ft B 
\ see a BY : ' 
A Cc ED F E 
A D 
D c * . 
@) (2) (3) 


meaning of the rather loose proviso, ra 8€ Aoura wAqw évds 
dmrnra Ode Sedopévns edhcias. Applied to these figures, 
the enunciation states that if A, B, F are given, while the loci 
of C and D are straight lines, then the locus of E is also a 
straight line. 
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Tewopuevov mAnVous adnbés brdpyov odtws Aeyo- 
pevov’ éav drocaoéy edfeiat réuvwaw adAjAas, 
pn tAcioves 7 S00 Sua Tos adbtod onpeiov, mdvTa 
dé emi pds abradv SeSopeva F, Kal trav emi érépas 
exaoroy anrnra Oéaer SeSopévys edbeias, 7 Kab- 
oAtKkwrépay ottws: av drrocatoty edOectar Tévwow 
dAAHjAas, p47) TActoves 7 SVo Sia TOO adroo onpeiov, 
mdvra $€ ta emi pias adrav onpeta Sedopeva 7, 
Tov dé AoiT@v TO TAROOS éydvtwy Tpiywvov dpiOpov 
% mAeupa todTov exaotov éxn onpetov anrdopevov 
eddcias Oéoe Sedoperns, Tav tpidv pH mpds 
ywviats drapydvrwy tprywvou ywpiov, eKacTov 
Aowrov onpetov deta Oéoer Sedouevyns edOeias. 
tov b€ LrowyewwrHy ovK eikds ayvojoae ToOTO, THY 
8 apyiy povnv rd€ar. . . . 

"Eyer 5é 7a tpia BiBdia r&v Tlopeopdrwv drjp- 
para An, adra S¢ Gewpnydtwv éoriv poa. 





* Se. a triangle having as its sides three of the given straight 
ines. 

* The meaning of this enunciation was discovered by 
Simson, and is given by Loria (Le scienze esatte nell’ antica 
Grecia, p. 256 n. 8) as follows: “ If a complete n-lateral be 
deformed so that its sides respectively turn about ” points on 
a straight line, and (n— 1) of its 4n (n~ 1) vertices move each 
on a straight line, the remaining $(n— 1)(n- 2) of its vertices 
likewise move or straight lines ; provided that it is not possible 
to form with the (n~ 1) vertices any triangle having for sides 
the sides of the polygon.” We may sympathize with the 
frank confession of Edmond Halley (Apollonii Pergaei De 
sectione rationis, p. xxxvii) that he could make no sense out 
of this passage, 
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generally known that it is true of any assigned 
number of straight lines when thus enunciated: If 
any number of straight lines cut one another, not more 
than tno passing through the same point, and all the 
points [of intersection] on one of them be given, and if 
each of those which are on another lie on a straight line 
given in position—or still more generally in this 
manner: If any number of straight lines cut one 
another, not more than tno passing through the same 
point, and all the points [of intersection] on one of them 
be given, while of the remaining points of intersection, in 
multitude equal to a triangular number, a number corre- 
sponding to the side of this triangular number lie respect- 
ively on straight lines given in position, provided that of 
these latter points no three are at the vertices of a triangle,* 
each of the remaining points nill lie on a straight line 
given in position.» The writer of the Elements was 
probably not unaware of this, but he merely laid 
down the principle.* . . . 

The three books of the Porisms involve 38 lem- 
mas ?; of the theorems themselves there are 171.° 


¢ Pappus proceeds to state in order 28 propositions from 
Euclid’s work. 

4 Pappus gives these lemmas to the Porisms (Pappus, 
ed, Hultsch 866. 1-918. 20; Eucl. ed. Heiberg-Menge viii. 
243, 10-274. 10). 

¢ The reconstruction of the Porisms has been one of the 
most fascinating inquiries pursued by students of Greek 
mathematics, and thereby Chasles was led to the idea of 
anharmonic ratios. Further details will be found in Loria, 
loc. cit., pp. 253-265, Heath, H.G..M. i. 431-438, and Iam 
greatly indebted to the translations and notes in these works. 
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(e) Tue Conics 
Papp. Coll. vii. 30-36, ed. Hultsch 672. 18-678. 24 


Ta Edkrcidov (BiBria 5 Kevirdy ’ AroAAwvi0s 
dvarAnpaoas kal mpoobeis érepa 5 mrapédwKev 7 
Kevixdiv TEvXN. *Aptoraios 8€, ds yéeypage Ta 
pexpe Tob viv dvadiSopeva aTepe@y Tome TEvYN 
€ ovveyf Tois Kwvikois, éxdAe [Kai ot po “ArroA- 
Awviov}* Tov tpidv Kwvikdy ypappav THY bev 
oEvywvion, ay de dpPoywviov, tiv d€ auprAvywriov 
Kebvou TOP. i Ga év dé dnow [se. AzoMdmos] 
év TO Tpire Tomov emi 7 ro 8 ypappas pn TeAEw- 
Ojjvan bao EvxaAcidov, 088’ av adros 7Suv7i0n 00d 
dAAos oddeis GAA’ odd puKpdv TL mpoabeivar Tots 
tro EdxaAcidov ypadetow* did ye povwv T&v mpo- 
dcderypevwv dn Kwrvikav dxypt tov Kat’ EKv- 
KAeidnv, ws Kal adros paptuped Adywv advvatov 
elvar reAewwOqvar, ywpis dv atros mpoypdadev 
jvaykacbn. 6 &€ Evxdreidns dmodexdpevos tov 
"A tov dftov dvra ef’ ols dn mapadedwxer 

ptoratoy a on Trap 
Kwvikois, Kal uy POdoas } py Oedjoas éemKarta- 
BdAAcofan TovTwy Thy abriy mpaypareiay, €rvEt- 
KéoTaTos @v Kal mpos dmavras edpevns Tovs Kat 
KaTa moaov ovvavfew Svvayevous Ta pabrjpara, 
ws bef, Kal pydauds mpooxpovorikds vrrapxwv, 
kat axpiBys ev odk aAaloviKes S€ Kabdrep obTos, 
Goov Suvardv Hv Sei€ar Too témov bia THv éKeivov 


1 Kal of mpd ’AmoAAwviov del. Hultsch. 
2 dd’... ypadeiow del. Hultsch. 








* Euclid’s Conics has not survived, but an idea of its con- 
tents can be obtained from Archimedes’ references to pro- 
positions proved in the Elements of Conics (év rots xwvixois 


486 


EUCLID 


(e) Tue Contcs ¢ 


Pappus, Collection vii. 30-36, ed. Hultsch 672. 18-678. 24 


Apollonius, who completed the four books of 
Euclid’s Conics and added another four, gave us eight 
books of Contes. Aristaeus, who wrote the still extant® 
five books of Solid Loci supplementary to the Conics, 
called the three conics sections of an acute-angled, 
right-angled and obtuse-angled cone respectively. 
. .. Apollonius says in his third book that the 
“locus with respect to three or four lines” had not 
been fully worked out by Euclid, and in fact neither 
Apollonius himself nor anyone else could have added 
anything to what Euclid wrote, using only those 
properties of conics which had been proved up to 
Euclid’s time ; as Apollonius himself bears witness 
when he says that the locus could not be fully in- 
vestigated without the propositions that he had been 
compelled to work out for himself. Now Euclid 
regarded Aristaeus as deserving credit for his con- 
tributions to conics, and did not try to anticipate him 
or to overthrow his system ; for he showed scrupulous 
fairness and exemplary kindness towards all who 
were able in any degree to advance mathematics, and 
was never offensive, but aimed at accuracy, and did 
not boast like the other. Accordingly he wrote so 
much about the locus as was possible by means of 
arovxeiors), 2 term which would cover the treatises both of 
Aristaeus and of Euclid. The Surface-Loci and the Porisms 
of Euclid appear to have contained further developments in 
the theory of conics. 

> This has been taken to imply that Euclid’s Conics was 
already lost when Pappus wrote. Nothing more is known 
of this Aristaeus, unless he is identical with the Aristaeus said 


by Hypsicles (Eucl. ed. Heiberg-Menge v. 6. 22-23) to have 
written a book called Comparison of the Five Regular Solids. 
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Kwrixav éypaev, otk einav rédos exew 76 
detxvipevov. TOTE yap wv avayKaiov éfeAdycewv, 
vov & obdapas, éretrot Kat abtos ev Tots Kwvixois 
areAq Ta TAcioTa KaTadimav odk edOUvEeTaL. mpo0- 
Detvar S€ TH TémW Ta AEtTopeva SedUvyTAL TpO- 
pavracimbeis tots td EdxdeiSou yeypappeévors 
70n Tept Tob Tém0Uv Kal ovoxoAdcas Tois tnd 
EvkAetdov pabyrais ev °Adretavipeia metorov 
xpovov, dlev oye Kat tHv ToatTyy e€w odK 
apaby. 

Odros 8€ 6 emi ¥ Kai 5 ypapypds Téros, ed? & 
Héya gpovet mpocbels ydpw ddeidew cidévar TH 
mpadrw yparbavte, Towwodrds €orw.' eav ydp, Oéce 
dedopevuv tpidv edOedv, and twos tod adbrod? 
onueiov Katax0dow emi tas tpeis ev Sedopevais 
ywvias evOeiar, Kai Adyos 7 So0eis Tod tid Svo 
KaTHYyLEvwV Teptexopevov sploywviou mpds TO aro 
Tijs Aouris tetpdywvov, 76 onpeiov diberar Oéoer 
dedouevov atepeod rém0v, TovréoTw judas TaV 
Tplav KwviKdY ypappav. Kai édav emt § edbelas 
Bécer Sedopevas Kataybdow edbeiar ev SeSopévais 
ywviats, Kat Adyos 7 Sobeis rod bd So Karny- 
pévwv mpds TO tro TeV Aowmdv S00 KaTHypEvwr, 
dpoiws TO onpeiov diberas Oéoer SeSouevns Kavov 
TOMAS. 

+ 6 8€ Evxdetns . . . rowodrés éotw “ scholiastae cuidam 
historiae quidem veterum mathematicorum non imperito, sed 
qui dicendi genere languido et inconcinno usus sit” tribuit 


Hultsch. 
2 rod avroé del. Hultsch. 





* The three-line locus is, of course, a particular example of 
the four-line locus. It seems clear that Apollonius himself 
did not have a complete solution of the four-line locus, but 
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the Conics of Aristaeus, but did not claim finality for 
his proofs. If he had done so, we should have been 
obliged to censure him, but as things are he is in 
no wise to blame, seeing that Apollonius himself is 
not called to account, though he left the most part 
of his Conics incomplete. Moreover Apollonius was 
able to add the lacking portion of the theory of the 
locus through having become familiar beforehand 
with what had been written about it by Euclid, and 
through having spent much time with Euclid’s pupils 
at Nlexatdea., whence he derived his scientific habit 
of mind. 

Now this “‘ locus with respect to three and four 
lines,” the theory of which he is so proud of having 
expanded—though he ought rather to acknowledge 
his debt to the original author—is of this kind. ‘Tf 
three straight lines be given in position, and from 
one and the same point "straight lines be drawn to 
meet the three straight lines at given angles, and if 
the ratio of the rectangle contained by two of the 
straight lines towards the square on the remaining 
straight line be given, then the point will lie on a 
solid locus given in position, that is on one of the 
three conic sections. And if straight lines be drawn 
to meet at given angles four straight lines given in 
position, and the ratio of the rectangle contained by 
two of the straight lines so drawn towards the rect- 
angle contained ‘by the remaining two be given, then 
in the same w ay the point will lie on a conic section 
given in position.? 
his Conies iii. 53-56 [Props. 74-76] amounts to a demonstra- 
tion of the converse of the three-line locus, viz., if from any 
point of a conic there be drawn three straight lines in fixed 


directions to meet respectively two fired tangents to the conic 
and their chord of contact, the ratio of the rectangle contained 
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Eucl. Phaen. Praef., Eucl. ed. Heiberg-Menge viii. 6. 5-7 


> A A ~ hal Fe > 4 ~ A 

Eav yap x@vos 7 KvAwdpos emirrédw tenOA pr) 
mapa Ty Béow, u] Top ylyverat d€vywviov Kwvov 
TOMA, ATis eoTw dpoia Ouped. 


(f) Tue Surrace-Locr 
Papp. Coll. vii., ed. Hultsch 636. 23-24 


Etkrcidsov Térwy t&v mpos éemdaveta p. 


Procl. in Eucl. i., ed. Friedlein 394. 16-395. 2 


Kad@ S€ romnda pév, dcos tadbrov ovuTTwpya 
mpos GAw Til Témw ovpBeBynKev, Térrov Sé ypappys 
h emdaveias Oaw movotcav év Kai tadrov ovp- 
TTWUA. THY yap TOTLK@Y TA [eV OTL TPOS Ypap- 
pais ovvordpeva, Ta 5é mpos emipaveiats. Kat 
éei0n) THY ypaypav ai pév elow eémimedot, ai dé 
orepeai—enimedou prev, dv ev éemmédm andy 7 
vonats, ws THs edOeias, orepeat dé, dv 7 yéveois 
éx Twos Towns avadaiverar oTepeod oxTpatos, ws 
THs KvAWwSpiKys eAtKos Kai TOV KwWULKOY ypappLav 








by the first two lines so drawn to the square on the third line is 
constant. For a solution and full discussion of the four-line 
locus, reference should be made to Zeuthen, Die Lehre von 
den Kegelschnitten im Altertum, pp. 126 ff., or Heath, dpol- 
lonius of Perga, pp. exxxviii-cl. 

* Euclid’s Phenomena is an astronomical work largely based 
on two treatises by Autolycus of Pitane (c. 315-240 B.c.) 
which are also extant. 

> Menaechmus is believed to have discovered the conic 
sections as sections of a right-angled, acute-angled and 
obtuse-angled cone respectively by a plane perpendicular 
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Euclid, Preface to Phenomena,* Eucl. ed. Heiberg-Menge 
viii. 6. 5-7 
If a cone or cylinder be cut by a plane not parallel 
to the base, the resulting section is a section of an 
acute-angled cone which is similar to a shield.’ 


(f) Tue Survrace-Loct 
Pappus, Collection vii., ed. Hultsch 636. 23-24 
Euclid’s two books of Surface-Loci.° 


Proclus, On Euclid i., ed. Friedlein 394, 16-395. 2 


I call locus-theorems those which deal with the 
same property throughout the whole of a locus, and 
a locus I call a position of a line or surface which has 
throughout one and the same property. Some locus- 
theorems are constructed on lines and others on 
surfaces. Furthermore, since lines may be plane 
or solid—plane being those which are simply gener- 
ated in a plane, like the straight line, and solid those 
which are generated from some section of a solid 
figure, like the cylindrical helix or the conic sections 


to a generating line. This passage shows that Euclid, at 
least, was also aware that an ellipse could be obtained as a 
section of a right cylinder by a plane not parallel to the base, 
and the fact may well have been known before his time; 
Heiberg (Literdrgeschichtliche Studien iiber Euklid, p. 88) 
thinks that Menaechmus probably used @upeds as the name 
for the ellipse. 

¢ This entry is taken from the list of books in Pappus’s 
Témos avadvépevos (Treasury of Analysis). The work is 
lost, but we can conjecture what surface-loci were from 
remarks by Proclus and Pappus himself, and we can get some 
idea of the contents of Euclid’s treatise from two lemmas 
given to it by Pappus. 
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~ a ~ 8 
—dainv dv Kal t&v mpos ypappais TomuKav Ta 
cf A 3 4 
pev enimedov exew ToTov, Ta dé aTEpeoV. 


Papp. Coil. vii. 312-316, ed. Hultsch 1004, 16-1010. 15 3 
Eucl. ed. Heiberg-Menge viii. 274. 18-278. 15 
Eis rods mpos émpaveia 
a’, “Edy 7 «d0eta 7 AB kai mapa Oéoe 7 TA, 
kal 7 ASdyos to xd AAB mpés 76 ard AT, ro 


r 


A E B 


A A B 


dnrerar Kwvikis ypaupys. éav odv 7» pev AB 
orepnOh Tis Pecews, Kai ta A, B orepnOyG 0d 
Sobévra' eivar, yevnrat S€ mpos Géoer edOeiats* Tals 
AE, EB, 76 I perewpiobev yiverar mpos Oéoe 
émaveia. tobiro Sé édetxOy. 

B’. "Edy # Oéoe edOcia AB kai dobev vo F 

1 $00é7a Heiberg, So8évros cod., Hultsch. 
2 ed0elars Tannery, ed0cia cod. 





* From this passage, confirmed by Eutocius, line-loci 
would appear to be loci which are lines, and surface-loci 
would seem to be loci which are surfaces. Pappus, in Coll. 
iv. 38, ed. Hultsch 258. 20-25, implies, however, that surface- 
loci are loci traced on surfaces, and he gives the cylindrical 
helix as an example of such a locus. Cf. supra, p. 318 n. a. 
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—it would appear that line-loci may be plane loci 
or solid loci.“ 


Pappus, Collection vii. 312-316, ed. Hultsch 1004. 16- 
1010. 15; Huel. ed. Heiberg-Menge viii. 274. 18-278. 15 
Lemmas to the Surface-Loci 


1. If AB be a straight line and I\ be parallel io 
a straight line given in position, and if the rat.o 





AA. AB: AT? be given, the point I’ lies on a conic 
section. If AB be no longer given in position and 
A, B be no longer given but lie on straight lines 
AE, EB given in position, the point I’ raised above 
[the plane containing AE, EB) is on a surface given 
in position. And this was proved.? 

2. If AB be a straight line given in position, and 


> The Greek text and the figure in it (given on the left-hand 
page) are unsatisfactory, but Tannery pointed out that by 
reading ev@edas instead of edfeia a satisfactory meaning can 
be obtained (Bulletin des sciences mathématiques, 2° série, 
vi. 149-150). He also indicated the correct figure, which 
was first printed by Zeuthen (Die Lehre von den Keyel- 
schnitten im Altertion, pp. 423-430). The Works of Archi- 
medes, by T. L. Heath, pp. Ixi-lxiv, should also be consulted. 

The first sentence states one of the fundamental properties 
of conic sections. A literal translation of the opening words 
in the second sentence would run: ‘If AB be deprived of 
its position, and the points A, B be deprived of their character 
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év 7H adbt@ emmédw, cai Siax0H 4 AT, Kal pds 
opOas' axOq % AE, Adyos S€ H ris TA mpos AE, 


A 


E A 


B r 


a A @ 0 ~ ~ 8 rd 2 be 
7o A amrerat Oécer Kwvikis Topis: Seuxréov® Sé, 
Ort ypappijs (Epos movet Tov Tov) SeryOrjoerat 

€ ovTws Tpoypadevros témou* TobSeE. 

y’. Avo 806evrwv trav A, B Kal épOis ris TA 
Adyos Eatw Tob ao AA mpéds ra dad TA, AB. dé€- 
yw, é6re to DT darerat Kavou Tomas, édv Te HO 
Adyos isos mpos tcov H pellwv mpos €Adcoova 7 
eAdoowv mpos peilova, 

Mw A / La “4 w * ww 

Eorw yap mpdtepov 6 Adyos isos mpds iaov. 
Kal éret tcov éoriv 76 aad AA trois dao TA, AB, 
f ~ ww - ww ~ > .7 A ¢€ A 
xeicdw 7H BA ton 4 AE. icov dpa ori 76 bad 
BAE 7@ azo AT. retpyjobw diya 4 AB r@ Z- 
1 apes dp8as Hultsch, mapa Oéce. cod. 
3 Secxréov Hultsch in adn., defxvura cod. 


8 €pos arovet rév térov add. Gerhardt, Hultsch. 
* rénov “immo 708 Ajpparos ” Hultsch, 


of being given...” The text leaves it uncertain whether, 
when AB is no longer given in position, it remains constant 
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the point I’ be given in the same plane, and AI’ be 
drawn, and AE be drawn perpendicular [to the given 
straight line AB], and if the ratio 1A: AE be given, 
the point \ will lie on a conic section.2 But it 
must be shown that part of the curve forms the 
locus. This will be proved as follows by means of 
this lemma. 

3. Given ® the two points A, B and the perpen- 
dicular (A, let the ratio AA® : PA? + AB? be given. I 
say that the point I" lies on a conic section, whether 
the ratio be of equal to equal, or greater to less, or less 
to greater. 

For in the first place let the ratio be of equal to 
equal. Since AA*?=TA?+AB*, let AE be made 
equal to BA. 


Then [BA . AE +EA?= AA? [Eucl. ii. 6 
= TDA? +AB? [ex. hyp., 
and so] BA. AE =A? 


in length or varies. Zeuthen conjectures that two cases were 
considered by Euclid: (1) AB remains of constant length, 
while AE, EB are parallel instead of meeting in a point; and 
(2) AE, EB meet in a point and AB always moves parallel 
to itself, so varying in length. In the former case I lies on 
the surface described by a conic section moving bodily, in the 
latter case the surface is a cone. 

® This is the definition of a conic in terms of its focus and 
directrix, AB being the directrix, F the focus, A any point 
on the curve, and the ratio TA: AK the eccentricity of the 
conic. Since Pappus proves this property for all three conics 
by transforming it to the more familiar axial form, it must 
have been assumed by Euclid without proof, and was pre- 
sumably first demonstrated by Aristaeus. This is all the 
more remarkable as the focus-directrix property is nowhere 
mentioned by Apollonius, and, indeed, is found in only two 
other places in the whole of the Greek mathematical writings, 
v. supra, p. 362 n. a. 

> Diagram on p. 496. 
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dobev dpa. 73 Z. Kal gorau Sum Ay} a AE rijs ZA 
@ote T6 76 BAE 76 dds eat tad t@v AB, ZA. 


r 


A EZ A B 


Kal €or 7 SurrA7} THs AB dobeica: TO dpa b76 
dobeians Kat iis ZA ioov éotiv T@ amo Tis AP. 
ro [ dpa daretas béoe mapapodjs epxomevys 
Sua. Tot 

8’. LuvreOjoerar 82) 6 té70s ovTws* 

"Eorw 7a dSobévra A, B, 6 8 Adyos éorw icos 
mpos taov, Kail teTpHGOw 7 AB diva 7H Z, tis 
d¢ AB dunAj éorw 4 P; Kat Gece ovons ev0cias 
Tis ZB memepaopevns kata To Z, THs dé P 5ed0- 
pevyas TO peyeber, yeypaphw Tept agova tov ZB 


rrapaBoAn) q LZ, core, otov éav em” avrijs 
onpietov AngO7 as gx T, «d@eros de axO7 7 TA, 
igov elvat 73 Diese) DN 7@ avo AL. kat 


qxOw dpb) 7 BH. a ére TO TH pepos ris 
mapapoAjs eorw.' 

“Hydw yap xabetos 7 TA, cai 77 BA ton Keicbw 
9 AE. éxet odv durdAn eorw 7 ev AB ris BZ, 
7 5é EB ris BA, did dpa cal 7 AE ris ZA: ra 
dpa umd BAE iaov éoriv t@ Sis bao Tav AB, 
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Let AB be bisected at Z; the point Z is therefore 
given. 


And AE {[=AB-—EB 
=2BZ —2BA] 
=QZA, 

Therefore BA .AE=2BA. ZA, 

{and so QBA . ZA=TA?}, 


Now 2BA is given ; therefore the rectangle contained 
by a given straight line and ZA is equal to the square 
on AI’. Therefore the point I’ lies on a parabola 
passing through Z. 

4. The synthesis of the locus is accomplished in this 
way. 

Let the given points be A, B, let the ratio be of 
equal to equal, let AB be bisected at Z, let P be double 
of AB; and since ZB with an end point Z is a straight 
line given in position, and P is given in magnitude, 
with ZB as axis, let there be drawn [Apoll. Conics i. 52] 
the parabola HZ, such that, if any point T be taken 
upon it, and the perpendicular [A be drawn, the 
rectangle contained by P, ZA is equal to the square 
on AJ"; and let the perpendicular BH be drawn, 
Isay that 'H is a part of the parabola [forming the 
locus]. 

For let the perpendicular TA be drawn, and let 
AE be made equal to B\. Then since AB=2BZ, 
EB =@BA, therefore AE [=AB-—EB]=2ZA; 


therefore BA.AE=2AB. ZA 
=A, [by construction 


@ Diagram on p. 498. 





1 gorw; we should expect wore? rdv tomo, 
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ZA, rovréorw 76 and AT. Kowov mpooxeicbw 
76 ao EA taov dv 7@ azo AB: dAov dpa To amd 





P 
AA toov éorivy tots dxé trav TA, AB. 4 ZTH 


dpa ypappy move? Tov Té70v. 

e’. "Eorw 8) mddw 7a Sto Sobévra onpeia ra A, 
B, kal edbeid re 7 AT Kai dp6%,' Adyos Se éoTw 
rob dad AA mpos 7a aad BA, AT emi pev rijs 
mpadrns nrdccws peilwy mpos éAdogova,” emi dé 
ris Seurépas éAdcowr mpos petlova’: A€yw, Gre Td 
T' darera: xdbvov Tops, emi wev THs mpuaTys WTa- 

3 t ; ee! 4 ~ 4 ¢ ~ 
cews eAdciibews, eri Sé tis Seurépas daepBodAjjs. 

> a ‘ 4 2 s a > x ‘ ‘ > x 

Eset yap Adyos eoriv Tob amd AA mpos Ta aro 
BA, AT, 6 adrés adt@ yeyovérw 6 Tob ano EA‘ 
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Let the equals EA*, AB? be added to either side ; 
then (BA . AE + EA?=TA? + AB? 

and so} AA? =TA?+ AB — [Euel. fi. 6 
Therefore the curve ZT'H forms the locus. 

5. Again. let the two given points be A, B. and let 
AT be a perpendicular straight line, and let the ratio 
AA? ; BA? +AT2 be in the first case the ratio of a 
greater to a less, and in the second case of a less to 
a greater. I say, that the point I lies on a conic 
section, which is in the first case an ellipse and in the 
second case a hyperbola.? 

Since the given ratio is AA? : BA? +TA?, let [E 
be taken on AB so that] F.A?: AB® be in the same 


y 


A E OABZ H 


® The Greek text from this point onwards is unsatisfactory, 
and contains mathematical errors which Commandinus and 
Hultsch corrected. The demonstration also leaves many 
gaps which I have filled, again following those com- 
mentators. 





1 ddcid ve 7 AT xai 6p64 Heiberg; xarjyOw 6p0y 7» AT, 
Commandinus, Hultsch; ée¢amrerat 7 AT «ai p64 cod. 

2 peilwy mpos eAdocova Hultsch, dAdcowy mpds petfova cod. 

3 e\doowv mods peilova Hultsch, peilwv mpds eAdcoora cod. 

4 EA Hultsch, BA cod. 
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\ 4904 1 >A x EN = y s 
mpos To amo AB.’ emi pev ody ris mparns TT 
> + > Li ¢€ ~ > 24 \ ~ 

cews e€Adcowy éortiv % BA ris AE, emi 5é Tis 


r 


H A OEA ZB 


Sevrepas peilwy eoriv % BA ris AE. Keicbw 
> A ” € > 4 t 2 4 nm > Ny 
obv TH EA ton 4 AZ. eémel Adyos eariv rob amd 
AA pos 7a avo TA, AB, nai eorw at7& 6 adbtds 
ec ~ > ‘ ‘ A > \ \ iy mw 
6 Tob amo EA mpds 76 amd AB, Kai ours dpa 
700 td ZAE mpos 76 ao AT ddyos éoriv Sobeds. 
emet S€ Adyos eariv ris EA pds AB [al ris ZA 
mpos AB} kai ris ZB mpos BA, 6 adbrés ard 
Fo ¢ ~ \ . Lid mM ond 
yeyovérw 6 tis AB mpdos BH: xai GAns dpa tis 
AZ mpos AH Adyos éariv 80bels. mdduw, ret 
Adyos éativ tis EA apos AB S06eis, [kat ris EB 
” \ ! 24 73 ¢ 2 4 2A 
dpa mpos BA Adyos é€ariy dobeis].2 6 adbros abth 
yj e A 4 \ ? ” cy a 
yeyoverw 0 THis AO’ mpos BO- doyos dpa Kai Tijs 
AB pds BO éorw dobets: [Sobev dpa 76 O].2 Kai 
Aoumros tis AE apos OA Xdyos eotiv Sobets: Kai 
Tob to ZAE dpa mpos 76 i7d OAH ddyos €ari 
Sobeis. tod S€ id ZAE pds 76 dad TA ddyos 
> 4 , \ me * ” ‘ rr en | 
€or do0bels: Kat to br HAO apa mWpos TO a7ro 
? AB Hultsch, AE cod. 2 nai... mpos AB del. Hultsch. 
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ratio ; then in the first case BA is less than AE, while 
in the second case BA is greater than AK. Let AZ 
be made equal to EA. Since the given ratio is 
AA? : TA? + AB?, and E\?: AB? is equal to it, the ratio 


faa? —KA2 ; PA? +\B2- AB, 
that is, by Eucl. ii. 6,] 
ZA.AE+: AL? 


is given. Now since the ratio [EA? : AB? is given, 
therefore] HA :AB is given, therefore [\Z:AB is 
given. Accordingly, in the first case AZ: BZ, and 
therefore BZ : AB, is given; in the second case, be- 
cause AZ: AB or inversely AB: AZ is given, there- 
fore AB: BZ or inversely] BZ:AB is given. Let 
{H be taken on AB produced so that] AB: BH= 
BZ :AB. Then [in the first case AB +BZ : BH +B, 
in the second case AB—BZ:BH-—AB, that is in 
either case] AZ: AH is given. Let [0 be taken on 
AB such that] AO: BO=EA:AB, Then the ratio 
AB: BO is given. And [because by construction 
AQ: BO=EA: BA, componendo AO +BO: BO= 
EA +BA:BA, or AB:BO=EB:AB. Therefore 
AB-EB: BO-AB, that is.] AE : OX is given. [Now 
AZ: AH was given ;] therefore AE. AZ:0\.\4H 
is given. But ZA. AK: Al? was given; therefore 
the ratio HA. AQ: AT? is given. [But the point 
A is given, and by construction the points E, Z are 
given; and because AB: BH=BZ: AB and also 





3 kai... Sofeis del. Hultsch. 
4 A© Hultsch, AB cod. 
5 S08ev dpa ro © del. Hultsch. 
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AP tal eoriy dobeis. Kat éoTwv duo dofévra 
va ©, H: emi pev dpa TAS mperns arwcews TO 1 
aMTETOL Tues émi Sé TIS devtépas d7Ep- 
BodAjjs. 
(g) Tue Optics 
Eucl. Optic. 8, Eucl. ed. Heiberg-Menge vii. 14. 1-16. 5 


Ta é ton peyebn Kat mapdAAnAa dvicov SieornKdTa 
dard Tob Sppatos obk avaddyws Tois SiacTHpacw 
oparat. 

"Eorw duo peyéOn 7a AB, TA & dvicov SicornKdra. 


aro Tou Ompatos Too E. Aéyw, ort ouUK é€oTw, ws 


A Tow 
/ 


B ) E 
paiverar Exov, ws To TA mpos 7o AB, orws 70 
BE pos TO EA. mpoomumrérwaay yap axrives 
ai AH, ET, xai xatpw pev ro E Siaorypare 
be T® EZ KUKAov yeypapie mrepupépera 9 HZO. 
érrei obv TO EZ. Tplywvov rod EZH ropéws peidev 


€oTw, TO Sé EZA Tptywvov rod EZO TOpEWS 
Ziarrév eorw, 76 EZI’ dpa tpiywvov mpos Tov 





* Pappus proceeds to make the formal synthesis, as in the 
case of the parabola, and then formally proves his original 
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AO: BO=EA: AB, therefore] the points H, 0 are 
also given. [Therefore in the first case HO is the 
diameter of an ellipse, in the second it is the diameter 
of a hyperbola; and] therefore the point I lies in 
the first case on an ellipse, in the second on a hyper- 
bola.4 


(g) THe Optics ® 
Euclid, Optics 8, Eucl. ed. Heiberg-Menge vii. 14. 1-16. 5 


The apparent sizes of equal and parallel magnitudes 
at unequal distances from the eye are not proportional to 
those distances. 

Let AB, TA be the two magnitudes at unequal 
distances from the eye, E. I say that the ratio of 
the apparent size of [A to the apparent size of AB 
is not equal to the ratio of BE to EA. For let the 
ravs AE, EF fall,° and with centre E and radius EZ 
let the are of a circle, HZO, be drawn. Then since 
the triangle EZI’ is greater than the sector EZH, 
while the triangle EZ is less than the sector EZO, 
therefore 


proposition in the case where the locus is a parabola; the 
proof where the locus is an ellipse or hyperbola has been lost, 
but can easily be supplied. 

> Euclid’s Optics exists in two recensions, both contained 
in vol. vii. of the Heiberg-Menge edition of Euclid’s works. 
One is the recension of Theon, but Heiberg discovered in 
Viennese and Florentine mss. an earlier and markedly different 
recension, and there is every reason to believe it is Euclid’s 
own work; it is from this earlier text that the proposition 
here quoted is given. The Optics is an elementary treatise 
on perspective. It is based on some false physical hypotheses, 
but has some interesting mathematical theorems. 

© Euclid, like Plato, believed |Optics, Def. 1] that rays of 
light proceed from the eye to the object, and not from the 
object to the eye. 
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EZH ropéa peifova Adyov exer Aaep TO EZA 
tplywrov mpos Tov EZO topdéa. Kal évaddAd€ ro 
EZT zpiywvov mpos ro EZA rpiywvov peilova 
Adyov exer rep 6 EZH ropeds mpos tov EZO 
Topéa, Kat ovvdévt. 76 ETA zpiywvov mpéds to 
EZA rpiywrov peilova Adyov exer rep 6 EHO 
Towevs mpos Tov EZO topda. add ws 76 EAT 
mpos TO EZA tpiywrov, ottws 7 TA mpos THY 
AZ. 7% 8¢€ TA 7H AB éorw ton, kai ds 4 AB 
npos Tv AZ, 4 BE xpos tiv EA. 4 BE dpa 
mpos THY EA peilova Adyov exer rep 6 EHO 
Topeds mpos Tov EZ ropéa. ws Sé 6 Topeds 
mpos Tov Topéa, ovTws 7 td HEO ywvia mpds 
tiv b7d ZED ywvriav. %» BE dpa mpos rv EA 
peiLova Adyov exer Arep 7 tO HEO ywria wpds 
tiv bo ZEO. Kat ex pev tis tro HEO ywvias 
Brémerat to TA, &€« 5€ ris trod ZEO ro AB. 
ob avddoyov apa Tots dmooTiuacw para 7a 
ica peyebn. 





4 This is equivalent, of course, to saying that 
tan HEO _ angle ZEO 
tan ZEO~ angle HEO’ 
a well-known theorem in trigonometry; the full expression 
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triangle EZT :sector EZH> triangle EZA:sector EZO, 
Invertendo, 
triangle EZT :triangle EZ \> sector EZH: sector EZO, 
and componendo, 
triangle EYFA:triangle EZA>sector EHO: sector 

EZO. 
But triangle ETA: triangle EZA=TA: AZ. 
Now TA=AB, and AB: AZ=BE:EA. 
Therefore BE : EA> sector EHO : sector EZ0, 
Now 
sector EHO: sector EKZO=angle HEO: angle ZEO. 
Therefore 

BE ; EA> angle HEO: angle ZE0.¢ 


And IA is seen in the angle HE®, while AB is seen 
in the angle ZEO. Therefore ® the apparent sizes 
of equal magnitudes are not proportional to their 
distances. 


of the theorem is: Ifa, 8 are two angles such that a< B< 47, 
then 

tana a 

tan BSB 

> By Def. 4, which asserts: ‘‘ Things seen under a greater 

angle appear greater, and those seen under a lesser angle 
appear less, while things seen under equal angles appear 
equal.” 
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Cicero: Letters to Arricus. E. O. Winstedt. 3 Vols. 
(Vol. I 6th Imp., Vols. 1] and III 3rd Imp.) 

Crcrro: Lerrers ro wis Frrexnps. W. Glynn Williams. 
3 Vols. (Vols. I and If 2nd Jmp.) 

Cicero: Puivirrics. W.C. A. Ker. (2nd Imp.) 

Crcero: Pro Arcnra, Post Repirum, De Domo, De Harus- 
picuM Rrsponsis, Pro Prancio. N. H. Watts. (2nd Imp.) 

Cicero: Pro Carcixa, Pro Leck Mawnitta, Pro Ciuentio, 
Pro Rasrrato. H. Grose Hodge. (2nd Imp.) 

Cicero: Pro Mitoxre, Ixy Pisonerm, Pro Scauro, Pro 
Fowxtero, Pro Rasirio Postumo, Pro Marcerto, Pro 
Licarro, Pro Rece Deroraro. N. H. Watts. 

Cicero: Pro Qvixcrio, Pro Roscro AmErtvo, Pro Roscro 
Comorpo, Contra Ruttum. J. H. Freese. (2nd Imp.) 

Cicero: Tuscvian Dispurations. J.E. King. (3rd Inp.) 

Cicero: Verutxe Orations. L. H.G. Greenwood. 2 Vols. 
(Vol. I 2nd Imp.) 

Cravpiax. M. Platnauer. 2 Vols. 

Corumetta: Dr Re Rustica. H. B. Ash. 2 Vols. Vol. I 
Books I-IV. (2nd Imp.) 

Currivs, Q.: Hisrory or Atexanper. J.C. Rolfe. 2 Vols. 

Frorus. E. S. Forster; and Corneuivs Neros. J.C. Rolfe. 
(2nd Imp.) 

Frontixus: Srratacems anp Aavepucts. C. E. Bennett 
and M. B. McKlwain. (2nd Imp.) 

Fronto: Corresponpence. C. R. Haines. 2 Vols. 

Getuus. J. C. Rolfe. 3 Vols. (Vols. I and Il 2nd Imp.) 

Horace: Opes asp Epopres. C. E. Bennett. (13th Imp. 
revised.) 
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Horace: Satrars, Eprstres, Ars Porrica. H.R. Fairclough. 
(8th Imp. revised.) 

Jeromr: Sevect Lerrers. F. A. Wright. 

Juvenat anp Pensivs. G.G. Ramsay. (7th Imp.) 

Livy. B. O. Foster, F. G. Moore, Evan T. Sage and A. C. 
Schlesinger. 13 Vols. Vols. I-XII. (Vol. I 3rd Imp., 
Vols. H-V, VII, IX-XII 2nd Imp. revised.) 

Lucay. J.D. Duff. (2nd Imp.) 

Lucretius. W.H. D. Rouse. (6th Imp. rerised.) 

Martian, W.C.A. Ker. 2 Vols. (Vol. 1 5th Imp., Vol. tI 
ith Imp. revised.) 

Minor Latiy Ports: from Pusuitrus Syrvus to Rutictus 
Namatranus, including Grartivs, Catpurnius Sicutvs, 
Newestanus, Avrayxus, with *f Aetna,” “S Phoenix’ and 
other poems. J. Wight Duff and Arnold M. Duff. (2nd 
Imp.) 

Oviw: Tue Art or Love ayp otaerR Poems. J. H. Mozley. 
(3rd Imp.) 

Ovip: Fastr. Sir James G. Frazer. (2nd Imp.) 

oe 7 ees anp Amores. Grant Showerman. (4th 

mp. 

ete Meramorpnoses. F, J. Miller. 2 Vols. (Vol. I 
9th Imp., Vol. I 7th Imp.) 

Ovio: Tristrs anp Ex Ponto. A. L. Wheeler. (2nd Limp.) 

Perronius, M. Heseltine; Sexeca: ApocoLocystosts, 
W.H. D. Rouse. (7th Imp. revised.) 

Prautus. Paul Nixon. 5 Vols. (Vol. I 5th /mp., Vols. I 
and III 4th Imp.) 

Pursy: Lerrrvrs. Melmoth’s translation revised hy 
W. M. L. Hutchinson. 2 Vols. (Vol. I 5th Imp., Vol. If 
4th Imp.) 

Pusy: Naturat History. H. Rackham and W. H. S. 
Jones. 10 Vols. Vols. I-V. (Vols. I-III 2nd Imp.) 

Prorertius. H. E. Butler. (5th Imp.) 

Prepextius. H,. J. Thomson. 2 Vols. Vol. I. 

Qurytitian. H. E. Butler. 4 Vols. (2nd Imp.) 

Remarys or Orp Larix. FE. H. Warmington. 4 Vols. 
Vol. I (Ennius and Caecilius). Vol. I (Livius, Naevius, 
Pacuvius, Accius). Vol. III (Lucilius, Laws of the XII 
Tables). Vol. IV (Archaic Inscriptions). (Vol. IV 2nd 
Imp.) 

Seria J.C. Rolfe. (8rd inp. revised.) 
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Scrrerores Hisrortar Avucustar. D. Magie. 3 Vols. 
(Vol. I 2nd Imp. revised.) 

Srexeca: Apocotocyntosis. Cf. Petronrus. 

Seneca: Episrurar Moraes. R. M. Gummere. $3 Vols. 
(Vol. I 3rd Imp., Vols. II and III 2nd Imp. revised.) 

Seveca: Morar Essays. J. W. Basore. 3 Vols. (Vol. II 
3rd Imp. revised, Vol. III 2nd Imp. revised.) 

Seveca: Tracepirs. F. J. Miller. 2 Vols. (Vol. I 3rd 
Imp., Vol. II 2nd Imp. revised.) 

Srponrus: Poems ann Lerrers. W. B. Anderson. 2 Vols. 
Vol. I. 

Suurus Iraricus. J. D. Duff. 2 Vols. (Vol. I 2nd Imp., 
Vol. II 3rd Imp.) 

Sratius. J. H. Mozley. 2 Vols. 

Surronius. J.C. Rolfe. 2 Vols. (Vol. I 7th Imp., Vol. II 
6th Imp.) 

Tacitus: Draxocus. Sir Wm. Peterson; and AGRIcoLs 
asp Germania. Maurice Hutton. (6th Imp.) 

Tacrrus: Hrsrorres anp Annars. C. H. Moore and J. 
Jackson. 4 Vols. (Vols. I and II 2nd Imp.) 

Trrence. John Sargeaunt. 2 Vols. (Vol. 6th Imp., Vol. 
Il 5th Imp.) 

TrertuLtian: Apotocia anp De Specracuus. T. R. Glover; 
Miyucius Feurx. G. H. Rendall. 

Varerius Fraccus. J. H. Mozley. (2nd Imp. revised.) 

Varro: De Lincua Lartiva. R.G. Kent. 2 Vols. (2nd 
Imp. revised.) 

Vetvetus Parercutus ayp Res Grsrae Divi Aveusti. 
F. W. Shipley. 

Virert. H.R. Fairclough. 2 Vols. (Vol. 117th Imp., Vol. 
Il 13th Imp. revised.) 

Virruvius: De Arcuirectura. F. Granger. 2 Vols. 
(Vol. I 2nd Imp.) 


GREEK AUTHORS 


Acnities Tarius. S. Gaselee. (2nd Imp.) 

Agyxgeas Tacricus, ASCLEPIODOTUS AND ONnasanpER. The 
Illinois Greek Club. (2nd Imp.) 

Arscuines. C.D. Adams. (2nd Imp.) 
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Agscitytus. H. Weir Smyth. 2 Vols. (Vol. I Sth Imp., 
Vol. II 4th Imp.) 

Accrporon, Artran and Purtosrratus: Lerrers. A. R. 
Benner and F. H. Fobes. 

Apotitovorus. Sir James G. Frazer. 2 Vols. (2nd Imp.) 

Arottostus Ruopius. R.C. Seaton. (4th Imp.) 

THE core Fatuers. Kirsopp Lake. 2 Vols. (7th 
Imp. : 

Aprray’s Roman History. Horace White. 4 Vols. (Vol. I 
3rd Imp., Vols. II, III and IV 2nd Imp.) 

Aratus. Cf. CaLiimacnuus. 

ARISTOPHANES. Benjamin Bickley Rogers. 3 Vols. (Vols. 
IT and II 5th /mp., Vol. [f{1 4th Imp.) Verse trans. 

AristoTte: Art or Ruetoric. J. H. Freese. (3rd Imp.) 

AnistoTte: ATHENIAN Constitution, Evpemtan Eruics, 
Virtues ann Vices. H. Rackham. (2nd Imp.) 

AristoTLE: Generation or Antmars. «A. L. Peck. (2nd 


imp.) 
Azistotte: Merrapuysics. H. Tredennick. 2 Vols. (3rd 
Imp.) 


AnistoTLe: Mryor Wonks. W. S. Hett. ‘‘ On Colours,” 
“On Things Heard,” ‘‘ Physiognomics,” ‘“‘ On Plants,” 
“On Marvellous Things Heard, ”?** Mechanical Problems,” 
‘““On_ Indivisible Lines,” “Situations and Names of 
Winds,” ‘‘ On Melissus, "Xenophanes, and Gorgias.” 

AristorLeE: NricomacHEan Ernics. H. Rackham. (5th 
Imp. revised.) 

ArisToTLe: Orcoxomica anpb Macna Moraura. G. C, 
Armstrong. (With Se ath Vol. II.) (3rd Imp.) 
ARrIsToTLE: On THE Heavens. . K. C. Guthrie. (2nd 

Imp. 

nee Ow tHe Sour, Parva Natruratta, On Brearu, 
W. S. Hett. (2nd Imp. revised.) 

ArIsToTLE: Orcanos. H. P. Cooke and H. Tredennick. 
3 Vols. Vol. I. (2nd Imp.) 

ArIsToTLE: Parts or Anrmats. A, L. Peck: Motrow anp 
Procression or Aniuats. E.S. Forster. (2nd Imp.) 
Aristorte: Puysics. Rev. P. Wicksteed and F. M. Corn- 

ford. 2 Vols. (2nd Imp.) 

ArisToTLeE: Poerics and Loyersus. W. Hamilton Fyfe; 
Demernius on Styte. W. Rhys Roberts. (4th dmp. 
revised.) 
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AnistotLe: Potrrics. H. Rackham. (3rd Imp.) 

AnistotLe: Prosiems. W. S. Hett. 2 Vols. (Vol. I 2nd 
Imp. revised.) 

Aristotte: Rurrorica aD ALExanpaum. H. Rackham. 
(With Problems, Vol. IT.) 

Arrian: History or ALEXANDER AND InpDIca. Rev. E. 
lliffe Robson. 2 Vols. (2nd Imp.) 

Artuenarus: Dertpwosopuistar. C. B. Gulick. 7 Vols. 
(Vols. I, V and VI 2nd Imp.) 

Sr. Basu: Lerrers. R. J. Deferrari. 4 Vols. (Vols. I, II 
and IV 2nd Imp.) 

Caturmmacnuus anpd LycopHron. A. W. Mair; Anartus. 
G. R. Mair. 

Curment or ALexanpaia. Rev. G. W. Butterworth. (2nd 
Imp.) 

Cotrutaus. Cf. Oprran. 

Daruyis anp Cutor. Cf. Loxaus. 

DemostHenrs I: Otyntuiacs, Puitirrics axp Mrtnor 
Orations: I-XVII anp XX. J. H. Vince. 

Demostuenes II: De Corona anv De Fatsa Lecatioye. 
C. A. Vinee and J. H. Vince. (2nd Imp. revised.) 

Demosruensts III: Merpias, ANDROTION, ARISTOCRATES, 
Traocrates, Aristocriron. J. H. Vince. 

Demostuenes IV-V[: PraivaTe Oratioys axD In NEAERAM, 
AT. Murray. (Vol. [V 2nd Imp.) 

DemostHenes VII: Funerat Spercu, Erotic Essay, 
Exorora anp Lerrers. N. W. and N. J. DeWitt. 

Dio Cassius: Roman History. E. Cary. 9 Vols. (Vols. 
I and II 2nd Imp.) 

Dio Curysostom. 5 Vols. Vols I and II. J. W. Cohoon. 
Vol. II. J. W. Cohoon and H. Lamar Crosby. Vols. [V 
and V. H. Lamar Crosby. (Vols. I and II 2nd Imp.) 

Diovorvus Sicuntus. 12 Vols. Vols. I-V. C.H. Oldfather. 
Vol. IX. Russel M. Geer. (Vol. I 2nd Imp.) 

Droceses Laertiuvs. R. D. Hicks. 2 Vols. (Vol. I 4th 
Imp., Vol. 11 3rd Imp.) 

Diowysius or Haricarnassus: Roman Antiquities. Spel- 
man’s translation revised by E. Cary. 7 Vols. (Vol. IV 
2nd Imp.) 

Eprcrerus. W. A. Oldfather. 2 Vols. (Vol. I 2nd Imp.) 

Evarrives. A. S. Way. 4 Vols. (Vol. I 7th Imp., Vols. 
II-IV 6th Imp.) Verse trans, 
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Evseprus: EcciesrasticaL History. Kirsopp Lake and 
a a L. Oulton. 2 Vols. (Vol. I 2nd Imp., Vol. U 3rd 

mp. 

pene Ow tHE Naturat Facurties. A.J. Brock. (3rd Jmp.) 

Tue Greek Ayruotocy. W. R. Paton. 5 Vols. (Vols. I 
and II 4th Imp., Vols. III and IV 3rd Imp.) 

Tue Greek Bucoric Poets (Tueocritus, Bion, Moscuus). 
J. M. Edmonds. (7th Imp. revised.) 

Greek Exvecy axp [amscs with THe Anacreontea. J. M. 
Edmonds. 2 Vols. (Vol. I 2nd Imp.) 

Greek MatuematicaL Works. Ivor Thomas. 2 Vols. 
(2nd Imp.) 

Heroves. Cf. Tyeopurasrus: CHARACTERS, 

Herovotus. A. D. Godley. 4 Vols. (Vols. I-III 4th Imp., 
Vol. IV 3rd Imp.) 

Hestop anp tHE Homeric Hymys. H. G. Evelyn White. 
(ith Imp. revised and enlarged.) 

HiprocraTES aND THE FracMents or Heracterrus. W.H.S. 
Jones and KE. T. Withington. +4 Vols. (Vol. I 3rd Imp., 
Vols. II-LV 2nd Imp.) 

Homer: Inrap. A. T. Murray. 2 Vols. (6th Imp.) 

Homer: Opyssey. A. T. Murray. 2 Vols. (7th Imp.) 

Isarus. E.S. Forster. (2nd Imp.) 

Isocrates. George Norlin and LaRue Van Hook. 8 Vols. 
Sr. Jonn Damascexe: Bartaam AnpD Ioasapn. Rev. G. R. 
Woodward and Harold Mattingly. (2nd Imp. revised.) 
Josernus. H. St. J. Thackeray and Ralph Marcus. 9 Vols. 

Vols. I-VII. (Vols. I, V and VI 2nd Imp.) 

Juuiay. Wilmer Cave Wright. 3 Vols. (Vol. I 2nd Imp., 
Vol. [I 38rd Imp.) 

Loxcus: Dapuyis anp Cutor.  Thornley’s translation 
revised by J. M. Edmonds ; and Parruentus. S. Gaselee. 
(3rd Imp.) 

Lucras. A. M. Harmon. 8 Vols. Vols. I-V. (Vols. I and 
II 2nd Imp., Vol. II 3rd Imp.) 

Lycoporoy. Cf. CaLiimacuus. 

Lyra Grarca. J. M. Edmonds. 3 Vols. (Vol. I 3rd Iup., 
Vol. Il 2nd Ed. revised and enlarged, Vol. UI 3rd Lap. 
revised.) 

Lysras. W.R. M. Lamb. (2nd Imp.) 

Mavyerno. W.G. Waddell; Proremy: Trerraurmios. F. E, 
Robbins. (2nd Imp.) 
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Mancus Aureuius. C. R. Haines. (3rd Imp. revised.) 

Menanver. F.G. Allinson. (2nd Imp. revised.) 

Minor Artic Ornators. 2 Vols. Vol. I (Antiphon, Ando- 
cides). K. J. Maidment. 

Nownos: Dronystaca. W. H. D. Rouse. 3 Vols. (Vol. 
III 2nd Imp.) 

Oprpran, Cottutuus, Trypuroporus. A. W. Mair. 

Papynt. Now-Lirerary Sevections. A. S. Hunt and C. C. 
Edgar. 2 Vols. (Vol. 12nd Imp.) Lireranry SELEctrons. 
Vol. I (Poetry). D. L. Page. (3rd Imp.) 

Partuentus. Cf. Loyeus. 

Pausantas: Description or Greece. W. H. S. Jones. 5 
Vols. and Companion Vol. arranged by R. E. Wycherley. 
(Vols. I and III 2nd Imp.) 

Priro. 11 Vols. Vols. I-V. I. H. Colson and Rev. G. H. 
Whitaker; Vols. VI-IX. F. II. Colson. (Vols. I, II, V, 
VI and VII 2nd Imp., Vol. IV 3rd Imp. revised.) 

Puitosrratus: Tue Lire or Apottonius or Tyrana. F.C. 
Conybeare. 2 Vols. (3rd Imp.) 

Pinnostratus: Imacines; Caruistratus: Descriptions. 
A. Fairbanks. 

Puitostratus axp Evuyaprus: Lives or tHe Sopuists, 
Wilmer Cave Wright. (2nd Imp.) 

Pinpar. Sir J. E. Sandys. (7th Imp. revised.) 

Piato: CHarmipes, ALCIBIADES, Hrpparcuus, THe Lovers, 
Tueaces, Mrxos anp Errromus. W.R. M. Lamb. 

Prato: Cratytus, Parmentpes, Greater Hiprras, Lesser 
Hippras. H.N. Fowler. (3rd Imp.) 

Piaro: Eutruypnro, Apotocy, Criro, PHarpo, PHarprus. 
H.N. Fowler. (9th Imp.) 

Prato: Lacnues, Protacoras, Meno, Eutsypemus. 
W.R.M. Lamb. (2nd Imp. revised.) 

Prato: Laws. Rev. R. G. Bury. 2 Vols. (2nd Imp.) 

Prato: Lysis, Symposrum, Gorcias. W. R. M. Lamb. 
(4th Imp. revised.) 

Prato: Rerusziic. Paul Shorey. 2 Vols. (Vol. I 4th Imp., 
Vol. II 3rd Imp.) 

Prato: SratesmMay, Pmuiesus. H. N. Fowler; Ion, 
W.R. M. Lamb. (3rd Imp.) 

Prato: Trearrerus anno Sopuist. H.N. Fowler. (3rd Lip.) 

PiLaro: Traarus, Cririas, CrrrorHo, Menexenvs, Epi- 
sTuLsE. Rev. R. G. Bury. (2nd Imp.) 
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PrurarcnH: Moratia. 14 Vols. Vols. I-V. F. C. Babbitt; 
Vol. VI. W.C. Helmbold; Vol. X. H.N. Fowler. (Vols. 
I, III and X 2nd Imp.) 

Puurarcn: Tue Parazttet Lrves. B. Perrin. 11 Vols. 
(Vols. I, II and VII 3rd Imp., Vols. HI, IV, VI, VILI-XI 
Qnd Imp.) 

Porysius. W.R. Paton. 6 Vols. 

Procorrus: Hisrory or rae Wars. H. B. Dewing. 7 Vols. 
(Vol. I 2nd Imp.) 

Protemy: Terrastsros. Cf. Manetuo. 

Quiytus Smyrnarvs. A.S. Way. (2nd Imp.) Verse trans. 

Sextus Emprricus. Rev. R. G. Bury. 4 Vols. (Vols. I and 
HL 2nd Imp.) 

Sornocres. F. Storr. 2 Vols. (Vol. I 8th Imp., Vol. II 5th 
imp.) Verse trans. 

Srraso: Grocrapuy. Horace L. Jones. 8 Vols. (Vols. I 
and VIII 3rd Imp., Vols. II, V and VI 2nd Imp.) 

Tueopnrastus: CHaracrens. J. M. Edmonds; Henropes, 
ete. A.D. Knox. (2nd Imp.) 

Tueornrastus: Enquiry isto Prants. Sir Arthur Hort. 
2 Vols. (2nd Imp.) 

Tuvucyprpes. C.F. Smith. 4 Vols. (Vol. I 3rd Imp., Vols. 
II-IV 2nd Imp. revised.) 

Trypuioporus. Cf. Oprray. 

XenopHon: Cyrroparpra. Walter Miller. 2 Vols. (Vol. I 
2nd Imp., Vol. I 3rd Imp.) 

Xenopuon: Hetpenica, ANABASIS, APOLOGY, AND Sympo- 
stum. C. L. Brownson and O. J. Todd. 3 Vols. (Vols. I 
and III 3rd Imp., Vol. II 4th Imp.) 

XevxopHon: Memonasitia anD Orconomicus. E. C. Mar- 
chant. (2nd Imp.) 

Xexorpon: Scripta Mrvorna. E.C. Marchant. (2nd Imp.) 





VOLUMES IN PREPARATION 


GREEK AUTHORS 


AnistottE: De Munpo,etc. D. Furley and E. S. Forster. 
AgistoTLeE: History or Animas. A. L. Peck. 
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Arrtotre: Mrrronotocica. H. D. P. Lee. 
Prorisus. 


LATIN AUTHORS 


Sr. Auecustine: City or Gop. 

[Cicero :}] Ap Herennium. H. Caplan. 

Cicero: Pro Sesrio, In Vatixtum, Pro Caretro, De Pro- 
vincis Consutarisus, Pro Barso. J. H. Freese and R. 
Gardner. 

Puarprus AND oTHER Fasuuists, B. E. Perry. 
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